L A
o T AR Lk i . P ekt 1 g di il g f

Reflective understanding,

Like the acts of direct and introsvective
undsrstand.ng, the act of reflective understanding 1s an
Insight. As they meet questions for intellirence, 1t meets
Questions fou reflection, As they lead to definltions and
formailations, it leads to judmuents. As they srasp unity,
or gyscem, or ideal frecusncy, it rmrasps the sufficlency of the
evldence for a prospective judzent.

shen Archimedes shoated his Eureka, he was
avare of a significnnt addivion to hils lknmowledge but 1t is
not likely thet he wold have been able to formulate exnlilc itly
Just whet a dlreet insicht is, Similerly, we perform acts
of reflectlive understandins, we know that we hrve grasped
the sufflclency of the evidence for a judmment on which we
have been deliberating, but wi.hout prolonped efforts at
incrogpective nnalysls we could not say just what oconrs
in the reflective insircht, whot we kmow 1s thet to pronounce
Judgment without thot reflective -rasp is merely to guess:
agaln, what we know 1s that, once that srasp has occurred,
then to refuse to judme ls just silly.

Accordingly, the present sectlon will be
an ¢f'fort to determine whnt precisely 1le meant by the suffie
ciancy of the evidence for a prospective judsment. There
1s presuprosed a cuestion for reflection, Is it so? There
follows a judgment, It 1s so. Betweon the two there is
a marshalling and waighing of evidence. But whnt are the
gcales on vhich evidence is weirhed? What does it have to
welgh, if one 1s to rronounce a "Yes" or o "Noy!™?

Unf'ortunately, the more complex Judrments
become, the more complex is the an~lysis ofthe mrounding
act of reflective understanding. The whole n~nswer c¢annot
be niven at once and rartinl answers are incomplete., Hence
we shiall berin from a very seneral statement and then illustrate
its meesning from the form of deductive inference, TWext,
wa shall turn to the concrete judrments of every day life,
and consider in turn eoncrete jvdrements of fackt, judgmert s
on the correciners of Insights Into concrete situations,
and £inally the occurrence of analories and generalizations.
In the th.rd place there will be considered the judmments
of emplrical science, the rnodical differew e of such judgrents
from those of cordinary llving, the natwe of scientific
ganeralization and verification, and what is meant by the
rrobability of sclentific opinions, Fourthly, =analytie
rropositiong and principles sre distinpuished and their
criteria investipated., Fifthly, the nature of mathematical
judgments 1ls considered. Finally, we may add tint philosorhic
judgment s are not tret ed in this section, for they can be
examined satisfactorily only ~fter further elements in the
problem have heen set forth,
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1. The General Form of Reflective Insirht,

To prasv evidence as sufficient for a prospective
Judrment is to ewasp the rroprective judoment zs virtually
unconditioned,

Distin~uish, then, between the formanlly and
the virtuslly unconditiored. The formally unconditioned has
no condivions whatever. The virtually uncon?itloned has
conditions indeed but they are fulfilled.

Accordin~ly, = virtually wnconditioned Involves
three elements, namely, 1 Y a conditioned, 2) a link between
the conditi.ned and 1its conditions, and 3) the fulfilment of
the condiclons, Hence a progpective jvdrment will be &
virtually unconditioned if 1) 1t 1= the conditioned, 2) its
conditions are lmown, and 3) the conditions are fulfilled.

By the mere fract that a gnestlon for reflection has been

put, the prospective judrment is a conditioned; it stends in
need of evidence sufficlent for reassnable pronouncement,

The function of reflective understanding is to meet the

question for reflection by transforming the prospective judgment
from the status of o conditioned to the stntus of o virtwm 1ly
unconditioneds and reflective understnanding effects this
tronsformation by srasping t e conditions oﬂﬁ the cond:tloned
and their fulfilment,

Juch 12 the pgeneral scheme ond we proceed to
illustrate it from the form of deductive Inference., Where
A and B each stand for one or mors propositions, the deductive
form ls:

If A, then B,
Buu A
Therefore B.

For instence,

If X is materlal and alive, X is mortal,
But men are materlal and alive.
Therefore, men are mortal.

Now the concliusion is a conditioned, for an arrument is needed
to support it. The major premisé links this conditioned to
1ts conditions, for it «ffirms, If A, then B, The minor premise
presents the fulfllment of the corditions, for it eoffirms
the antecedent, A, The functlon, then, of the form of
deductive inference 1s to exhibit a conclvsion as a virbually
unconditioneds Reflective insicht grasps the vattern, end
by rntlonql compuitlsion there follows the jud-ment,.

However, deductive Iinference ecrnnot be the
besle ense of judrment, for it presupposes other judsments
to be true, For ithat reason we have said thot the form of
deductive inference is merely a clesr illustration of whet
1s meant by grasping a nprosvective judsment as virtually
uncondlitioned, Far more preneral than the form of deductlve
inference ls the form of reflective inslicht itself,
If there 1s to be a deduetion, the link hetween the conditioned
end its conditlons must be a judement, snd the fulfilment of
the conditlong must be a further judgment, But judrments
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- hnd overate prldr to such nnalvs
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are the final vrodncts of cornltionsl procesa. Before the link
between conditicned and conditlons anpears in the act of judgment,
it existed in a more rudimentery state within co~nitional

process itvself..” Beforo the fulfilment of conditiong ap-ears

In another aet of judement, it foo was vresent in a morse
rudimentary state withln covnltlonﬂl nrocess. ‘LThe remarkabls
fact abour reflective Insirht 1s that 1t con make use of those
more rudimen.ary ferms 1n cognitional process to reach the

vir tually unconditioned, ILet us now sse how this is done

In varlons cases,

2. QConcrete Judgments of Feet.

Svprose ¢ man to return from work to hils tidy
home %2 ~nd vo find the windows smeshed, smoke in the ailr, and
walber on .he floow. Sup-ose him to make the extremely m strained
judgment of fact, Somethinr hapnened, The rnastisn 1s, not
whether he was rirht, but how he reached his affirmation.

The conditioned will be the Judrment Thnt
something #pa hapnened,

Lhe fulfilling conditions will be two sets of
data: the remembered data of his home as he left 1t in the
morning; the rresent data of his home as he finds it in the
evéning. Observe that thre fulfilline coniiticons are found
on the level of presentations. They nre not Awisenbs jodeoments,
as ls the minor premise of avllogism. They involve no
que st ions for intellirence nor insirhts w r concerts. They
lie simply on the level of past e&nd nresent exnerience, of the
occurrence of acts of sesing and smelling.

The link between t*e conditioned and the fulfilling
conditions 1s a struetw e Ilmmanent and operstive within cognitional
process. It is not a juderent., TIE iz not a formuloted set
of concepts, svech as o definition. It 1s simply a way of
doinr tthrs, a procedure within the cosnitional fleld.

hnd ‘Formul sted pﬁfiﬁtrOSPectlveujﬁ;lyjij&g/But the
end garer. &
eved, /
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n prasnlﬁp an .teljinible g{i
ata inGiV¢GHQ1 sothe notien or rvctnre/ﬁr proce
ifkﬁﬁwilg chahge co sists in-frespihe the saﬂe ident ity at

ferent times ip/different ind Zanel dgta.
nceivqbly, man on retrrnine
the mgjor nr iqe, if BHis is ¢
and AT presp;mt dota. A3fPerFrom remembered ds
6 hapren6d. In.fect, ¥e did rot-formulni
e simnlky exverienced Aresent data, reme

der ‘ood igentity v direct iAsight,
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act: Htertainly, I am ading a Pool," If you {sh to ans
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The general form of all such strlftures and procedures has
already been oitlined in terms of# the threé levels of pre-
sentabtlons, intellirence, and reflection. Srecinlizatlons
of the general form moy be exemplified by the classicsal and _
statistical phases of emplrical methed,azd by the notion of =
the thing, and by the differences between descripbion and =
explanation. However, such accounts of t'e meneral fomm and o
its speclalizatlions pertain to in.rospective analysis., Prior =
to such and investic~tion snd formulation, the strietures and
procedures exist and operate; nor, in genersl, do they operate

any better becouse ihe “Dﬂl?ulﬂ hog been effected.

Now, in the particular instsance under condideration,
our man not only QXperiences nresent data and recalls different
data but by direct insi~ht he refers both sets of data to the
Same set of things which he calls hls home. The direct insieht,
however, fulfils a doible function. Not merely mnre two fields
of Individual data referred to one identic»l set of things
but a second level of conmnitional vrocess is ndded to a first.

The two together contain a srecific strictire of that ™ ocess,
whlch we may name the notion of knowing chonge. Just as kmowing
a thing consists in grasping an intelliribile unity-identity-whole
in Individual data, so knowing chonre concists in prasping

the seme ldentity or ldeniities at different times in Aifferent
indlividual data. If the same thing exhibits different individucl
data at different times, it has chanrmed. If tlere occurs a
change, something has happened, But these nre stetements. If
they are affirmed, they are jJudements. But prior to being
elther statements or judements, they swe/unanslysed structires
or procedures lmmanen. and orerative within cornitional nrocess,
It 1s such a structure that links the conditi.ned with the
fulfilling conditions in the concrete jud=ment of fact.

The three elements hnve been assembled, Un the
level of presentatizns there sre tuo sets ofd dota. On the
Llevel of intellicence there 1s an insirht referring both sets
to the same things. When both lev.ls are taken torebher, there
i3 involved the notion of knowing chanpe. Reflasctive undsrstanding
gresps all three as a virtually unconditioned 4o pround the
Judmmen., Something haprened.

While our illustrative instance wns ag simple
as 1t could be, still it provides the model for the mnalysis of
more complex instences of the concreie jud ment of fact, The
fulfilling conditions may be any combination of data from the
memories of a long life, and their accuisition mny have involved
exceptlonal powers of observation. The cognitional structure
may suppose the cumulative development of understanding exemplified
by the man of experience, the specialist, the exwrte Both
complex data and a complex st ucture mav combine to wield =
virtually unconditioned thet introspective analysis econld hardly
hope to reproduce accurately and convincingly. Buf the
general nature of the cunecrete judsment of fact would remain
the same as In the simple case we considered.,

However, the reader prohably is askine how we
¥mow wheth:>r the insiahts that constitute $he pivot of such
structures are themselves correct, Lo this voint we have now
to turn.,
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3. Insights into Concrete Situntions.

Direct and Introsrective insic+ts arise in
response to an Ingquirineg attiinde. ‘“where are data to be
understood; Inquiry seeks un-ers.onding: and the insight
arises as the relevant understending. But a mere brignt idea
is one th_ng, and a co-rect idea® is another., How do we
distingulsh between the two?

The quertion is# asked, not in 1ts full menerality,
but with resvect to concrete situstions thet diverre from our
expectations and by that diverrence set us a problem. ‘hus,
to retsin onr former illustration, the man on returning home
mlzht have said, where hhsg besn a fire. Since any fire there
night have been was extinsulished, thet judement would suppose
an insight that put two and two torether. Our questilon is
on what grounds such sn insicht could be nronouncad correct.

314 o A,

First, then, observe thet insirhts not only
arise in answer to 'uestions but also are followed by further
quesvions. Observe, Mdwm morecover, thot such furthar questions
are of two kinds., Uhey may stick to the initial issus, onthey
mey go on %o ralse dlstinct issnes. What started the fire?
Where is my wife? Observe, thardly, thet the transition to
dlstinet lssues mny result from very different ressons; it may
be because different interests supervene to draw atteniion
olsewhere; but 1t alaso may be beecruse the initlal lasue is
exhausted, becauge shont 1t thkere are no furtha: ocuestions to
be asled.

Let us now Adlstinenish betwesen vulne able and
Invulnerable insishts. 1insi~hts ere vulnerable when there are
further questions to ba asked on the seme lssue. For the further
questiong lead to further Insichts that certrinly complement
the Initisl Insicht, that to a sreater or less extent modify
its ex resslon and implications, that verhans lead te¢ an
entirely new slent on the lssue. But when there are no further
questions, the Insight 1s invulnerable, For it is only through
further questions that there arise the further insichts thet
_ complenent, modify, or revise the initisl annronch and exnlanation.
™ now this reveals a law immanent and operntiwe
in cognitional process, rrior to o:r concertual distinetion
between correct ond mist-%en insishts, there is an operational
& distinctlon between invulnerabls and vulne &ble insights, when
an Insleht meets the 1ssue squarely, when 1t hits the bull's eye,
when it sethles the metter, tlere am no further questioms to

be asked and so there are no furt-er insirhts to challenrce the
l initial position. But when the issue is m t med sounrely,
would/ there are furtier ouestions thet/reveal the unsotisfactoriness
w/ of the insiyht and/evoke the furtier insisrhts that put a new
C light on the matter.

\h‘/ Such, then, 1s thu basle eleoment in onr solution.
The link between conditioned and 1ts conditions is a law Iimmanent
and operative In cornitional procezs. +the conditioned i3 the
prospectiva judsment, i'his or thot dirvect or introswective insipght
s correct, The immanent law of cosnltional process may be

(E:w"”tﬁu_ .“_j__ B I_.,_. R .____mﬂ 5 ‘;) . . H.i~ 5i: i;;:;;;*;;;
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formulated from our analysis. Such an Insicht 1s correct, if
there are no further, ~ertinent auestions, »

At once 1t follows that the conditions for the %
prospective judoment are fulfilled when Shere are no Ffuriherm, ]
nertinent questions. i

Note that i1t is not enongh to say that the '
conditlons are fulfilled when no further -uestions occur to
me., ‘Yhex mere absence of Further giestioms in wmy mind can -
h-ve other causes. My intellectnal curloslity may be stifled
by otaer inbereﬁts. My ea~erness to septlsafy other drives may
refuge the Tarther quesslons a chance to emer~e, To padgs
judgment in that case is to be rosh, o leap hefore one looks,

As theve 1s rash juderent, so nlso thers ls
mere indscision. As the mere absence of furither mesti ns in
my mind 1s not enough, #® so it is too mich to demsnd that the
vory possibility of further questions has to be excloded. If
iIn fnct there are no fnrther auestions, then in fact the insicht
is invulnerable; if in faet the 1n3i~h? 13 iavulnernblie, then
in fact the Jud“”ﬂnt approvine it will be correct.

But how 1s one to strike Lhis hapny balance
betwaen rnshness and indecision? How 1s one to lmow when 1t
is reached? Wers there some seme simnle formalz or recipe In
answer to such guestions, then men of weedd oo:d Judement could
be produced at will and indefinitely. ALl wo con attemnt 1s
an analysis of the main factors in the problem and an outline
of the general natwe of thelr solution.

In the flrst place, than, one hag to nive the
further cuestions a chsance to srise. vhe sesd of infellectual
curiosity has to grow Into a ru-rned tree to hold its own against
the desires anad fears, conctlons »nd ~puwetites, driw s and
intereats, that inhabat the hesrt of men. MNoreover, every
ingight has its retinue of nresuppositions, Imnlications, and
annlications., One has to tokerthe stens neadsd for that retinue
to come to lisht, +the nresupposifims and Implications of a
given insisht have to mit coherently with the presup-ogitions
and inmplications of other insi~hfa, ILs posslbillties of concrete
apnlication hove Lo enter Into the fleld of omerationg and
undergo the test of success or failure. I do not menn, of
course, thet conerete living is to prrsve this logieal and
operatlonal expansion in the explicit, delibe =te, nnd elaborate
manner of the scienvific investldqtor. But I do mean t*nt
something edulvalent 1s to be sought by Lntellectual alertness,
by taking onets time, by talkinc thines over, by patbing viewpoints
to che test of action.

In the second place, te rrior issue 1s to be
noted., Behind the the-ry of correct insichts, there is a
theory of correct problems. It wos to dodrme this prlor lssue 2
that we supposed a concrete sl.uation thet diverses from our e
expectatlions and by that divernence defines a vroblem. In -
other words, there hns been postulsted an Inguirer that undsr-
stands the backaround of the situction and so lmows whrt 1s to
be axnected; there also h~8 besen postulated a nroblem that
Bx%E® oxists, that 1s accurately defined by the dlvarger ¢ of
the gitration from correct expectations, that in turn provides
a definition of the pertinence of any further guestions,

Now this smounts to soying thet rood judsment
abont any Insight has to rest on the »nrevious acaulsition of
a large number of other, connected, and correct insights.
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But before attempting to break thisg vieions cirele, let us assure
ourdelves of the faet of its existencea. Chlldren ask endlb ss
questions; we hnve noydoubt about their intellectual curioesibys
but so far from cruditing them with rood judement, we do not
suppose them ©o reach the a~e of m ason hefore their seventh
year. Youns nen nnd women h-ve the nleptness of wind thet
justifies their crowdins into schools and universities, hnt the
law doubts the sowmcness ofi thelr judmmant and resards “hem

a9 minors, while Arigtotls denied they hnd enourh experlence to
ba study ethics with profit, Nor is there merely the initial
dirficnlty of acquisition but, 23 well, there 1is the subsequent
necessity of kweping in touch, The mon that returns to a
fleld of commerce or industry, to a vrofession or a mllieun,

in which oncs he was completely at home, may try to carry on
from wheve he left off. But unless he learns to be more Wary
from mistakes md we minor inentitudes, he is merely invitlng
blunders and disaster. Good jnd~ment ahout corcrete insishts
presuproses tiw prior requisition of mihem an orvenized setb

of complementary insichts,.

In the third place, then, there is the nrocess
of learning. It is the rradusl sconlsition andnm accurmlation
of insights besring on a ~incle domain, Durin~c thet process
one's owvn jud-ment is in abewvance. It i3 being developed and
formed but it has not vet reached the maturity needed for ius

Indenendent eziereise. For the gradual acanisitioun and accumulation

of Insi-hts 13 not merely a matter of of advancinsg in direct or
introsyective wnderst~nding., At the same time intellectunl
curiositr 13 aigserting i¢self arainst other desires, At the
same time furthey questions are heing asked rersistently.

At the same vime the lurmicnl retinues of ~resmmmos Ations and
Implacatlona of cach sy inslcoht are hedns expanded eithsr

to confliet and prowvolze further gnestiuns or else to mesh into
coherenca. AT Che same time onerational possibilities are
envisamed to e tested in thought experiments, to be contrasted
with actual practice, to be tested 1n ventures that gradually
increase in moment and scops to enllzhten us by fallures and

t0 generate confidence thro-rh success.

It 1s the nrocess of learning that breaks the
vicious cirecle, dJudrment on the correctne~s of insirhts supnoses
the pnrior aca Isition ofx a larre numbher of corvect insirhts.
Bub the prior insishis are not correct hecause we judme them to
be correct. they occur within a self-correcting process in
which the short-comin=gs of each insicht nrovolke further questions
to vield complementary insirhis. Moreover, this self-correcting
process tends fo a 1limit, e becorme famlilin~r with concrete
8ituatlions; we know whet To exvecty when the unexnectsed occurs,
we can spot ingt whoi haprenesd nnd why and whnt cnn be dene
to favor or to provent such/recnrvence* or, if the unexnected
is guite novel, we lknow enouth to recommente the vrocess of.
learning and We ¢an recocnizge when, once more, Lhat selfa
correcting protess reaches its 1limit in fanilisrityy with the
conerete s.iuation and in easy mastery of lu.
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In the fourth place, rashness and indecision
comrmonly have a basis in temperament. Apert from seoxhew
occasionel outbursts, thnt we view as out of character, the
rash man nearly always/quite sure and the indocisive man/is
unable to make up his mind. In such cases it is not enough
to polnt out that learning is a self-cnrrecting pricess that
tends to a limit or that, while the 1limit is not morked with
a label, still its atiainment is revealed by a habltual ability
to ¥now juse what is up., For unless a special effort 1s made
to cope with temperament itself, the rash man contlnues %o
presume too quickly thnt he has nothine more to learn, and the
indeclaive man continnes to susnect that deeper denths of
shadowy possibilities threaten to Invalid-te what he lmowvs
quite well.

Finally, we note that we leave to another
occaslon a discuasion of the nhilosonhle opinions that no one
ever can he certaln., Our immediaste purpose 1s to exnlaln the
faets. Humin jodements and refusnls to judre oscdllate about
a cenbral mean. If the nrecise locus of thet divide can hardly
be defined, at least there are wany volnts on which even the
rash would not venture vo pronounce and meny others on which
even the indecisive would not doubt. What, then, 1is the
paneral form of auch certitude of Isnorsnce and sueh certitnde
of knowledre?

Our answer is in terms of the virtually
unconditioned. ‘where oececurs o reflective insight in which
at once one mrasss 1) a conditl.red, the prospective judgment
that a miven direct or intresnective insirht 1s correct,

2) a link hetween the conditioned and its conditlons, and

this on introspective analysis nroves to be that an insirht

is correct if it is invulnerable nnd it is invulnerable If

there are no further, vertinent cuestions, snd 3} the fulfilment
of the conditions, nnwely, that the slven insisht does putb

an ond to further, pertinent questioning and that thls oceurs

in a mind that 18 alert, familinr with the concrete situation,
gnd intellectually master of it.

4. GConcrebte Analosies and Generalizatlons,

Pwo brief corollaries have to be drawn.

An aprqument from analosy assumes that some
conerete situation, A, is correctly understood, It argues
that some other similer situstion, B, 1s to be understoecd
in the same fashilon.

' A generalization makes the same aagumption
to argue tuat any other similer situation, X, is to be unders
stood in the same fashlon, |
in both cnses whot i1s et work is the law, ¥
|
[

immanent and operative in cornitional nrocess, that simllars
are similarly understood., Unless t e e is a sisznifican®

differense in the data, the-e cannot be a difference In [
understanding the data, ihis point has already been made I
in discusasing the Heurisile Procedure of the classical phase 1
of empirieal mechod, Clearly enough, 1t holds not medely g
for regularities, rules, laws, correletions but also for N
ideal freauencies and for thinss. A second look does not N 3

necessarily mean one is looking at a second thing. A second ]




dowm S

Reflective Uhdéré%énding. 9 i

actual frequency does not necessarlly mean thai cne will establish
a second ldeal freguency. For there Lo be a second thing or a
gocond Jdesl frequency an approprinte difference in the data has
to be suprosed,
ln the simplest possible maonner, then, our analysis
resolves the so-cnlled problem of induction. It makes the
transivion from one particulsr c¢nse to another or from a particular
case to the poneral case an almost subomatic procedure of Iintelli-
renee. We apreal to nnplonins and ve renerslize becansewe
cannot help understandine gimilars similarly., 4hiz solution,
be it noted, saunres wlth the hroad fact that thers 1s no problem
of teachmnq men to @eneralive. Ao \nrobAetr e L o R RSN
dhere 1s a problem of teaching
them to freme their D'ez:mI'afl.i-wﬁ;ion accurately; Indeed, the who'le
point of the analoer is thet 1t abaolves one from thay concentual
task and the complexities it involves., ‘“hare s, above all,
a problem of preventins men from rengralizins on insufficient
grounds, and very easlly such nrounds are merely putatlve.
For if orr viow mokes renersnlizatlon an angy
matter, i1t also clips the sereralizer's wings. “here must be
8 correct ina.sht with res, ect to the basic situation. Before
aimilars can be similarly nndarstood, there is neoded an act
of understandings and if thot 2c¢t is mistnken 1n the filrst
Insvance, iu will be eaurlly mistaken in the second. Bub, as
we have seen, to mow one's Insirhts are correct presupposes
“a process of learning and the attainment of famili-rity and
mastery. rurther, the analorous or the reneral situatlion must
be similnr. if there 1s any simificent d_ssimilarify, then
further, pertinent QUOSbiOﬂS arise to comnlemant, to modify,
purhaps to revise the hasic insipght, Finnlly, ﬂnd this is the
real cateh, whot differencez are sisnificont? My famlliarity
and mastery of the initinl situction enehles me to vell whether
furcher questions there are vertinent, Another's familinrity
and mrsbery of the anasloro-s situsilon would enable him To tell
whether further questions are nertirent in that situatlon,
But, unless the two gsituablong are similar in zimmsk all respects,
my familiarity with one does not ennble me to tell whethar or
not further questlons arise when my inslcht 1s transferred to’
the other.

vo conclude, annlogy and reneraliration are
esseutially valid wrocedures. But when thelr basis ig an
insig ht into a cOJCPGte 31BuntLon, the cunditionsg of t e ir
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Proper use cmn bocome 50 strrnﬁent a8 to render them olmost
ngeless. L1t is this faect thet erounds the suspicion with
which men greet arguments from annlosy ené generalizations,
But, at the same time, there is a comnensating factor that
arises from human collaborntlon in the process of learning,
To thia we hove now to turn our attention,
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be Conmmon Sense.

Cormion gense is the vegue name given to th»
unknswn source of a larre and flostinz popnlntion of elementary
judrments which evervome m-lmns, overyone relles on, and nrlmost

6 Thedsweur everyone recards as obviows an? indisvutrhle, Three polnts,
QggggﬁﬂMLh*ﬂdEI think, esll for our nt-antion: 1) the serte source of these
- \\h_ﬁ\Ljudgments, 2) their »roner ~hiect or Tleld, and 3} their

relotion to empirigal sclen
J corerete judrments of fact, judrments

) The
3 we? ;
;r%u A ¢n the correctness of Insirnts into concrete sifuakions, and

8
Aedco of common-sense indrments

LT
lies in the proced{¥E5
concrete anslories snd renernlirations, ‘the pﬁ%ﬁ&é&%@ s0uTCe

,» 1z more compleX. One h-s to envisnre these procedires corried
- out, not by iseleted individuals, brt by members of familles,
of tribes, of nations, over the face of the errth for gere ratlon

ﬁ,wic’ after generation. One hns to tnle inbo account the diffusion

= of judgments by commmnicetion and their trensmission by tredltion.
Finally, one hns to note that there res:lis not mebely an
enlergerent bubk also a wnific~tlion and trersformetion of the
seplf-correcting rrocess of lecrning.

d e ok vy ,Iﬁsidﬁs tha hard woy ofkindinq thines ont for
oneself, there 18 ftihe comnaratively ensy way of lenrning from
others. Archimedes had to rack his brains to discover what -
svery sehwol boy esn be btausht., For feaching 1s a vast acceleration

ot of the process of learning. It throws/the clues, the pointed

hints, that lend to insirhts: it removhs cajoles attention

to remove the distracting imapes thet prevent them; it puts

the further aquestions that reveal the need of Trrther Insirtts
to complement and modify and tronaform the acquired store;

it prasps the seristion of scts of nnderatending to begin from
the simple ond work towards the more complex. But what 1s

done explicitly and deliberately by rrofessionsl teachers, nldo
1s done implicitly »nd uncorscionsly by pnrents with their
children and by equals ~mona themselves. Pallkineg Ls s bagic

SRRk, human art: by it each reverls whrt he lmows and provol:%“‘é e

furtier questlons that direct his stteniion to what he hnd OvVer
) looked. Mora ceneral snd more Imnressive than talking is doing:
w} deeds excite our armiration pnd abzr us to emulation; we wateh

i to see how things are done; @ we exverimant to see 1f ve can

do them ourselvess: we wasch orain Lo dlacover the oversirhts

o . that led to our fallures. phuas it is thot whet snyone dlscovers
. passes into the possession of many, to he checked against treir
& 5;;;» gxrerience and to be confronted with the tegt of,fhelr forther

quustions. ‘hus too it is thet the dlscoverles dLa ndividuals
enter into single, cvmulative spries; that the later rresunposes
- and improves upon the earlierjfthet Jhe storting~-point of each
reneratiun is - here its predecessor left off.
"U"géi The, sburce then of common-szense jndgments 1s a
collaboration., The self-corrvecting procesas of learning goes
¢ i on in the minds of individuals, but the individual minds are
\HJJ 4%2% in commn.cation. “he results reached by one are checge% by
many, ond new results are added to old to form a corrona
IR Prom which each draws his varinsble share ﬁetateé by his interests
and his enexrgy.

C
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‘there 13 another side to the story. It is
human to err, nnd common-senge judr-ments ere very humsn., ZThey
rest upon the self-correctine process of learning as transformed
by commnication and collaboration. Bub men shere not only
in intellectusl curinasity it also in more enxth: nassions
and prejudices. <The mixed character of humon drives con
generate a common deviation from the pure product of intelligence
and even a common dishonesty In refusine to acknowledre the
effoctive nertinence of f rther, nertinent anestions. So it
18 that we find erch tribe »nd netion, each esroup and d ass,
prone to develop its own brend of common sense and to strengbhen
its convictions by pourin~ ridicule upon the cormon nonsense
of others, lrom the contradictory vorleties of common sense,
men have appeanled to¢ the common consent of the human race. But

u;j; one well may doubt that such a procedure woes,to the root of
T-A the matter. If one must ausrect the collahoraiion of groups
and classes, of trihes and netions, it does not follow that
one cannot suscect the collaboretion of mankind. Error 1s
not primorily a clnss prodnct or a nntlonal rroduct, It is
human. ‘“whe rroup or c¢lass, the tribe or nation, only cives
a more/svecific twist to the mixed motives of human effort,
Undert ke to seleect the judrments on which all men rgree, and
7 you have no gunrentee either thnt,,all men nrree,.from the pure
y and detached motives of intelli-ence snd reason or, indeed, that
you yourself in your investipration and selection have onereted
exclusively from thwt ummlxed drive.
The ¢oll-boration, namad common sense, not only
offers enormo:s hensf1ts snd advent~res but also It wrtwines
.ﬁJLS them with more than a danger of deviantion and aberrntion.
A Nor do we,stand oubsife thls collrborntion as swectators.
46 Wore born into it. #ithomt:beingrusked We hod no cholce
but to become rarticirants, to profit by its heneflts, end
to shore in its errors., e hnve no cholce about withdrowing
from it, for the pnst develonment of one's own intellect can
easily/ no more/be blotted ot then the past growth of one's body,
and futvre development will heve Lo take ploce undsr essentlally
the same couditions =nd limitdtions as th-t of the past.
fhere is, then, a fundamental problem, and how it is to be met,
™ we cannot discuss abt once, Our immedinte obfective has to be
confined to discerning the field or domain within which common
sense mi~ht be expetted to operate swecessfully. This brings
& us to our second topic. '

3 &Q ,J;* QMN.&!“! Z!,anﬁﬁ.
5. Thalhys ' 1rordy o distinetion hns been drawn between

descerip-lon and explanation. Descriptlion decls with Things

a3 releoted to us. Explenstion desls with the same things as
related amonc themselves. ‘The two sre not totally independent,
for they decl with the same thinss and, 28 we have seen,

C descrintion suprlies, ng it were, the tweezers by which we
oY hold things while ex :lanntions are being discoveredsanés verified,
2 applied ,ané revised, Bub desplte their sintimate connection,
~\_) 4 it remains that descxiption and explenation envisare thangs

in fundamentrlly diffeent manners, The relations of things
among themselves are, in sensrrl, a different fleld from the
relations of things to us. ‘here is an apparent overlapring
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only when we condlder the relntions of men amons themselves;
and then the different procedures of descriptlon and explanation
prevent the overlapping ks from being more than apparent, for
description is in terms of the r~iven while explanation is In
terms of the ultimntes rerched by ~nslysis,
Kot only cre descrintion and exvlansticn dictinct,
but there are btwo mein vorietlss of descriptlon, rheve are
the ordinary descriptions thnt con be cast in ordinary langrefe.
there are also thex scientific descrirtions for which cordin ary
lanruape culekly proves inadequnte sndp is forced to visld its
plnce to a specisl, technicel terminolosy. Nor is it difficult
%o discern behind these lineuistic differences a more fundamental
difference, adreem, ordinar nand sclentific descrin.loneecBath
are concerned with things ss related to us, bubt both ame not
concerned with the seme relstions to us. The scientist selects
the relntim s of thines to us thet lend more directly to knowledge
of the relstions between Lhines themselves, Ordinary descrintlion
1s free from thils ulterlor ovreoccuprtion. As it beqins, 80
also it ends with human apprehensions »nd interests as 1ts center.
There exists then s determinmte field or domaln
of ordinary descrintion. Iits defininc or formal viewpoint is the
thing as reloted to us, as it enters into the concerns of man.
1ts obiect is what i3 to be Ymown by concrete judaments of
fact, br judrments on the corvectness of insichts into conersete
aitustions, by concretevsnalo~les nnd seneralirotions, and by
the collaborntion of common sense. It is as much an object
of knowledre as any other, for it 1s resched bv beglnning from
the level of presentations, by advancing throngh inauiry,
insights, nnd formulstion, by culminating In the cribical :
inquiry of reflective wnderstanding, the rrasp of the nnconditroned,
and the rationally comnelled pronouncement of judsment. Yo
anticipate a loter vocabulery, the domnin of ebwsmEwsRXASE
ordinary déscription 1s a section of the universe of belng,
of what intellirently isz ernsved and rensonably l1s off irmed.
How much of that section really is reached by ordinary description,
is of course a further auestilon. éﬁ,is somathing to ¥mov the
noel at which,ete nims, nnd thnt has been our restricted tople.
But bef're roins fmrthar on to our thirdtopile,
it mey be well to preclude pocsible mlsconcertlons. #irst,
then, the human collaboration tist resulis in a common sense
involves belief. The analysis of bellef c+nnot as vet bhe
undertaken. But the tvpe of belief thntfuwesioms in this
collaboration resembles thot of the pupil, who believes hils
teacher only thet loter he himself mey understand and he able
to judese for himgself. 1t resembles that of the scl entist,
who does not insist on exploring for himself all the blind
allies down which his predecessors wandered but is content
to test their final resilts either directly, by medp repest ing
experigments or, more commonly, by operating on the nriselple
that, 1f t-ose resnlts were erroneous, the error would be
revealed indirectly in the exnerigments he himself does perform.
Hence Lt is thet » man nronourcing a common-sense judsment
1s convinced thet he is uthtering, not what someone else told
him, but what he himself knovs.
Secondly, the humnn collaboration thet results %
in a cormon sense is under he dominance of practical considerations ¥ -
and pragmatic ssnctions. the further guestlons that arlse and i
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are cons.dered pertinent, do not come from any theoretleal realm,
and the testa that are emnloved move within the orhit of human
success and fnllure. Still that domlnance, so far from vitiating
the results, 1s dictated by the ob*ect to be lnown, by the thing
as it 1s relnted vo us and a3 1t enters Into the concerns of men.
It was a philosorhic school that invented the notlon thot idens
are true bhecause they hnp-en to work. Desrite lus practicality,
comzon sense is convinead that idens work only if they are true.
Nor 13 this surprising, for the nroctical further question 1s
a farth-r quesvion thot leads to the modificntion nr revision
of an Insicht; and the nrﬂﬂmqtic criterion of anccess is the
abzence of the fallure th-t wo»ld yvavenl the neceszsity of thinking
things out afresh.

Lhirdly, the huwen collsbor:tion that results in
a common sense 18 sublect o the devi-tiions and aberrations that
have waeir root in the mixed motives of man., But it 1is only
in 8o far as I myself shore in those mixed motlves that my
vnderstanding and my judrment will s-ffer the same bias and
fall in line wirh the snme deviaulons and aberrations. As long
a8 I share In them, my asfforts st corvection and selectloen will
be juat as suspect as the jud-ments I wish to eliminate. It 1is
only when T 70 to the root of tie mather ~nd bacome efficnclorsly
critical of myzelf that I con herin to become o reliable jndre;
and/that becomine will concist in the self-ecorrecting nrocess
of learning thot already h-s heen described,

gense to science, and o r Pindemental assertion is that the
two rersrd dluthc1 and sennrnts fislds. Common sense ls
concerned with things ns related to us. Sclence is concerned
with t-inrs 28 relsted amons themselves. In prineiple, they
cemmot confliect, for if they spe~k about the anme thin"a, they
do 5o from radically different viewpointa,

then I sny that in »rincinle they cannot conflict,
I menn of course that in fact they c¢an »nd do, To elimlnate
actual confliect, it is necessary to ~raesp the rrinelple and
to apnly it accur 2tely

i'he bqsic difficnlty heg bhsen to ~rasp the
princinle. ‘the scientints of the Renaisaance were aulve aware
that the o was some diffédrence in nrincinle, hit they expressed
it by a distinetion between nrimory and secondary gunlitles.
Science 13 concerned with thines =nd thelr primary gualitiles,
that 1g, with thincs as they really «re. Common sense 18
concerned wivh thinpgs,sthelr nrimrry sunlities. and most of
alltheir socondary guellties, thet is, mainly with thines as
th@y merely avnenr. On thi =howinq, know]edwe is science,

and Where COI7ON S6NS O dlverwes from science, we& vartly it 1s

the derlmess of isgnorsnce and error, partly it 1s the twilisht
soon to be revlaced by a seienvific dawn. Net rally enonch

such exclngive rretenslons were =et by onrosite »rebtensions
equally exclusive, sncd the debate ramed on a mistaken lssue.
Today, I think, we con be not only cooler but slso wiser abont

the whole matier, A3 hss been a rgued in the seedicns own wmdirelspli,
Imece. and. Troth  shd-on- it 13 necessary
to distinguish within knouledﬂe between sennrnte vet comnlamentary
domalns. <There 1s a COﬂDPBhenSLVG, universal, ianriqnt NONw-
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the distinction of the domains, then one has “he problem of
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Inacinable domaing its ohject is the thing-ltself, with differences
in kind defined by immedlrte conjuretes, snd with diiferences
in state defired by idenl fre-uencles. There is also an
exreriential, nnrtie lar, relntive, immcinable domaing its
object 1s the thing-for-ug, »ith differences in kind deflined
by mediated conjurates, -nd wizh differences in state defined
by excectations of the normal, 1he former fleld of erplrical
science is to be reach.d only by abstr-eting from the emprirical
residue of/individusl, the incidental, the non-systematically
diverrent, the unnsslonability of the continuum. %The latter
field includes the empiricsl residne; it views things In thelr
individuality, thelr nccldentnl determinaticns, thelr arbltrariness,
thelr continuity.

fhe si-nificence of this dlstinetlon aprears
in legie as the separation of two universes of dlscourse.
0 put the metter concretely, let us tnole illustrative rroposltlons
and corsider the three cases of 1) irnorinc the dixstinctlon of
the domnins, 2) denyinrs the distinction of the domains, and 3)
acco-cing the distinction of the domrinas. Flrst, If one lrnores

choosinpg between the propositions,
The plenets move in avrroximrtely elllntical
orbits with the sun at thelir focus,
ithe earth is at rvest, and the sun rises »nd sets.
Secondly, if one denies the distinctlon of the domalns, one
is committed Ho the more ri~orons choice between the proposuitions,
From every viewpoint the nl-nats move in ellirtical
orbits with the sun nt their focus.
From every viewroint t"e enrth 1s st rest and the
sun rises ~nd sets.,
yhirdly, if one affirms the distinction of the domeina, then one
will reject all four of the nrecedins propositions to assert
both of the following,
Prom the viewpoint of explan~tion, the planets
move in aprroximetely ellivtic~l obbits with the sun at
thelr focus.,
Prom the viewpoint of ordirary deseription, the
earth is at rest end the sun rises and sets.
On this third positlon there resulv two senarate universes of
discourse., All the affirmations of emnirical sclence contaln
the qual.fying reservation, "from the viewnoint of explanatlon,’
Similnrly, all tihe affirmotions of common sense conbain the
qualirying reservation, "from the viewpolint of ordinery description.”
Automntically, all lo~ienl conflict is eliminnted, for the
qualifyinc reservations prevent the nropositions of one uhlverse
from contradicting the propssitions of the other.
underlyving this locical senaration there will
be more fundamental methodolorienl differences., Both ordinary
dgseriptlon and emciricel sclence rench tlisir conclusions throungh
the self-correctinz vrocess of learning. Still they reach
very difforent conclusions bheennise, thoneh they use essentially
the same nrocess, thev overate 1t with different standards and
erituoria. What 1s a further, pertivent ocuestion for empirical
science is not necessnrily a further, mnerbtinent gquestion for
ordinary description. Inversely, what is a further pertinent
question for o dirary descripvion is not necesserily a fupther,
pertinent question for empirical sclsnce, Lt is this fundamenta%4
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in the eriterion of the relevence of further cuestlons that
marks the rrent divide between g scientific at!if8ude and a
common-sense attitude., Becruse he aims nt ultimate evplsnstion,
tre scientist hes to keep nskine why? until ultlinnte explanation
is reached. Becauge the loymen aims at mowing thingss as related
to us, as enterins into the dom~in of human concerns, his ~pestiona
ine ceases a8 soon as for-her inculry would lead to nopdifference
in theunore omlesgrinedistoandest dnily life of man, Hence 1t
is thot the laymen is nttemvting to imrose his criterls on the
selentist when he as%s him whot he 1s doing ond follows that
np with the further aue:vlon, What 1s the ~ood of 1t? For
1f the oracticnl question crn be put to encineers and technolorists
and medicnl doctors, its only effect wpon nure science wonld e
to eliminete 211 further progress. Inversely, the pure sezentist
13 att.mprtine to impose his criteria upon common sense, when
he interprets a rractical attittude as a nck of interest in
truths it is, indeed, a lsck of inber:st in the truth that the
scientist seels, but thot 1s not the sole domsin in vhich troth
15 to be lerrned. heflective understanding cen reach the vir-
tunlly unconditioned to vronounce corruct judrments of concrete
fact and to dlicern correet insichts into concrete situatlons.
Witho:t those basic judmunts, sclence has no starting-polnt
and, as well, the rlordious achievuments of apvlied aciance
eannot be truly af'firmed,

vhe aifference of the downins aprears not only
in different criteria of the mertinencs of further questions
but also in Lthe difference of the terms employed and in the
possibilities thev reswectively offer for louleal deductlon.
Because ordinnry Gescrintion is concernmed with things-for-us,
it derives 1ts cerms from every-dey experience; bacnnse the
elewments of daily ex erlence sre consuant, the terms of ordinary
descrintion are constant; visible shepes =nd the spectrum of
colors, the volume, niteh, and tone of so-nds, the hot and cold,
wot and dry, hsrd and soft, slow and swift, now and then, hare
and tiere, do not shift in neonine with the siccessive ravisions
of sclentific theories; the concrete unities thnt are men and
aninals and plents, the resulerities of noture ond the oxpectations
of a normnl course ofg events form a necersary and unchanced
basis and contezt into which apnliec¢ science incrod-ces 1ts
imp ovewents, Inversely, hacanse scinnce saels Imowledre of
thinzs as reloted smong themselves, bacruse such relations
lie onislde g our Imzediste exverience, becauss the ultimates
in sueh relrtiong sre to be resched only when ultimate exnlanation
is reached, each ~re:t forwerd step of scientific knovledre
involves a more o» less profonnd revision of lus fundrmental
terms, Again, becnuse science 1s annlrytic and nbstractilve,
1ts Lerms are exnctj becarse its correlstions nurromt to be
generally wvalld, they mustv be determined with ntmost »recision;
bocanse 1ts terms are execct and its correlatlors general,
1t rmust be ready to bear the weight of a vast super-structure
of losical deductions in which each conclusion must be eonally
exact and valid reneramlly. On the other hand, as we have seen,
ordinary description must be verpetunslly on its auard acainst
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analoales and generalizations; for, though similars are similarly
understood, still concrere s.tuntlons parely are similar, and
the synthesis of an ar~ resate of concrete situstions is not 1fself
a concrete sltuation. Because thinrs fall awny from the Pole star
in the northern hemisphers, 1t does not follow thot they will do
so in the sowthern. Becnuse within the ranse of huoman vislon
the earth is aprrozimntoely flat, it does not follow that the 2
Integration of all such views will be » flat sarface. The i
procednre of sound com-on sense ls, nob to monersllze nor to f‘
arpue from annlory, but to retaln the insichis arined in Tormer
experiance and to add the compnlemsntary Insirhts nesded in fresh
situations. ib2 coll~hovatinn ogﬁommon gense aims, not nt estaba
1ishéng g oneral truths, bnt ot building up a core of habltual
understanding that is to be ~dinsted br £ :rtrer learning in each
new sibuntion that arises.

Common sense, then, hns its own specialized fleld
or domein, Lt has 1:i3 own criteris on the relevance of further
quesiions. It has 1.8 own basically constant vocabulary, 1ts
proner #p universe of discoirse, nnd its o.n mochodolomical precepts
of keeping to the conerete, of gpeakins in bhuman terms, of
avoiding analories and smenerslizations and ded-ctions, of acknow-
ledging that it does not lmow tle abstrsct, » the unlversal,
the ultimate. rreclsely beccuse it is so conflined, comnon 3ense
gannot exvlicl 1y formulate its own noturs, its own domain, 1ts
own lorie and methodolozy. ‘fhese it has to learn, if it wonld
1imit nrorerly its prononncements, but it has to learn them in
1ts o.n shrewd fashion throush instances ~nd examples, fableg and
lessons, paradinms and proverbs, that will function in futore
judmments not s wremises for dednctions Mnt o8 vossibly relevant
rules of procedure, Finnlly, because common sense has to be
acquired, it is not possessed g4 ecnnlly by all, It hns 1ts
adept pupils th-t make misialkes, indesd, but also le~rn by them.
ithin thelr familinr fileld they are mnsters, and as WoAM -
well they know thot thelr mastery ends when they step beyond itsﬂu“ib-
Above all thev know thet ~hevy must mas er their own hearts, thnt
the pull of desire, the push of fear, the desnrer currents of
pagsion are poor counsellors, for they rob g man of thet full,
wtroubled, unhurried view dewmnded by sure snd bhalanced judement.

if the domning of science and common sSenge ~Are
distinet, so also thsy ove complemenkary, If one must recognize
the differences in their obiects. thelr e¢rilerin, their universes
of d.scourse, thelr methodolopicnl prece-ts, one must also 1lnsist
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that they are the Tunctionally rel-ted perts within a sincle
knowledre of a sinsle world, vhe intelli~inility thot sclence
grasps comnrehensively 1s the intelliribality of the concrets
wich which common sense deals effeetively. To resard them as
rivals or competitors is a wedvy mistalke for essentially they
are partners snd it is thuir successful cooperation that consti-
tutes an-lied sciencs and tochnology, thnt adds invenllons to :
selentific discoveries, thrt suprls ents inventlons with X
orzanlzations, know-how, and srecinlized skills. But if comrmon -
gense itsslf, once it 1a sunnlied with its aprroprinte evidence,
hag 1ittle diff:culty in recomnlzing this feet, theorlsts of
science c¢en hardly be credited with an egual rarsplcsceity.

Misled by a confuslon between the heuristic and the representative
functions of imapinntion, they nrszumed that the busim ss of
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science was to paint a nicture of the renlly renl. If, s we
have arcned, such a pleture is essentinlly unverifiable and
gretuitous, it cannot coineide wich tle verifisble rictures of
common sense., Lf from this conflict the theorists of science
proce~ded To eonclude tnol common sense mist be some brutish
survival, thnt it was in ne=d of heinc ingtr:etoed in lofty tones
on the far surerior virties ond techniques of tire seientist, !
one cannot be surprised thaot common sense retali-ted with its :
joles on tie Anenuitude of Whuoorilsts -nd profassors »nd with
its quietly immerions demand thet, 1f ohey were to Justify thelr
exisgtence, thet hed best continue to rrovide palpable evidence
of their usefulness. But such on-osition, I would contend,
does justice meivher to comwon sere e nor to aclencey 1t hns no
better hasis MMMy then a migcalen theory; and 1t had best be
wrlbten off as sn errsr incicental to an nmae of transition.
During the rost foor cenburies empirieol scionce hng emerged
and developed to set us the twofold nroblem hoth of determining
its noture and of workire one tiwe nrover ndjustment of the
complementarT functions of common sense. Lf gigh large rroblems
cannot bo solved in short npder, one shonld not infer that they
eonnol be solved nt »nll.

‘io conclude, com-on sange 1ls one thing and copmon
senge judgments are auother, Common sense 1s common and syecific,
1t is a spseialized domain of knovledrs with a »roper universe
of dlscourse, proper criterin on the rertirence of further questions,
and proner methodolorical rrecepta. Operntior within that domaeln
ig hasicnlly ~nd fundomertolly a communnl collnboration in The _
gelf~correcting vrocers of learning. The frunit of that collaboration
is a hrbibusl cove of =g accumula.ed iralchts inbo concrete [
attuations rnd inco LHle rrocedures noesded To comrlewent and
ad just th-t core hefore one can MAz=e judr=ent on further, conerets
alt.otions. Hence it is that common sense Fadenents ~re issued,
noy by some mublic suthority newed common senso, bt oby
only by individual jodges in thelr own individurdl situations.
part:er, thew can he lmown to be correct b atcdsan only
by the individu~l judres in the irdlvidunl situsationsg, Tor no
one else is in nossession of the evidence ns 1t is riven and
no one else 1s informed with the frmilicrity ond mastery that
result from the self-corractine rrocess of lerrnine within thet
aiountion. X con e cerbnin thet I am writine this, ond you can
be certain that von are recdins it., But it is auite anotrer
motter for you to be cerbain thet T am correct in affirming that
T am writing, as i, =111 be sulte ~not er matter for me vo be
certain that vou sre ccirect In offimmine thet rou are re~din~,
the cormon olement in common sense is not some 1iat of rere ral
truchs abont wnich nll men con apree; it is nmot some 1ist of
particular truths obout whkich nll men c-on agree: pnt it is
0 collaborstion in uvhe erection of ¥x a bosic structure by,
which, with armropriste adjustments, ench individual is enabled
to fi11 out his indivifunl 1ist of porticular trnths., Finelly,
each of these wvarbiecnlar prononncerents occurs inasmuch as
reflective undersuvending grosns the virtually unconditioned
in the manner described in the sub-sections on concrebe judements
of fact and on judgments on the correctness of insirhts into
concreve sisuations, -
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v YrdvhiAby AL EndtnehtA
6. Prohable Judements,

#hen the virtually unconditioned 1is grasped
by reflective understanding, we affirm or deny absolutely.
when there 18 no propondersnce of evidence in favor of elither
affirmatizn or denial, we cnn only aclmorledre our lnorance.
But between these eztre 98 there 1a a serles of intermed 1nte
posivions, and wwdfpvpubeldya probable judsments are thelr outcome.
rhis probeobility of julrment differs from the
probability investirnted In the s.abistleal phase, 4s hers boen
seen, the prohable erxpactntion ansvers a guestlon for Intellirence
by asalmning an ideal fre usncy from which nctuerl evints non-
systenatically diverre. Bri the mrobable ind~ment ancvers 2
quertion for reflection and, thourh it santicipstes a dlversence
between Jhe judpment and acau"l faet, 8tlll the rroumd of this
anticipation lies, not in a n0n~quLeﬂﬁtic element in the facts,
but in the ovhwlebtenssa oftoumpshnovdodae Incompleteness of our
knowledse. Hence, judgments about thinaes, abo t correlations,
and about rrobability expeetations, may be certsin anc may he
only probable.
-she-point-of-the probablejudmment—1s: thﬂt}ﬁt
robahly. “1a’trve. Its rrounds _gre not'merely ne~atie,, It Ag
ot ehdugh- yh%t ouY knowlpﬁre/he Incomt ¢ te snd that rgfl ctiﬁe
Srsbanding £alld to reack e virturllylunconcltitmgd fety
‘fd?@'thev the only &eﬂuivements, a mere muess vonld be g nyﬁbﬂb%e
ngment. But ruersinrfls nroboble nn&v in the st iutZGQ
68 o7 Of ﬁon-svstemat¢w divorﬂence* ajwood pl%ﬁaerir ,rlx
s thm”S off, hot By-tha. fetional riotass of 1udﬁwe bl
é“ﬁﬁn“rﬁti”ﬁwi-nﬂ«eess-ﬁ@-uaatﬁriﬁm—he, 3
Probable judements differ from cues 15e3 . ln both
cases knowledre is incomrlets. In both crses reflective under-
standing folls to reach the virtunl)ly unconditioned. Bub the
guegs is a non-ratioral ventrre beyord the evidence tihnt resembles
the non-gvstematic nsvect of events. On the other hand, the
probable judrment wresulls from rational procedures., dAirrpasisas
ot JeonpilsleJuqyiedreinasmish-as trere~Isan artresdmtion
bo-~conmplaseness rhou~h it rezts on incomplete lmow’adsee,
still tliere has to be some aprroxim-tion towards completennsss.,
fhoueh 1u fails to resch the virturlly wnconditiored, still
it has to be closin~ in upon that ex :irent norm, ;hus one
may 8ay that puerses are nrobably true only in the statistical
saxna gsense of divergins non-gvatemntically from trhe Judrmentss
but trobable judsments are probably true in the non-~statistical
gense of convergine unon true judrments, of® aprroachidns them
as a limit.

v

1t is the noture of this ap-roximertion, ap roach,
converpence, tlhat consti.utes the problem of the weebdsm
vrobable iudgrint., Whet precisely can be mpent by such metsphora?
If anybhing is meant, then how can it be known? To ome surely
mates a probable jiudcsent when he cen malre a cortaln judsment;
yot how c-n The probable be lnown to approocb the certah , when
the certain is unknown?
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rortunstely, such peradox is not as acute as it
mry Seem. ke seek the tith because we do not ¥now it. But,
thourh we do not knmow it, still we ¢rn recocnize 1t whenew
we rench it., In 1lil'e menmer we o130 nre able to recormnilze
when we ore cettine ne-r it. As we hnve seen, the s glf-correctine
process of larrning eapwis corsists in a sequence of questlons,
irsighta, further eg=tlons, and f riher inslshts that moves
towards a 1imit 1n vhich no further, pertinent questions arise.
fhen we are well bovond thint Limit, judoments are obviously
certain. when we ave well short of that limit, jJudrrents are
at best probeble. .hen we are on the border-line, the r ash are
completely cert-in ond the indecislve full of do~hts, In brief,
bocause the self-correctine pracess of lenrning is an av-roach
to a limit of no further, pertinent aquestiong, there are probable
judmrents thot ore mrobnblry troe in Lhe sense thet they aprroxinnve
to a truth tint o8 vet is not known.

Directly tie fore-oinas anelrsis revards .he rro-
bability of judmn nts on vhe correctness of inglrhts into concrete
situations. Indivectly., 1t cman he extended to all othsr nrobable
judmwents, ‘whus, concrete judemenis of facth involve aome inslcht
titnt 1inks tue level of nresentrtiorns with the questlon for
reflection, and 8o the mrohabllis~ of srch conerote jirdeents
may be reduced to the probability of the correctness oY the
insirht they involve, Did somethins herren? Somethlng dig
hapren if the ssme set of thinss exhihits different dnta at
different times. An Insl~ht is required to rresp the identity
of the things, and such an identifseation mar be certain or
probable. But the dats exhiblited at different times either
differ or do not d.ffer., Lf no difference is detected, there
1s no ground whntever for asserting chanre. If any difference
i3 detected, thare are t:e gro nds for asserting chonge. Ir
you do not remember accurately the Tormer data, then you just
don't lmow whether or not there wns chanee, If you ore Inclined
to think that vhe Tor-er data were different, then the lssue
shafts. whet inclines vou to think so? Any reason that con
be offeped will sunnge some inzli-ht Inbn the oh ective course
of events or inuvo Lie hahits of vour memory, ond it is thail
insight thnt ~ives rlse to wrobability, More complox cnses
call for a more commler annlrsiag, hut the =emeral lines of the

™ analysis will be the saue.

vhia brines us to the #mak »rohebllity of
the emniricnl scilences., Two questlons arise. whv are thelr
0 conclusisng no more than nrobabls ? In wh-t sense are thelr
conclusions an approximetion to whrt is frue and corbaln?
Niscussion of anrlwiic nropositlcns is deferred to the next
aub-section ~nd =0 ve ave to cons.der e emniriceal sciences
in their -eneralirzations and in their nort.cular indrments of
fact,

Since similors cannot but be similerly understood,
0 meneralization itself offers no diffientty, If the parbleular
case 13 understood corvectly, then every similar case will be
mderstood correctly. AF the problem of industion arose

\M‘J becatse the rest of the marticuler cases were not inspected,

thon .hat rrohlem would he insoluble hecans the rest of the
particular cases never are inspected; were they, there would

be no ~enernlizatlon., In feet, the problem of induction arises
bacause the particuler case may not be pronerly understood;

and i, 1s solved by seeking & at covrect understanding.
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St111 seeline 1s one thing and findins another,
Emplrical science rets its start by hittinz off sipnificant
correlnt.ons. ‘Ihe correlr tinns Implicitly define abstract
correlatives. But vreclsely hecanse thev are ahstrnet, the
rotnrn to the concrete is creatad with further questions,
‘he law of the lever is simnl-city itself., But to have an
Indevendent mennurerent of weishts, one neads the law of the
Spraing. Yo Lest the ILow acenrately, one needs tha theorem on
centers of sravity, To formlete the 1ow, one naeds the reoretry
of pernendiculars, Autovnticnlly one hrs emhorked unon n
vectorial repe sens tion of Forcea, an nesnmntion of Euclidean
geometiy, a Lheory of tho avynlicavion of fapcea at » noint,
a parallel investisabtion of the tensinn of wires, -nd a cerbain

: x Potysl-te s by LA ~whemepe\concre e
asyfects of /thezd allled myters cannot. he Hnv Sﬁ}sftGd'W't' ot
in roziqiig{furﬁhﬁr' onchZe_n QHcEﬁ}‘\Eh ,mqgé s@gculhﬁéﬁzgf
oledents denmnnd( pohefent shepatal lon-Iwn the huresi-heet Do

ThoPupihe-Conerato~ac-ackh
anomt of dabbling iuh rpavitetion., Automitieally further
dusstlons nrlse. Hob only do thew -~vise from the concrote
problems set br tension and rravitatlon, whiel in turn ~ive
r.so to Tirtler agueaviona, , whob ip Tap meave nirnilicans 1s
the .resence of tie hwvhly abatract thesrems and nrogcedares
which puve relevance to enoimons rontas of further questions.
Caon every force be rorresented by a vector? AXYX f-rces annllied
al a voint? DP_.d Euclid hnve the lnst word? The inltinl abstraction
allows one to ¥ return to the concrete only after the explorntion
of soccessively widenins cirelses of Ineuire, Statics is mastered
only to raise the problems of kinetles., Xinetles 18 mastawsd
only to mevesl thnt therml and slectro-ms-uotie phenomena
may be the sntecedemts or the consequengts of local mnvements,
One bemins to get the lot in 1ine »nd to fesl that the fut re
of physics i3 o natter of determining ncerrntely o few more
Gocimel points when slons come a Plrnek and an Binstein with
thelr further questions,

Whe ~eneralizaticrn of ¢lossicnl laws, then, is
no more then nrobable bheecase the application of 3inrle laws
raizes further gquestions thot hend towerds the sratemruization
of a whole [ield, In turn, such svstemntization 1s no mors
than probable vntil the limiz of no furt-er, nertiirent questions
i3 renched. But viot limit is not resched, Cirst, i there may
be further, unkm.wn fnets thao wo-1d pniss F rther guestions
to force a revision or, secondlr, if theve m2y be further, !mown
facts whose capacity to raise such further gques biors is not
Zrasiped,

Simiiar considerstions render the rem ralization
of stetisticnl 1ews no more than probedle. Kor statistical laws
presuprose some ¢lasgification of events, One is not rolne o
advance Guantun theory by investirating frokxball baseball averares.
Hence definitlve statisticol laws surnose definit_ve classifications,
The fnture dlscovery of new kinds or of new sub-divisions of
Sub-atomic elements will invive a revision of the statistieal
laws, Similrrly, more acerate investbientions miy lead to the
discernment within the stetistical 1nw efhaiassh of a svetematic
element that com be abstracted in classicr] Form to lenve a
new statisticol residue,

If empirical zenerali-ations rre m more than
probable, what aboub the verticular facts thet ground them?
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Hore a distinetlion seems necnssary. In so far as such facts
are exrressed in che terms nf ordinsry deserintion, they fall
uwnder the criterls of the conerete judmment of fret, In so far
a8 they arz relevant to the establishrent of a scientif.c theory,
they come mnder the control of emnirical method, what has to
De observed is, not the percent with its swontaneouns interration
into the processes of sensitive 1livine, but the sheer drfum
thet is stripred of memories, agsocilatins, and anticlinations,
Agaln, measurements must confarm %h» to the best avallable
nkd ruoles and ubillze the hest aveilsble instrurents, ¥inally,
the ohservables have to be the terms defined by the theoretical
structw e, mnd ns this struet re is suhiect to revision, =0 also
are its definltions. nence, one mny say that emniricel science
is 80l1dly srounded in fact in vircue of i%s concrete judrments
and, at uhe same time, add that technienl develonments and
theoreticnl advance can render such focts more or less obgoleacent.
But 1f emniricnl science i’ no more thah probable,
still 1v truly is probable. if it dnes not attnin definitive
truth, stlll it converres unon trith., “'his converrence, this
inereasing amcroximetion, is what is mesnt by the Familinp
phrage, the advance of science. Questions rield insirnts that
are expressed in hyrotheses: the testine of hvnot eses raises
further questlons thint ssnarete complementarv insirhts and
more satisfactory hypotheses. ior » while the nrocess advancses
in widening cireles; then the coherence of s-stem hegins bo
c¢lose in; inv.stieation turns mzkha from fwseels fresh ventures
in new fields to the lshor of consolidstion, of workinc out
implicatlons fully, of settlinm isawes thet leave the reneral
view unchanced, The self-corvectine process of learning is
palpably aprrosching a limit, so that, st the very time radical
proposels for revision hecome nnai nossible, the onen minds
of schnitlsts nre becomine closed. As Max Planck put ib:
"4 new scientific troth does not triumph by convincing Lhem
1ts opponents »nd mnkine them see the 1isht, but rathor bocouse
its opronents eventually die, and a new rers rati n orows wup
That ds femilusr with 1t." Scdentific Autohlogravhy ané Other
Papers, New York 1949,
An ulterior question may he raised. Is seisntific
brocess progressz indefinite? Deoes the self-correctine »rocess
of learning reach one limit only to discover, so-ner on later,
that there are further dewelomments to be effaected? If I am
unable to answer this question directly, still certnin observations
seem re.ievant,
Flrst, the advance of seience throush incressing
ASHPACF RO BB O IR I re b Lo Ao f-deerastinc patrins.
accuracy would seem to heod towerds a 1imit. A measurement is
not is a point but an anxz® ivterval, not sim-ly a number but
2 number nlus or minus some quantity dstermined bw a theory of
errors. nence incrersine accuracyaresultsd from the invention
of new techn.jues and ingtruments -~nd, while such inventiona
mey 20 vell beyond our nre:ent antleinstions, still we have no N
reason to expect an infinite sorles of them. Once such possibilities B
become exhnusted, the nrinciple of exclusion comes into play.
Emprrical mechod settles only the theoretvicel differences that
imply sens ible diiferences, 1 f a sascond theory supnlants a
flrst by advancing from the second decimal place to the fourth,
and a third sunplants the second by advancie from the forwrth
decimal place to the sixth, 1t does not follow that the re can

Q
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be some nth/estanlished by advancing from 2n decimals to (2n + 2),
where n 1s as large a number as you please,

Secondly, 23 che ndvance of science has a lower
1Imlt In the field of nresentntiona, 80 nlso it h-s an uprer limit
in the basle structure of the human mind. ‘“Thenries c¢an he revised
i there 1s a reviser. But to talk about revisinc the revisers
1s to enter a fleld of emrty s aculrtion in which the name,
revislon, loszes its determinante menning, Moreover, theorists
take advanuane of this fact. rhus, the fomnmdntions of loric
are placed in the iInevitabilities of o'r nrocesses of thoneht,

Nor 1s lonlc an unique sxample. As we have already 1:dieated,

the theory of relat.vity in ibs besic vostulabte vests upon 2
gtructural fenture of our coenitional processs, iow if the
invariants governing msntsl rrocess Imoly invapisrnts in our
Cheuretical constructions, there will follow an unrer limit

to the varlotilon of thaecreticol constructions ~nd a possihllity

of mapping out In ndvance the alternatives he:ween which theoretical
effort has to choose. wo this tonic we return in inventigating
what will be nnmed the, bwrmbwed caterories of the rannse of
proportionate being.

In conclusion, 1t may be noted thst these considera-
tlong confliym the nogitive rrobahilitr of tre conclusions of
empirical science. wor those conclusions sre probable in~smich
23 the self-correcting vrocess of learnine is an-roaching a limit,

' LRPE -

APELRISR O Sra-Dasetuicen i ~nmnaens
ocgsy itdeld to a) limMit, stillwe had & aglmonledce thniﬂp ~
- igd?;ﬁzzhégjﬂbreiﬁhl ﬁr6¥zéio.{1?\4ﬂi1;Jﬁhég/%brgiy/ﬁuf'.s \“‘_ﬂ1
-pRatiorm iThence. b 1meed “foh—rone: Lfops : 455 1.,
vur argsument was hased unon the lmnanent otagens, tendency of

the process itself to a limit, inasmuch as e-ch rrent SR Nedc

of seientir.c develovrent heads for the closed coharence of

svatem, and each suceessive s—-siem ~rins the Ffacts with ~rgater
nouance ~nd accuracy over wider exmanses of data., St11l thuis
immanent terdeney receiv.s confirmetion if tihe e exist external
Limitations to the process itself. For ther too point to the
Dosgibility of some systom, as vet unlmown, that is Increasingly
determined innsmuch as ic will hnve to mest the requlrement nf
verlficatlon In a body of fact thrt is increansingly larve end
Increasingly orranized.
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Te Analytic Propositions and Analytic Princinles,

Since asnnlviic propositiors and princinles rest
upon an annlydls, we muet hecin from o serles of distinctions,

#irst, a nropos.tion is the content either of
a1 act of concelving, definine, thinltine, considerdns, supnogine,
or elae of an rct of judring, Hence we dlutingulsb natween
formad tovms of munning and M)l teyms of mennine., Both nre
propositions, hut the Tormel term of wmesnine iz whot vou merely
thinlk about or consifer, whils the *ull1 term of menninc~ 1s what
>0 alae ~ffirm or “eny,

Secondly, discin~uish nrrtisl terms of meaning
ard rales of merning., By prrtiql corms of mesaning ore moant
the elements wishin {ormnl or 171 Lo“ms of Mpnninn. in the
vropoagition, the man 1z cold, "men" hes o determinnie meaning
arxd “cold" has a determl:~te mesnin~y whnt they mesn are nnmed
parblel terms of mesnung, Fuviher, tiare sre definite rules
¢onnecting nortinl terms of meaning with formel or full berms
of menning, Jhen one cowbines the vortinsl me~nincs, "the.!
"raan, - "is," and "eold," into the sen.ence, whe men is cold,
orte obtning a £ rmnl or full term of me-ninem thet s ﬂﬂtn“M1nnﬂ
not only by the elem noes8, hue alzo by the manner in which the
¢lements combing to mole senge, An anclvsis of that "wnner
in which elewen.s renerally mev com™ine to malre sense,¥ world
7i6ld a set of rules of mesnuine,

Lhirdly, we ~dvert to a anecinl cate of the
vircually wnconditlmoed tiien the meanins~ of n proposltion 19
it own judtif.cation and rpavancee. ihe nrovositicn itself
provices the conditioned, whe Aafinitions of its n-rtial tems
provide the fulfilling conditicas, And thie riles of mennine
prov.de the link bhetween the conditions and vhe conditloned.
Sueh propusl.ions sre termed nsnnlrtic,

rhus, if A is defined b a relatlon, R, to B,
arnd B 1s defined by the onrosile rel- ti m, R', to A, ther by
tlie rules of monning 1t rollows that ﬂeﬂe cnnnou he an A
withpot the relation, &, to B, and tu~L t-ere cannot bo a B
witho-t the relnvion, ', to A, Such conclusions that reat on
def.ni.ic.s anct “ule“ of mannint nre anal=tie »Hropos.itions.

lbe gneoation nnisas whatlhen ’-'luL aptacbis

n N““B"Oh'eﬂt oiftlovﬂbt or.a judrmentAnd a
~yat step it o vemove a copfusion. whe analvsis
nalybde wroposibion revenls a vivtually mncondij
resdily enon- 1 ey be grafned b reflectiva ung rabanding,
1<ore necesof 1l o 011o"q upon tiwt cresp the jodmment, rhis
ig nnnlvtlc. 10 fanm thet o froposcclon is //
to affirm thot it is self-ingify ne within the
g,  But .ihe . questlon 1s vhauher tiat orfer T
fal or full) whether it is what #8 mean”in
cons Jﬂﬂrln” or whet 1§ meant ix the serse Qf/’
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Fourthly, since the anslytie proposition isan
Instance oft the virtuaslly imeonditioned, reflective wnders snding
will find iIn it itvs proper object and werebw pround & judgment.,
There then arises a further nuestion, ihnt prec.sely 1s the m rning
or force or implicntiun of such n ndrmert 2

It wo-ld geem th~t dts mennineg 1s neot assertoric
buf hypothatical., If there ocsirr/ jud~ents contririne tharanxa

renificant terma in the some sense aa they are nasis med in the
annlvbic proposition, then such snp“0°1ti»“s or incrments must
be consistent wiuh the analvtle nrorosition; moreover, wien that
condition and other la~leal requirements n-a meant , there follow
Palld inferonces., On the obther hrnd, the aMe& rers f"ct that =
pronos:vion lsxz qnalvtic offers no ’nqvnﬁfee thet 1te Germs iIn
thelr defined sense ocecur in =nr gum-osibin or fudrment apart
from the affarmation of the qnnlvtic rrorosition,

It follows thnt nnnlrtlc ~ror:aitions remain In
sterile isolation vnless there nccruss to them some form of
validatlon. whis will considt in the occnrrence of its terms
In their defined sense in some other sun-osi.ion or indrment;
and the precise nnture of the validation will cerend nron the
nature of the ¥ sdded sup-osition or jndrment,

ahere also follows the ex—lrn-tion of the fact
that -nalytic propositions cnn be nrodunced more or less nt will
and indefinicely. Frartial terms of meanine are a vast multitude
and further portial terms can be annnliled by the art of definition,
Rules of meen ng vrovide a princinle of sslection of thy nartind
terms that will conlesce inuo annl-tic rromositions, And if this
geems to require too much inrenuity, the trsk esn he simplified
by uvsing symhols instead of words and br defiwine them by their
relations In propositi.ns, But sicnifieant increments of Imowladse
are not to be ohtained hHy mevre Inrenuity snd, in fret, the anslytic
proposition, by itself, is not o qlﬂnlficnnt Increment of Imorled ce s
without the |u1¢11ment of further couditdons it remnins in isolstion
and falls to enter frultfully into the texture of kmowing.

Hence, we rre In suhstanidal aereement with the ]
contemporary viow thet mere anslrtic nromozitions are mere tnutolories 2
The use of the term, Tavtolo~y, wonld seen wo he incorrect, but e
the ~eneral meaning of the stn tewent is somnd, However, it mey
not be out of pleoce 0 20d th-t the nresent noint wes 'mde centuries
apo. Aquines advenced thot conclusions e end upon rrinciples,
thnt principles derend upon their terms; but he was vob ready to
accept any terms whnatever; he added thet nrorer terms are selected
by wisdom (I II 66 5 4m) end by wasdom he muent an acetmnletion
of insiznts that stands to the mmiverse =23 common dense stands
to the domain of the nrrtic.lar, incifentel, relative, »nd imarginable

Lot us now turn from annlzrtice propositi.ns to

analytic principles,

By an analvtic principle is meant an snalytie
propos.tion of vhich the nartinl terms sve existential; further,
the partis=l terms of an analviic provosition ars exiSuentipl
if they oceur in Jheir defined sense in dnA-rents of f=ch, svch
a8 the concrete ju’rment of fact or the defiritively estﬂblished
enpirical rrenemli”ntion.

Furcher, zince such analvytic principles are hard
to come by, we shall nlso speak of two mitirnted coses.

The provisional snalviic wrincinle is sn emelvtic
pronug.vion of whach the terms are probahly exe tential, that 1s,
thewy occur in probeble emniricsl zoneralizetions,

. e e o e w .
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The serlal analytie principle is an snalwtile
proposition of whieh the terms are serinlly existentials what is
meant by the serinlly existentinl, will be cdarified in our next
sectim on mrthematrienl jud-ments,

It mnv be rameor’ed thet the analvile rrincinle
also connotes in its terms now onlw ~r eristential meTervence hut
algso a bhasic, primitive chrracter, I thin' this feature will be
found to follow from the def:ned reguirements for, as we shell
proceed Lo armue, ~nrlyoic priceinles lle ~retiy wdll outside the
reach of ® cormon sense and empirical science.

ther lle outside the re~ch of common sems e becnuse
annlytic nrmnniPTes are vnlv rssl ~nd common fense re-rrds the
particular, Common sense molres concrete ind~mentg of foet and
1t prsses judrment on the correcinessa of insi~hts into concrete
sibvations., Bub in neither crse does it emrloy terms In the
sense noalrmed them by ahstroret definiciuns, As Socrates dis-
covered, the rverrre man does not defines he 1s svspicions of
the senrch for Gefinivions; and when thﬂt pursult brinns out
the infersnce that he “does mot Mmow whot he 1o uv-lking nbo-i,
he is r:ther weaentful,
the faet onld seem to he that the structwe of
common sense meanings ls mneh the neme o8 the strnet-re of conmon
sense itself, <here is a2 communal collahorntion that vislds a
habliturl core of undersiandingm and, am well, & renve of Xinm
concerts and lincuisctlic terms in ooﬂi arT uqe. But just as tne
common core of un-aerstandin~g h-s o he rdiunted by comnlementnry
inslshug into the ~resent, concrerte aitunrion hefore jusrrent
veeurs, 8o clso common conce~Hs ~nd terms veceive their ulb innte
comple*ent of meoning frow thse cormlemen:ryr~ inal-hbs.

"hia is a doo, "Whot do wou menn hy a vdort'?
The -mestion surroses thot the term "dos" has & rrecise e aning
outside tiwe series of sitotements in wonich it occurs But in

faet what comes firat is “he series of statevenbs nnd whet comos
only lever, and then only if one rogs in for onelvsia, is the
decermination of the precise moan no of vhe $incle, vartiel term,
what the average man means M o "dog" is 1) what he woold wich
certalnty nronounce .o he » doe in anv concrete siturtion with
which he is familinp, 2) whot Me co 1d lesrn to be to a "dog,”
and 3) whot he would he willing to bheliewe is a "dog," Honce

it iz vhet a dietionary is constructed, not by the Socratiec

art of defin.tion, buv by the pedestrian, induct ..ve process of
listine sentences in which the word occurg in rood usage,

It may be ob’ected thoy one cennot moke = brieck
house wilthout first mokine the hricks., But one 18 only arruing
from a false anrlogy if one c¢laims that the mind dew lons in the
same feshion ag the wall of a house 1z built. Prlor to concerpts
there are insimts., A sincle insirhb is expressed only by utiering.
several concents, They are uttered in conjunction, 2nd rsflsctlon
prononnces whether the insirhit and so tae conjunction 1s correcte.
‘Yhe isolsclon and defluition of concents s a subsequent procedure
and ecormon sanse does not undertelke it,.
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Bscaune we hove denied that common sense dmasz
reaches annlytle ~rincinles, it is not Lo be inferred that the
arerasg man h2s o ﬂri“,iﬂ1es. Analytic nrincirles sunnose
analysis; annlvsis suproses acenrate comcent:~liration., But
nrior to analysls, to concents, to judrments, t-ere are the
na ¢ive end wmenbs of intell.tence and raasonablene~s ~nd the
inhereny struci res of en-niiionnl vrocess, ‘these a2re the venl
nrinciples on which the rest densnds., Moreovar, all understanding
s its undversal asnnct, for similors ~re simil-vlwy understond,
But 1t is ono Jhint to a"ﬂ‘oit this univarsel qs“ect in n nrofassa-
lomal wanner; it is nnother to ex lol. vhe inellicib 51116y, which
is by itself wnuiverssal, by ~dd. -~ frther iﬂtﬁlli.ibllitLGS
wmtll one comes to *rLro with conerete cituations, whe latter
line of development e have named comon Ssn3e 50 thnt, by
deflnivion, common sense de~ls with the particnlar, A”ﬂln,

t-e lntter llue of develomment 1s consnicuous In the 1verane
mem,  Bubt what 2lae the verq"n men mov'a amad how he Imo. s 1f,
are further aquettiors. As haa heon ransrled alrendry, one cannot
tre-t everv-isgue-abt-ones nll issunes ~f the some time,

Next, analrilex nrinciples lie oubslde the meach
of empiricsl science, [t is trup of conrse, that every Insicht
vields severnl concepts linled t-~ether ithwro  ~h the insi~hig
it also is true thnt the empirical scie-tist £ rmlases definitions,
mostulates, sand inferences: hus the trohle is thet the emniricnl
sedervist Imows his Insirches not as cerkbeinly correct but anly
as probrhle, lHence his defined terms, in the gense they ave
de fined, are ns mueh sublect to revision ns wle probable judmments
of fact tht contein them ond validate Lhem.
- ERES TR O Te—hmire—4 3 D%

i - agand ennl-tic vrinﬁi“TGU tie intermedinte
1ags of nvOV¢”’ nnl analvybic ~rjr€inles, in the rmenamils of
n emoirical .gcience, previongsFes -1t g ~rovide norms rulés

dvn an? influonce Ata conclomaions,
A rileg arg svbhject to revision,
Tollow only if one’reovened the ipgsujries
defoline waith othar matiers,

hat rulde farthan 1nvoqu rey
bsolupely, soch nerms
nt sueh revision woul
tiat led to them. pfice;, whan one is
neh srevious results are unques vion ///
a empliric~l sclence, onlT one igsna em ba roiged a2 time
b1l seveval 4 eoreticnl 1°we s ~re rTelevant to” “the axochy
x erimenbal determination of anv one. Hence ‘om- i?icalxmeuh d
he ads Tor e plann.ory srstem hecnuse, Witho't systemy” it is
Ala Lo.determnine when anvy ivan corr91 Hion will b8 wverified
de curt cely, when gone d;verﬂeﬂce frdm thez corfelation is to
0 e”repted ﬂnru is tb —goumea. of that divermes Y

For‘Lhi reason ¥e hove ;ﬂtrqﬁqced the miticafed
lnss oF nrovisicanl, =analyuie/nrincinles. ,Theyr are 2
ropofitiong inasruch as they .est on definitions, o ey are
o ovasional anclyiie npinciyles itnasmuch/ns their t !
geny in wrohﬂ?lo factuels Iudrrents, AMheilr nres ence in ey
nau.ry mey be 111u=trﬂued hy & slmrle example, Water was HaobD,
0t meTely ns on empirical conclusion, bur slso 43 a definition;
Mot meLely anrrorimrted co that formula unoma%i0ﬁ11y wea

ronounced to convain Ampurisies, - Still sech a pronouxcemen
ng not absolute, ﬂ;ﬁ g0 it v~§ poscible to-reach the'revised

os.vlon that d. qt¢r"1i o# hetrean ordinory waber, /éOﬂformi

VI - it WU LF S Loy o ﬁ*m#ai:eéﬂ-—mra*min o a -’q f;f Tl A .
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Thus, consider the assertions: 1) water probably
1s Ho03 2) vhat I woﬂn b weter Is Ho0y 3} this water conbains
impurities* 4) there are two lcinda of wnter, haayy and ordinary,

The first 1s an emplrical conclusion. The gecond
18 a definition. The third 13 » concrete ivd-ment of fack: its
nmeening la that this sample 1t water in the sense of the empirical
conelusion but It 1s not solalw water in the sense of the definition,

‘The Tonrth Irtroduges a new hasis of definition kxx tret has 3ts

groumd in frush exverlmen:al work, Now hoth the initial definition
and the later definiyions yiold nnalrtic pronositioms, nomsly,
that what does not smatisfy certrin srecific-tions 13 not pure
water, or it Is not oure wnter of molaesnler weirht el~hteen,

or it is not npure henvy weter., Moreover, none ofz these =arse
merely enalytic nroPpsifions‘ ther arse not the sort of thine
that can he vvroduced at will ans in4efin1bolv. On the other
hand, they are not strictly anclvtic nrincinles, for thourh
their terms posaass valldntlne judemert a8 of fact, still those
judgments are sub’ect to revision ~nd, indeed, thﬂ discovery of
heavy water has alrendy forced such a revision.

Gonerq71v one may 8ay that the advance of emnirical
science is an instence of the ndvance of tim s nlf-cor“ectinn
process of learning. Buot in this i1 tance the »reviouns insirnts
vield correlntions, definic ions, and Inferences., It 1s In terms
of auch formulqtions that are frnmed the fartie » questlons thab
will momraxi comnlement ond modify the previous Insi-ts by later
Insights. In like menrver the Tnter ins ichis receive thelr
formulavion which i3 wmresnmnosed by the Turther nueztions that
lead to a s8%3i1) fuller understandine., Now in thils mrocess
the successive formulations hove three distinet nsnects, Firat,
they arc the ex reasion of insirhts thet arasp the intellirible
form of data; thus, they are probable emniricnl conclusions,
Secondly, they are bthe presnvresition of the furbler gquestions
thnt lend to further Imsichts; from this viewpoint ther are
provisional anelwtic nv inoin1es. Thirdly, they are revised in
the 1icht of the further insifnts an? so cense to bhe nrohable
empirical conclusions end nrovis donsl analytic nrinecinles to
rass into che limbo of the analytle nronositivnsg whose terms
have no exintential raference,

The rander interested in further 1llustrations
of this »nrocess will find wmhzf-hs nnmerons examples in Arthur
Papts The A Priorl in Physicol Theory, New Yorlk 1946,
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Reflective Tnderstanding

8.  Mathematical Jud ment,

In mathematical thonght one may re~dily discern
the difference botween onerations on the level of Intelli~ence
and o -arntions on the lavel of raflection,

The level of intelli~ence 1o nhe level of dlscover?
anc invenvion, of c¢atchine on and 1aﬂrnin¢, oF =p-gpins nroblems
and eomine to er 8o thelr solntlons, of seeln~ the potnt mede in
gach of e gerics of methermiticnal sirtemenis sanf then sasing
hovw the succenalve vnoinsa hone torether,

he level of reilectinn 1s the commlemeniary
procest of chackina, One nnfewsinrmds oA mnow one wlahes to Imow
whether wh t 1s wnderstond is nlso corrvect, On= hns rrosped the
noint and. one aslhs whether it is rirhd, One hro sesn how the
successive stevs han~ curether nnd one 1s ont to make s re that

whet han s Lo~other is reﬂllv gorent,

Now the procens of chacking can be develoned into
an eloborete technique, Whnt is checked, becomas a whole depart-
mont of mathemstics, Defiriiions -re wovked out, Postulotes cre
added. From the ﬁn?iﬂﬁtio 8 and postulmtes it is shown thrt all
the conclusions of She Amtmzm dennrbment cen he recched by the
pirorous procedure of dodnctlre L“Poro“oe.

But vhet is tho ~orl of the checkimr? Clanrly,
1t 18 to marsherl the avidence Ir the shopa in which reflectlve
tndevstanding can rrosn the virtnollr wmern”iiioned and so rround
rational judrment. In o for s Ghe cheelcinm reduces conclueions
to mremises, there ls the virtuelly meonsivioned of the forn of
deduetive inference, 1In no far as the definitiors rnd postulntes
coaleqce into a self-iustifvine m aning, theve is the vartually
weondicioned of annlrvhle nronosicions. Both of these wmnhes of
the vrrtnﬂllv uncorc 1kin-ed hnyae nlraadr hean consldered ard "o,
for ug, the problem of mathe-niieel jud-went consists in deter-
mining wh-o else 1a required for such jndrent.

Firct of r11, somethin~ alse is required. For 1if
the promises of mnthen~tacnl thOnﬂhu amg rnrlvtic nropositlons,
atill not all analviic pronositiors nre wadk mathemneticenl »remises,
Analytic ~ronmosibions cond e wroduced ot 1Il1 an® indefinitely.
But ths proemises of wathemntieal © Hon ‘hi ~re to be reschsd onlv
shrourh the discoveries of ~enilus an® the 1rbor of learnine what
sening has orasped, Fu ther, ih dees hapren thrt abstruse reclons
of mathemttica are occnsionn:ly milled ont of thelrs vbaboxed and

airy rerions to becorma the tools of emniricnl hypotheses and theorles

and to share with such rormulacicna the §sxix® nvobquG axigtentlal
reference th-t thev nogsess, Bubt nrior to e hrob"hlp azis tencinl
reforance Lthere 1s o no 351w10 priate tin)l veferpﬂce' hefare -
departrent of moth.oma:ies emn be annlied, 1t mnet nossass an
inharent mossibilitr of beinr ~mnlied, Vhnt, then, is that
inharent nossihility? And whot 1s ifs cribavlonq

saednr 2eenlldding whnt qn% heen
HPFO_N0E,  Succpsslve moThem 1 g8 Bra veqcued

'mholic re~ g8enirtions of sreratlons ip’them npdor
the Imergs” in which are ~ras-ed tre

Tield ﬂrovwde

and so/)éf;wo onerntsns in the ou? 3enquen+ Tisad. TermB iq/
ithe fmeld are € maverisnls om”Mich one orerntes Qr “the.
jrm? from © ons, whorelm*teriﬂlq nd dncts
11y differe qiqc@ ivve 8¢ opersg¥ions nkg/it
nlre the ma a5 dGet s nnd dome wroducts as

iles thpt movern
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Secoi:dlr, then, we hrve to undertale an examiraticn
of mabhemaiics Lo detarmine whrt tiis foarther elerwnt mdtowtbariox
1s ~nd wht ite eriverlin is. Let us a7, then, that there ls
a mathematlecel serles, thot ench term in the senies 13 a da-rrt-ent
of mathemntics, that enab dorestment cungista 1) of rules fmverninﬁ
and se defining overations and 3) of onerntiorns rrocecdins from
some Lerms ©o odhors nud go relsting an? definiry them, Fownblery
: F-BEOSUDN0B6F-aoch den~rbment o WTHESTTIEE FE heformedis
is, to be stnted ne n set of definitions, poatulntes, ~nd
;long, Finally, e sh~1l presuppose thnt there are ot 1
zatlona, equaily rileoro-s, similrr to wmrthewmiies, bt/ in
fact notNpembaers of the mathe ~.igal serles, Our problem t
baconas tbe\one t ion, How is one w06 reno-n.ze some Tormsnll
ag mrbhe=watianl and ofiers o8 ot rmethenchbicnl?

&\QP '0 answers rre offered. The first will/he named
paychologleal, ¥or 1t i1s cast in terms of ingishts ang/ »roflection.

he second Uil? %h\_ﬂﬂed corncentnrl, for it atbtemris/to lay fdown
rnles thiabt chwracténeze the mothemntical seriles,

\'\
‘2ha nsyoholosiernl angwer mms as Follows.
In any ﬁh'hewnb¢cﬂl degnartmant, farms are related

by opers.ions, ~nd oreratk ns ore roverned hv;rn]eq- but the rules
are Jhe exrression of e¢lusters of lnsichis, aéﬁ tha el-aters of
ins_chits stand Ir e pesreholoxicsl ssries, There 1s a lhboriors
nrocess named "learn_ ur methex-tles,” It;éonﬁ rtg In cradually
acdulring the Insi~hts Lhat are necess y to mnderstand mathematical
Drobleﬂu, to follow mnthemnticn%\nrﬂumo 7, to mork ovt mn hematleal
solutiong, Qhat sc ninition of T\slrh g involves a succession
of hirher viewroints, But each hixhat vi-w-oint is rel-ted to
nreviowns, lower vievnmoints, As washor- “ed in n nreviovs section,
the symbolle »e renentation of onerrtlons in the lower field
vrovides the imeres in vhich intallimence eoresna/the aet of
of/ rules rovernine amerrtions in the hirﬂ&r field, Henee, thorrh
the succesnsive dencrfments oft the mrthew~tienl series ave
discontinvong from a lo~ie-1 ztandroint, {nr thay sup-oge
different definitlons ~nd postnlr-tes, #6117 thev are contimmonrg
Trom a nsrcholorical viewnoint, for oo r~etg the iden of the 2
laser in wor%ﬂnﬂ at the esriier, Snch psrehglorical continnity ’
defines the mrthemwticrl s:ries It zettles yhich Torme lizat ions
are mathemnticsl and wiich nre not. )
™ on// To.ever, fAgM this woholoﬂicn}\ﬁolution, only i
' the comnetent mathenst.eion con ﬂnﬂre. Jrat as gommon 5ense ’
jrdements nre tle provimee of men of common sense) just 28 the
0 nrobability of an gmnirvieol thoory con he estimbted only by the
man femilisr with 'tht branch of incuiryr, Jjust c2 oke relies on
men of exrerienceé, on ex orts, on = ecislists In thelir resnective
Tields, go in detereinine whot 1s mrth mellcs one hasgi\bo ~ap-eal -
to the mathematician., uhe =ro'mds for this posltion ahe anlte -
conaral, Other julgmenis fernand on jfudrments thot sestde which '
in izhes are correct., But which inslirnts ~re corvect can be
O settled only by the frmilirrity ond mosbery thnt stonds o 1imit
to the splf-correctinre rocess in which rrevious insishts N\ve
rire to;flrther nuestlong, and Torther cnestiong cive rise ¥
\_) comnlewentin~ insl-hts, Aﬁ in other fields, so too in mathen
it iz the =mon vwho hes hean thronch .ha self-corwecting process
of learning thet knows possesses the familinrity and Intellectual
mafterr on wvhich ind-ment hns to rest.
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Perhans 1 chould insist that the presant oliese
tion 1s nnt &@rrvorel by defining mothemeties, Vere that the
issue, onc cmld ey, roughly, that logle deuls with such
relations as Pend", Yor", "if.....thénsede?, that mathe-
matlcs deals with relotions of eguivilence or ¢ongruence
in individuals wul cebe, end thut there 1s o nore genersl
field, ecell It & matnesis, that deals vith rules eomnon
hoth to logle end nuthemalics,

Qur cuestion Lz reachad by asking: shather this
or any other deficition is correct, If there 15 no sinse In

viileh it 1s correct, thon it doas not zorve to differentiste

mathienatics from frec concepbilalization. Il thore 1s &ty zense
in which the deflinltion clains to be correct, thon it lilds
aand et soli, £9 there iz broupght $to 1ight a series of

prior Judigsments {n which, covracetly, certein lastences are

asserted to be Instances of mathenutics, Korzover, thls series
supposes anntiior sarles of still earlier jndgnents. For if
anyoue cin Lo corvect in auserting that Py, {, H,... are in-
stances of nuticnetics, then thera vere correct Judinents
made by mathematicians in voriing out end aceepting P, ¢,
Ryeeses as mathematical, It §5 thie sardes of g¢till ezrlier
judgaents that is our prasont concern.

In other words, thero are correct amethematical
ludgments, there are correct sclentifle judgments, &nd the
name, correct, has not the ssne meening In the two cases,
that L8 the nathematical meaning? Yhat 1s mathematiczl

gxlstence?
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otiers ond so releving and delininc tasm, Further, we nay
presus ose sach dezertnont of motuaantles to Le fopmalized, that
in

ig, to be stated w8 2 st of definitions, postulctes, and deductions.
Finally, we gholl presuryose thot there are other formalizations,
equelly ri-orous, sgually elerent, bub i fact not members of

the matheastlical soriss. Our vrotlom thus Lroconng th

[ T =) L = sy £ D M- = sy o) = =
Besi—ro—ere—ie PeeoTTIITE B0 Looun L1Avioas og aorrrhtea o

thers as not ant w@ﬂ‘uLﬂﬁiﬁ /////
3ga‘be¢ore preceedingffo Lne answ

.~ Before wroceedlar to on answe®, I had bﬂst e'“ldin

o Our answer s ,,=“””

(//”

The angwer thot
of our analysls of knowledg
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lizht of our penerad analysis of knouledge, how ls one to
recognize some Tormelizations as mathematical and others as
not mathematleal?

Qur answer contains thrpee eloments, and it will
be convenlent to refer to them respectively as the material
element, the Tormel element, and the actusl element,

The matezrial element 1s vhat we haove named the
emplrical residue. There are aspects of data from which under-
standing always abstracts, Such have besen geen to be the
individusrl, the conbinuum, particulor wlaces and times, and
the non-systenntic diverpgence of actual f¥enuency from viobable

exnectatlions,

rernt g s

-
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Reflective Understanding 5%

The formal element may be designated by abstractlon

as enriching. It has bsen seen that insight goes beyond images
and data by ad ing intellirible unities and correlotlons aond
fracuencles, which, Indeed, contain a r-ference to iuzges or
date but, none the less, add a component to knowlzdge that

does not exlst actunlly onm the level of sence or luegluatlon.

Finally, the sctual element liszs In the conjunctlion

of the material and the formal elements.

From the viewpoint of the methematlelan, this
conjunction commonly is viowed as dynsale. There 1s a laborious
r0cass APVt naned "lesrning mothemetles.” It consists
in gradually acculiing the Insights thot are necessary 1o
understand methousbical provlens, to follew methemstlical
argunents, to work out watiemstical solutlons, This acoulsition
oceurs in a guccession of hijhier viewpoints. One derartment
of mathsaumntics follows upon another., Logically, tney are
disconblmuous, Tor each has its own deliniilons, postulotes,
and infzrences., But inbsllectunlly they sre continuous,

~

inasmuch as the symbolic representation of operatlions in the

lover Tield wnrovides the ilmsres in wilceh lat:1llrence grasps

1.

ti1e idea of the now rules thot govern operaticns in the

However, thils expension of intelllience Coes
not seem Lo be complsicly free. Not only ls there the link
between hi-har viewpolnts end preceding lowsr viewpolnts, vut

s1lso there Lis a bles from the particular to the genmeral, from

1
"

the part to the totallily, from the apiroximaste to the ideal.

If there exist concrete instances of one, two, tiree, the
mathenotician explores the totelity of posltive integers, of

real © nuabers, of complex numbers, of orderq:é sets. 1T
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tliere oxict edres and surfaces, the matiienmatlclan works out not
narely one pmeserty4 (zomstry but the total ssrles of poasible
ceomstries. If there are verlous ficlds in which it seens

g3tz ot Lo euplore

motiienntics nmoy be arzlied, the mathenntl-olon the vhole reglons

in wwhich the Tislds

M«e&lwfmﬁhw s
fyfﬁm{fﬁfica 1/ Ay 0 M0 e 3 DeThd Ny g0 1 3720
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Aralin, Dbesides its rreference for the gaueral,
the ¢omplete, the ideal, th- development of matheomntleal thourht
2130 seoms regtrleted by its materleol element. By thils I do not
moan that the zmotheseticion ls confinsd to indlvidusls that
exist, to continua thot exist, to places and tinss that exlst,
to non-gystenatle dive: psnces that occur, o Lo any other actual
elements In the emplrleal residue tuat ucy o 4lscovered tirough
tue Intecduction of nsvw tazennloues of abotraction. TFor 1t 1s
quite clear thwel mathzuatical thoucnt In lis prwrsnldt of the
general and comslete ond ideel rewveels a zrofound uneconczryn for
the existent. BHill 1t does seem {o ve tiue that the emplirlical
rasldue does supply mathematles with sanples of the tyve of stuff
on walch mothemsetlicel ldess confer lntellisibillity and order.
For unlecss the mathsaaticlan lg lovestliontiis lhe nuare Inbel1ll-

PR I S B T | R L 2 Tk mne RN e . FS
pIDiliLisg bhot Aculmes Llcontilled with onpels, thore must be

L

aomableal mntitery and since Logre are obhzr cclences

r-
G Lole

thot 4221 with deta as of dstoriainate kinds, there renslnsg for

the mathamaticlan the caplrical resldue of 211 data.
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If we nove succeaded in characterizing the
maberial and formal olements of mathanatles, tiuere remoins
the questlon of the slpnificnnce of thelr con junction, 3riefly,
thls may ve indleated by roeslling thot we fownd the heurlstic
atructures of empPlrlical method to ouvzrste In o scilzsors-llike
fashion, WWol only ls thzre a lover blade that rises Ifrom dota
throush mezsurencats and curve-isting to Tormulae, bulb also
there ig an uppsze blade thao movzee downwrrd from differential
M ond operntor ecuntlons and from pesituleotes of invarilance

b
and eaulvolence, Loreover, it 1s no szecrst that,th&g uppar

Dlode owos UMy 1is = Tectiveness to the 1o.Dors of mathenmatlelons.

But what 1s the possiblility of that uprer vlade?

o]

To zrasp the anavsr to tiat questlon, two complz-
mentary teadencies have Lo be envicsngsd 2t ornce. On the one
hand, there 1g the aovenent Ire of empirical sclience Ifrom
description to explanatlion, from nrover domeing of data to

systens of laws that Implicltly deflae the ierns they relaote;

aad at the end of this aovanant ¥

[

are ls the ldeal goal that

o+

le atiained whan all nspzets of

L}

s

]

ck

o3
-

excent the emplirical
resldue, will have their inlellizible counterpart in =xp

systens of explanntory conjusates and ilezl Lrequenciss,

On the other hond, there ig thie movesment of matheactical

hought thet begins from the enpliriczl resliiuve and endeavors

©o explore tne totallity of menners iIn which emrilchling abstractlon
can confer Intelliplbility upon ony matefials that resemble the
eaplricel residue, C1:1ly, thege two noveu=snbs are comple~
mentary, TFor ths mathannticlan beging from the empirical
resicdue with whlch the empirical gcisntist would end; and if

the wazbe mothenntleal exploration of Intelliglble systems

i s D e T s R P
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ig thorouzh, taen 1t 1s bound to include tie systzue of explana-

tory conjupates thoy tlie saplriccl sclences will veriily in

whioir raos-sectlrz: Joaains,

L

- . e 1
By combining terms iato sanbences ‘in accord Wth wzrupvef f

;'. LT ) . ’ . |
yntgc%lcal rulea'one pleaaes. On *1ﬁ other ha nd¢ t10ugn !
EF‘I uuuics di9Tsrs Trom tho T Qx*ZiOAﬂl ag&I& le 3rinciple¥
14—+~ fTIT OF reldtions 63 catl
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Lzt ueg now revert to our dlstinction vetween outright

analytic vrinciples, provislonal analytic principles, and

serially cnalytic :rinciples. ALl are esrp anelytic propositions,

l.e., Inztances of thie wirvually unconditicned in vwhich the

conditlioned Is linked to its condliloas Wy syntactlical rules

and tine conditlons ~re Dullfillzd by delining torms. None are

izre anelytle prowositlons thnt are obtoined hy dey i ing

any definitlonsg or gyntactlicenl rules that one pleaszs. TFor

the torms and relations of ontricht snalybic rrinciples

occur, in thelr defined sence, In certain judgments of Tact.

The terms and relations of vrovisionel anzlytic wnrincivples

oceur, ln tuzle de’inad sense, In nrobabdl~ judpnmats ol faet,

Finelly, the terms and reletions of serlally analytie principles

garyg ground the deductive exranslons that explore completely,

ceaerally, end idenally, the total ranze of Tields to which

outrisght snd provisional analytic prinelples zive asccess in

a rarticular, fragaentary, or approximate manner,
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Hext, it seems possible to identify the basic.
propogitions of mrthomotlics with serin’ly analytic princinlss,
For there 1g a asterial element in mothometical thousht,

AR oo BN L AXA- B ALY Yo e MY

it boars some similarity to the emplricel residue in the data

of the emplriceal sclences. Agein, thare ls a Formel elsement

in mrtliematical thought, and it tends towaxrds a goneral, coarplete,

and ideal account of the msnners in which earichin: abstraction

can odd latelllolbility and order to the woterinl slement.

But the emplrlcel sclences are basotteh  in search of the

intellisinility and order vhaat, whien comblnsd with the eaplrical

rasldue 1in ﬁgﬂ& the deta of their several domains, will provide

a conplate and defirnltive explanzition of those data, It follous

that the aathenstlclan is concerned to establish renerally,

completely, and ldeally, thie roange of jossible sysiems that
verifiavle

include Wwdlbdd sciontilic systems as particuler, fregaentary,

or approxinmats coses.

Thirdly, 1f thes besic wropositions of mathematics
are serially analytic principles, then we have the answer o
our principal cuesticon that asked the difference botween fres
formellzations and nath-matical formelizations.

Fourthly, thsre readily follows an account of

T

uilE

()
n’

rosslbility of iﬂomorugium between nmothienstleal relations
and the relatlions of the empirlcal sciences. 3Both sets of
relabiong are products of enriching abstrection, and both

possess & relevance 1o the empiriesl rosidue in data.
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Finally, 1t seeus arpropriaote to add a note
on the differences vatween the fore-olng account of ths Tlzild
of math-matles and cwrrent visws, Commonly, it wonld we agreed
thot mathenntles is hased on were analytic propositions, an

it would bz explained thnb, awert from mcrely arbitran
- ¥ -

definltlons nnd syntacticel rules, one can distingulsh logie,

H 1)

vhich deals with such velabions as "and," "or," "if,.., then...,
wathenatlies which dealsg with relotions of equiv-lence or con- |
gruence 1n Individuals and sebs, and a more gensral subjzct,
call it mathesls, which deals with rules com.ion to logic and

10 mathematlcs,

The princlipel difference in our avrroach 1s th-t
it goep behiind concepts and affirmetlions to the prounding acts
of direct and reflectlve understending, From thls fzature there
Tfollows its dynoamie character, Zor 1t contains an invitation to
ﬁﬁ%&h nethenatlcians to cxplore the possibllity of setting up
tne sarles of deductive expanslons tint wonld Jdo as much for
other empirleal sclencles asg has be=n done for physics. On the
obther nand, while we have emphasized a rsiation between mathenmztlcs
and enmplrical gelence, it must be insisted that we heve not done
80 by restrictingik materially the fiecld of amathenatices., The
methemrtlicdan remcins free to take as his materials anytilng
that resendles the emnlrical residue. He i3 free to make Pubaw
dlscover fTurther additlons to tiwe residue that, at vresent, is
known., He is frze to explore with full generality, complsteness,
andt ldeality, the enrlchments thint the exercise of humzn
intellizence can add. Yet als creationg will remain serially
existential, for thsy will exhlblt the seriés of systems 1o

W i
|

wirohh some of which the empirical sclentist will be able to

sy "¥es."
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: mere ’ /
s~ecifically by the/ner"nion q[ known mathenaticasl proverties.
For suchyne~rtion Foes not imply that there is some réference,
hoviever/ vortuons, Lo the axistential. Howsver, thilg oprosition
in prificinle does not deny 1) that gneh oh‘ests can he exnleorsd
locighlly or 2) Shet such 1o ienl exoloretion ey hs a nzaful
comnlament to v themnticnl thonsht, Ornos.tion in nrincinie

1 fhe contention thnt aueh annenda~es are mers anendnegg,
tqﬂi rnthemot lee In the full sense is something distinct.

9. Summary,

Progpasctive jndsrents ave vropositions 1) that
ere the content of an rct of doncelvine, thinkinr, dof ininrn,
consldering, or suproalne, 2) that are subiscted to the quertion
for raflection, to the critical sititnde of Intellirance, and
&) thnt thereby rre constiited as the cond..ioned.

There is sufficlent evidence for a w osnecbive
Judrment when it mey he » rrzned by reflsctive m-erstanding as
virtuaily wncondicioned, Hencs snfficisnt aevidem s involvaes
1) a link of “he cordibicned ko its condikinns and 2) the
fulfilment of the conditi=ra, Thase tuo ~lerenta nax ann-1lisd
In dif7erent monners in Aiffsrent cmses,

In form~]l dnference the 1ink is nrovidsd by the
hypothwetienl promiae, If the antecedant, then tha conzer uert,
The fulfilment 1= the minor n emise.

In indement on tha correctnens of insirhbta, the
link is thrt the insisht is correct if there are no forthen,
pertinent nuestions, andk tre fulfilrent L1ies in the selfw
correcting nrocess of lonrning werchine ifs linit in Temiliority
and mostery,

In judemenis of fact the 1link is the correct
insilrht or set of insirhts ond tle Fulfilment lies in rresent
and/or remembaved datn,

In mensrallizntions the link is the corritional
law thet simll~rs are simil-rlr mmderstood ~nd the £olfilment
1les in snch similarity thot frurthor, n rtinent guestions no
more arlise in the ~oneral ¢ese than in the corvectly nnderstood
nartuieulnr cane,

In provahle A~-antsy the link is Jhat insi-hbs
are correct when there asre no firther martinent nuestions and
the fulfilment Is some anroximation of: the self-correcting
nprocess of learninm to itn limit of fomili-rity and -mstery,

In analrtic rronositions the 1ink 1les irn rules
of mean.ng thnt penarats nropss tions ot of rortial terms of
meaninz® anc¢ fulfilment i3 seprlled b the meaninrg or definitions
of the torms,

inalrtie provesitions beeome onalvbie vrinciples
vhen vaelr terms -2re ex¥ tentisl: and terms are existentianl when
they occur in dsefinisive, fagtunl indmments.

Provisional onalriic priveinles esre an-lvtic

pirovositlons whose terms ora mrobahly e xdtentinl,

Sersrl erel-tiec princinles sre analvtic provositions

formally or virtually, <csir ely or nprroximstely, renerally
or in some partlenlor cnses, ore existential.

whose terma pertrin Lo series aome of wh _eh in some fashion,
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