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OHAPTER I

FLEMENTS

In the midst of that vast and profound stirring
of human minds, which we name the Renaissance, Descartes

wag convinced that too many people felt it beneath thenm

to direot their efforts to appesrently trifling problems.

Agaln end egain, in his Regulae ad directionem ingenii, “-;5.1
he reverts to thie theme. Intellectusl mastery of mathe- |
matics, of the departments of selence, of philosophy, is

the fruilt of a slow and steady acsumulation of little in-
slights. Great problems are solved by being broken down into
little problems. The strokes of genius are but the outcome

of a continuous habit of inquiry thet grasps clearly and

distinctly all that is involved in the simple things that
anyone oan underatand. '.:j;_w
I thought it well to begin by recalling this
gonviction of a famous mathematician and philosopher, for
our first task will be to attaln familiarity with what is
neant by insight, end the only way to achieve this end
ia, it seems, to attend very closely to a series of in-
stances all of which are rather remarkable for their

banality.
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l. A Dramatic Inatance. Our first illustrative inatance of

insight will be the story of Arohimedes rushing naked from the
baths of Syraouse with the eryptie ory, "Eureka®! King Hiero,

it seems, had had a votive c¢rown fashioned by & emith of rare

gkill and doubtful honeaty. e wished to know whether or

not haser metals had been added to the gold. Archimedea

——— Wag set the problem and in the bad{ hed hit upon the solue=

tion. Welgh the crown in waterl Implicit in this dirsotive
were the prinsiples of displacement and of aspeeifioc gravity.

With thosse principles of hydrostatles we are not
direatly concerned. For our objective 1s an insight into
insight. Arohimedes had hls insight by thinking sbout the
erown: we shell have ours by thinking about Archimedes.
What we have to grasp is that insight 1) comes as a release
to the tension of inqkiry, 2) comes suddenly and unexpect-
edly, 3) is a function not of outer clroumatances but
inner conditions, 4) pivoets between the concrete and the
abstract, and 5) pmsses into the habitual texture of one's
mind,

First, then, Lnsight comes as a release to the
tension of inquiry. This feature 18 dramatized in the atory
by Archimedea' peculiarly uninhibited exultation, But the
point I would make does not lie in this outburst of delight
but 1n the antecedent desire and elfort that it betrays,

For if the typical sciontisi's satisfaction in sucoess 18
more sedete, his earnestness in inquiry ocan still exeesd
thet of Archimedes. Deep within us all, emergent when the

noise of other appetltes {3 stilled, there iz a drive to
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know, to understand, to see why, to discover the reason,
to find the ocause, to explain. Just whst 15 wanted, has
many nsmes, In what precisely it oonsists, is a matter of
dispute. But the fact of fnquiry is beyond all doubt, It
can ebsorb & man., It can keep him for hours, day after day,
year after year, in the nearrow prison of his study or his
laboratory., It can send him on dangerous voyages of explora=-
tion. It can withdraw him from other interests, other pur-
suits, other pleasurea, other achievementsa., It can fill his
waking thoughts, hide from him the world of ordinary af-
faira, invede the very fabric of his dreams. It can demand
endless facrifices that are made without regret though
there 1s only the hope, never a certain promise, of succesas.
What better symbol could one find for this obsoure, exi-
gent, impsrious drive, than a man, naked, running, excited-
ly orying, "I've got it",

Secondly, insight somes suddenly and unexpedtedly.
It did not oceur when Archimedes was in the mocd and pos-
ture that a sculptor would seleset to portrasy "The Thinkerw,
It came in a flash, on s trivial occasion, in & moment of
relaxation. Once more there is dremetized a univeraal age
pect of insight. For it is reached, {n the last enalysis,
not by lesrning rules, not by followlng preaepts, not by
studying eny methodology. Dissovery is a new beginning.
It 13 the origin of new rules that supplement or sven sup-
plant the old. Genius 18 creative. It is gentus precisely
because 1t disregards established routines, beceuse ii
originates the novelties thst will be the routines of the

future, Were there rules for discovery, then discoveries
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would be mere oonclusions. 4ere thers precepts for geniua,
then men of genius would be hacks. Indeed, what is true of
disoovery, also holds for the transmission of discoveries
by teaching. For a teacher cannot undertake to meke a pupil
understand. .All he csn do is present the sensible elements
in the 1ssue in a suggestive order end with & proper dis=

tribution of emphasis. It is up to the puplls themsslvea

_ to reach undexrstanding, and they do s0 in varying measures

of ease and rapidity. Some get the point before the teacher
oan finish his exposition. Others just manage to keep pace
with him. Others ses the light only %hﬂn they go over the
ratter by themselves. Jome finelly never oatch on at all:
for a while they follow the eclasses but, sooner or later,
they drop by the way.

Tairdly, insight ie & function, not of outer
ciroumstances, but of inner conditions, Meny frequented the
baths of Syracuse without comlng to grasp the principles
of hydrostatics. But who bathed there without feeling the
water, or without finding it hot or cold or tepid? There
1s, then, a straange difference betwsen insight and sensstion.
Unless one is desaf, one cannot avold hearing. Unleas one
is blind, one has only to open one's eyes to see. The ocour-
rence and the content of sensation stand in some immediate
sorrelation with outer eircumstance, But with insight, in-
tornal oconditions are peramount. Thus, 1nsight depends wupon
native endowment and so, with fair scouracy, one cen say
that insight is the aot that ocours frequently in the in-
telligent and rarely in the stwpid. Agein, insight depends

upon a habitual orientation, upon a perpetual alertneas
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ever asking the little queation, "Why!™ Finally, insight
depends on the accurate presentation of definite problams,
liad iifero not put his problem to Arshimedes, haed Archimedes
not thought earnestly, perhaps desperately, upon 1%, the
baths of Syracuse would have been no more famous than any
others,

Pourthly, insight plvots between the concrete end
the abstract., Archimedes' problem was conorets, e had to
pattle whether & particuler crown was made of pure gold.
Archimedes' solution was concrete. It was to weigh the orown
in water. Yet if we ask what was the point to that procedure
we have to have recourse to the abatract formulations of
the principles of displacement and of specifiec gravity. With-
out that point, weighing the crown in water would te mere
scoentriclity. Once the point i3 grasped, King liiero and his
golden crown become minor higtorleal details of no scienti-
fio importance. Once more the story dramatizes a universal
agpest of insight, PFor if insights arise from consrete pro=-
blens, if they reveal thelr value in conaorete applications,
none the less they possess a significance greater then their
origines and a relevence wider than thelr original spplica-
tions. Hecause insights arise with reference to the conorete,
mathematicians invent symbols, teachers need bleck«boards,
pupils have to perform experiments for themselves,
doctors have to see thelr patients, trouble-shooters have
to travel to the apot, people with & mechanioael bent
take things apart to see how they work, But becauss the
significance and relevance of 1lnalght goes beyond

any aonorste problem or appliecation, men formulate ab-
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streat scienges with their numbers and asymbol.s, thelr teoh=-
nical terms and formulee, thelr definitions, postulates and
de@ustione. Thus, by its very nature, insight 1a the
mediator, the hinge, the pivot. It is 1naig}_1t into the oon-
orete world of sense and imagination. TYet what i3 known by
insight, what insight sdda to seneible and imsgined presen-
tationa, finds 1t2 adequate expression only in the abstraoct
and recondite formulations of the sgiences.

Fifthly, inaight pagsses into the habitual texture
of one's mind, Before Arohimsdes could asclve hia problem,
he needed an instant of iAspiration. Bubt he needsd no fur-
ther inapiration when he went to offer the king his solution,
Onge one has understood, one has orcssed & divide. wWhat &
moment ago was an insoluhle problem, now becomes incredibly
eimple and obvious, Moreover, it tends to remain gimple and
obvious, However lab_orious the first ocourrence of an in-
sight may be, subgequent repstititions occur almost at will,
Tisa, tco, 18 a universal characteristic of insight and,
indesd, it constitutes tho possiblility of lesarning. For we
can learn inasmuch as we cen add inasight to insight, ineg=-
much as the new dosg not extrude the old but complements
and combines with 1t, Inversely, inasmuch as the subjeot to
be learnt involves the acquisition of a whole series of in=-
aights, the process of leurning 18 marked by an initiael per-
iod of darkness in which cne gropes about inseourely, in
whioh one cannot see whexre one 13 going, in vwhich one cen-
not grasp what all the fuss is about; and only gradually,
as one begins to catch on, does the inltial darkness yleld

to &8 subsequent period of inoreasing light, confidence,
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interest, sbsorption., Then, the infinitesimal aslenlus or
theoretical physics or the issues of philoeophy cease to

be the mysterious and foggy realms they had seemed., Imper-
cepfibly we shift from the helpless infancy of the beginner
to the modest self-oonfidence of the advanced student;.
Eventuslly we become ocupable of tsking over the teacherts
role and complaining of the remarkeble obtuseness of pupils
that fell to see what, of course, 1a perfectly simple and
obvious to those that understand,

2. Definition As every sghoolboy knows, a oirele 1s a loous
of coplansy polnts eguidistant from & center. Vhat every
gehoolboy dees not know is the differencs between repeating
that definition, as a pesrrot might, and uttering it intelli-
gently. BSo, with a sidelong bow to Descartes' inslastence on
the importance of understanding very simple things, let ua
inquire into the genesis of the definition of the oimsle.
2.1 '™e Clue Imagine a cart-wheel with ita bulky hub, its
stout spokes, ita solid rim.

Ask a question. iy {a it round?

Limit the question. Whet is wanted is the im-
manent ground of the roundness of the wheel. Iléence a correct
answer will not introduce new data such as oarts, carting,
transportation, wheeslwrights, or their tools. It will refer
sinply to the wheel.

Congider a suggestion. Ths wheel is round because
its spokes are equal. Clearly, that will not do. The spokes
could be equal yet sink unequally into the hub and rim.

Again, the rim could be flat between successive spokes.

>
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Still, we have a clue., Let the hub decresse to a
point; lst the rim and aspokes thin out into lines; then, if
there were an infinity of spokes &nd all were exactly equal,
the rim would have to be perfectly round; lsverszely, were
any of the spokes unequal, the rim could not avoid bumps
or dents. [ence, we can say thut the wheel necessarily is
round, inasmuch as the distauce from the center of the hub
to the cutside of the rim is aslusys the same.

A number of obgervations are now in order. The
foregoing brings us e¢loge enough to the definition of the
oirole, But our pﬁrpoae is o sttaln dnsight, net into the
e¢irele, but iatc the act illustrated by insight luto the
oirole.

The firat observatlion, then, 1s that points and
lines sannot be imagined. One can imagine an extremely
smaell dot., But no matter how amall a dot may be, still it
ha 8 megnitude. To reach o point, oll magnitude must voniagh,
and wit} all megnitude there vanishea the dot &s well, One
oaﬁ imngine an extremely fine threud. BHut no mather how
fine & thread may be, still it hag breadth and depth as wall
ag length. Remove from the image all breadth and depth, and
there vanishes all lengih ag well.

2.2 The Concepts The second observation is thet points aad lines

are concepta.

Just as imagination is the playgwound of our
desires and our fesarsa, so conosption 1s the play ground of
our intelligence, Just as imagination ¢an oreate objects

never seen or heard or felt, so too conception ean create
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objesta that cunnot even be imagined. [Iow? By supposing.
The imagined dot has magnitude ss well as position, but

the geomater suays, Let us supposs it hes only posltion. The
imagined line has bdreadth a3 well as length, but the geome-
ter says, l.et us suppose it has only length,

Still, there 1s method in this madness. Our images
and eapscielly our dreams seem very random affairs, yet
psychologlats offer to explain them, Similerly, the supposi-
tions underlying oconcepts may appear very fanciful, yet they
too can be expluined. Why did we require the lwb to decrense
to & point atd tho spokes and rim to mers linea? Because
we hod o ¢lue - the equality of the spokes - and we were
pushing it for all it was worth. As long as the hub had any
magnitude, the spokes could sink into it unequally. As long
as the spokes had any thickneas, tli® whesl could be flat
at their ends. So we supposed a polnt without magnitude,
and lines without thiokness to obtain a ourwe that would be
perfsctly, nesessarily round.

Note, then, two properties of concepts. In the firast
plave, they are congtituted by the mere aotivity of suppos~
ing, thinking, considering, formulating, defining. They may
or mey not be more than that., But if they are more, thea
they are not merely concepta, And If they are no more than
supposed or oconsidered or thought about, still that is
enough to constitute them as concepts. In the second place,
gonospts do not ocour &t random; they amerge in thinking,
suppossing, consldering, defining, formuleting: and that many

named aotivity ocours, not at random, but in conjunction
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with an act of i{nsight.
£,3 The Image The third observation is that the image is
necsasary for the insight,

Points and lines oannot bve {magined. Neither
can necessity or impossibility be lumgined, Vet in
epprosching the definition of the ¢irele, there ocourred
some epprahension of necassity and of Impossibility. As we
remarked, i all the radil are egual, the curve must be per-
featly round; and if any radii are unequal, the ourve cei-
not évoid bunmps or denfg,.

Further, the necessity in question wag not
necessity in gensral but a necessity of roundnese resuli.
ing from these egual radii. Similarly, the impossibility in
question was nct impossibility in the abstract but an impoesi-
bility of roundnmess resulting from these unequal radii.
¥liminate the imege of the center, the radil, the curve, and
by the same stroke there vanishes all grasp of necessary or
of lmpossible roundness,

But it i3 that grasp that constitutes the ine
sight., It i{s the ocourrsnce of that grasp that makes the
difference between repeating the definition of a oircle, as
& parrot might, and uttering it intelligently, uttering it
with the abllity to make up a new definition for oneself,

It follows that the image is negsssary for the
inaight, Inveraely, it follows that the insight is the set
of catohing on to a connsotion betweon imagined equal radii
and, on the other hand, a curve that is bound to look per-

factly round «
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2.4 The Question The fourth observation asdverts to the queation,

Thexre 13 the queation as expressed in words.
Why i3 the wheel round?

Behind the words there mey be couceptus)l sots of
meaning, sucl &8 "whoel", "round”, eto.

Behind these concepts there may be insights in
which cne grasps how {0 use such words as "whesl", "round®,
sto.

But what we are trying to got at, is sone-
thing diffexent, ‘here does the "wWhy?" come from? Vhat doea
it reveal or represent? Already we hed oceasion to speak of
the psycholopglceal tension that had its release in the joy of
disgovery. It is thut tenalon, that drive, thet desire to
understend, that constitutes the primordial "Vhy?" Neme
1€ what you plense, alertness of mind, intellsctunl ourlosity,
the spirit of iInquiry, sctive intelligence, the drive to
know, Under any nume, it remains the same &nd is, I trust,
very faniliar to you,

This primordial drive, then, is the pure
questlon. It 1s prior to any insights, any corcepts, any
words, for insights, concepts, words, have to do with &ne
swers; and before we look for answers, we want them; such
wanting 19 the pure question,

On the other hand, though the pure quastion
ia prior to insights, concepts, ond words, it presupposes
sxperiences and images. Just as insight is into the concrete-
iy given or Inagined, so the pure question ls sbout the con-

erebely glven or ilmegined. It is the wonder which Aristotle
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eleimed to be the beginning of sll science and philosophy.
But no one juast wonders. e wonder about something.

f.5 (eneasls A fifth obgervation distingulshes moments in
the genesis of a definition.

When &n animal has nothing to do, it goes to
gleep., When a man has aothing to do, he may ask questiona.
The £irst moment is an awskening to onets intelligence. It
ia release from the domintnce of blologleal drive and from
the routines of everyday living. It is the effective emer-
gence of wonder, of the deaire to understand,

The seccnd moment is the hint, the suggestion,
the clue, Insight has hegun. ile have got hold of something.
There i3 a chance that we are on the right track. let's sse.

The third moment la the process. Imaginuation
has been released from other carea., It is free to cooperate
with intellectual effort, and 1ts cooperation consista in
endeavouring to run parallel to lntelligent suppositiona while
at the same time, restralning supposition within some limite
of approximation to the inaginable fiold.

The fourth moment is achievement., By their
gooperation, by succeasive adjustments, question and ine
alght, imnge and concept, present & molid front, The &nw
swer 1s a patterned get of concepts. The imuge sirains to
approximate to the coneepts. The ooncepts, by added concep=
tiual determinations, can express their differences from the
merely approximate imags. The plvot between images and con-
cepts 1s the insight, And getting the standard which in-
aglaht, images, and concopts must mest is the question, the

desire to kaow, that could have kept the process in motion
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by further queries, had its requirements not been satis-

fied.

2.6 Nominal snd Explanatory Definition A sixth observation

distinguishes different xinds of definition. As Fuelid
defined a atraight 1ine as & line lying svenly between its .
extremes, 50 he might have defined a ocircle as a perfestly
round plane curve. As the former definition, so also the
latter would serve to determine unequivocally the proper use
of the nemes, straight line, circle. But, in fact, Fuolid's
definition of the eircle does more fthen reveal the proper use
of the name, cirelo, It includes the affirmation that in any
c¢irole all radil{ are exactly equal; and were that effirmation
not included in the definition, then it would have had to be
added a3 a postulate.

To viow the seme matter from anvther angle,
Buelid did postulate that all right engles are squal., Let
us name the asum of two adjacent right angles a atraight
angle, Then, 1f all right angles are equel, necessarily ell
straight angles will be equal. Inversely, if all straighd
angles are equel, all right sngles must be egqual. Now if
stralght lineg ave really stralght, if they never bend in
any direction, must not all atraight angles be equal? Could
not the postulate of the egquality of straight angles be in-
cluded in the definition of the straight line, as the pos~
tulate of the equality of radii is fncluded in the defini-
tion of the cirole?

At any rate, there is a difference between
nominel and explenatory difinitions. Hominal definitiona

merely tell us about the correct usage of namss. Explanatory
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definitions alao include something further that, were it
not inecluded in the definition, would have to be added as
8 postulate.

What oconstitutes the difference? It is not that ex-
DPlunatory darinitiong' suppose an Insight while nominal def-
initions do not, Tor a language is an enormously complicated
tool with an almost endless vardety of parts that admit o
far greuter numbor of significant combinstions. If insight
is needed to aeo how other tools are to be used properly
and effectivoly, insight is similarly needed $o use a lan~
guage proper-ly and offectively.

3ti1ll, this yields, I think, the answer to our
questlon., Both nominal snd sexplenatory definitions suppose
insights. Bul a nominal definl tion supposes no more than an
ineight inbo the proper use of lenguaga. An sxplanatory def-
inition, on the other hand, supposes & further insizhi into
the obJjeats to which language refers. The name, circle, is
defined ags a perfestly round plans curve, as the name,
gtraight line, is defined as & lime lying evenly between
its extremes., But when one goes on to affirm that all radii
in & cirele ore aqual or that all o ght angles ere egual,
one no longer is talking merely of nanes, Ous is making
aggertions about the objects which names denote,

2.7 Primitive Texrms A seventh obeexrvation adds a note on the

old puzzle of primitive terma,

Every definition preswppeses other terms, If
these oan be defined, thelr definitions will presuppose
gtill other terms. DBut one cenmot regress to infinity.

Hence, elthex definition is bused on undefined terms or
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alse terms are defined ih & oircle so that each virtually
defines itaelf.

Fortunately, we are under no necessity of accepting
the argument's supposition. Definitions do not ocour in a
private wvacuum of their own, They amerge in solidarity
with experiences, iuages, questions, ond insights. It is
true enough tuut every definition involves several terms,
but 1t Ia also true thut no insight cun be expressed by a
single term, and it ia.not true that every lnsight pre-
Bupposes previous insights.

Let ﬁs say, then, that for every basic insight
there 18 & clrole of terms and relations, such that the
torms fix the relations, the relations fix the terma, and
the insight fixes both., If one grasps the necessary and
sulfficient condltions for the perfect roundneys of this
imagined plane curve, then one grasps not only the circle
but also the point, the line, thu uircumference, the radii,
the plene, and equelity. All the concepta tumble out together
because all sre needed tu express adequately a single insight.
All are coherent, for soherence busically means that all
heng together frem s single insight.

Again, there can be a set of basic inalghts.
Such 18 the aset underlying Buclidean geomatry. Becauss the
got of insighta 1s cohesrent, they generate a set of oohersent
definitions. Bacause different objects of definition are
composed of similar elemsnts, sush terms as point, line,
surface, ongle, keep reourring in dlstinot definitions,
Thus, Ewcolid begins his exposition from a set of images, @

get of insights, and a set of definitionsg; some of his defini-

tions are merely nominnl; some are explanatory; some are

° )




Blements

45

derived, partly From nominelly and partly from explanator-
ily defihed terms,

2.8 Impliclt Definition A final obaervation introduses the

notion of implicit definition.

I, Hilbert has woriced out Ifoundations of

Geonetry that satisfy contemporary logieleons. One of his
Important devioces ia known as implieit definition, Thus,
the meaulng of both point and streight line is fixed by
the relation thet two end only twoe points determine a
gbralght line.

In temas uf {hwe foregoing analysis, ons may
gay that implicit definition consists in explanatory defini-
tion without nominusl definition. It consists {n explanatory
definition, for the relation that two points determine a
gtraight line la a postuletional element such as tiie equale~
ity of 4ll radii in & clrele. It omits nominal definition,
for one cennot restrict Hilberit's point to the Fuclid-
ean meaning of position wituhoul megnltude., in ordered palr
of numbers satisfies Hilbert's imwplioit defiuition of a
point, for two such pairs determine u straight line. Siume-
ilarly, 8 first degree equation satisfies Hilbert's impliolt
definition of a straighl line, for such en equation is
determined by two ordered psirs of numbers.

The signiflcance of implioit definition is its
gomplete generality. The omission of nominal definitions
is the omission of u restriction to the objects which, in
the first instancs, one happens to be thinking sbout. The
exclusive use of explanatury or postulaticusl elements cone

centrates attention upon the set of relationships in whi&”h :




Wementsy

the whole of sclentific significance is conteined,

5.0 Higher Viewpoints fThe next significant step to be taken

in working out the neture of inasight is to analyze development.
Single insights ocour either in isolation or in related flelds,
In the latter oase, they cowbine, oluster, coalesce, luto
the nastery of a subject; they ground sets of definitions,
postulates, deductionu; they admit spplicntions to enormous
ranges ol ilnstanceds Bub the muttor doea not end thers.
St111l further insights arise., ‘e shortcomings of the pre-
vious position hecome racognized, New deflaitions and pose
tulates are devised, & now and laxrger [leld of deductions
i3 st up, Broader and more sceurate applicctions becone
podsible. 3uch a complex shift in the whole structure of
ingights, dofixitions, postulates, deductions, and
applications muy be referred to very briefly us tio emeorgence
of & highor viewpoint. Jur queation ia, Just what happeng?
Taking our clue from Desvartes' insistense on
understanding siuple things, we seloot us our pilot ine
atance the transition from arithmetic to eiamentary algebra.
Morsover, to guerd agalnsi{ posalble nisinterpretations, let
us say that by aritimetio i3 meant @ subjeot studied in
grade achool and theb by elementary slgebra is meant &
subject studied in high sohosl

3.1 Positive Integers A firat step 1s to offer some definition

of the positive intepgers, 1, 2, 3, 4, + o ¢« « ¢ .+ «
Let us suppose an indsfinite multitude of in-
stances of "onse". They may be anything one pleases, from,

ghoep to instances of the ast of counting or ordering.
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Further, let us suppose ag too familiar to be
@efined, the notions of "one™, "plus", snd "equals®,

Then, there is an infinite series of definitiona
for the infinite assries of positive integers, and it may

be indleated symbolically by the following:

1 + 1 = 2
2 + 1 z 3
3 + 1 = 4
ete., ste., ety « 4 4 . 4 4

This symbolic indication mey be interpreted in any of a
variety of manners., It means one plus one equals two, or
two 18 one more than one, or the second is the next after
the first, or even the relations between olasses of groups
each with one, or two, or three, etc., members. As the
aoute reader will gee, the one important element in the
above series of definitions, is the ete., ete., eto., .+ «
Without it, the positive lntegersa cannot be dafined; for
they are an indefinitely great multitude; and it is only in
so far as gome such gesture as eto,, eto., etc., is really
slgnificant, thet en infinite series of definitions can
oceur. What, then, does the ete., eotc,, mean? It means that
an insight should have ocourred. If one has had the relevent
insights, 1f one has caught on, 1f one sees how the defining
oan go on indefinitely, no more need he said, If one has
not caught on, then the poor tsacher has to labor in his
apostolate of the obvious. For in defining the positive in-
tegers thore is no alternative to insight.

Incidentally, it may not be amiss to recall what
already hes been remarked, nemely, thet a single insight

i3 expreased in many concepts. In the present inatance, a

51
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Hengs, from the table

aingle insight grounds an infinity of oonceptas.

3.8 Addition Tables A second step will consist in making sone-

whot more precise the familiar notion of equality. Let ua say

that when equals are added to equals, the resulta are egual;

that one is egual to one; and that therefore, an infinite
geries of addition tebles can be conastruoted.

The table for adding 2 1s construoted by add-
ing one to sach side of the equations that define the posi-
tive integers. Thus,

From the table
Adding 1 2 «

oo =~
0o =
pon
At
+
"

+ +

In like manner the whols table for adding 2 e¢an be construct-
ed. From this table, once it 1s congtructed, there can be
construoted & table for adding 3. From thet table it will

be posaible to construct a table for adding 4, etc., ete.,
eto., which agnin means that an insight should have oceurred.

Thus, from the definitions of the positive

integers and the postulate about adding equals to equals,
there followa an indefinitely great deductive expansion.

3.3. The Homogensous Expanaion The third step will be to

vanture into a homogeneous expanaion, 'The familiar notion of
addition is to be complemented by such further notlons as
nualtiplication, powers, subtraction, division, and roota. This
development, however, is to be homogeneous and by that is meant
that no ohange 1s to be involved in the notions already employed.
Thusg, multiplication is to mean adding a number

to itself so meny times, so that five by three will
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mean the addition of three five'a. Similarly, powers are

to mean that a number ia multiplied by itself so many times,
go that five to the third will mean five multiplied by five
with the result multiplied again by flve., On the other hand,

subtraction, divisien, and roots will mean the inverge

oparations that bring cne bask to the atarting-point.

By a few insights, thet need not be indicated,
it wiil be seen that tables for multiplication and for
powers gan bo constructed from the addition tablea., Simi-
larly, tables for subtraction, division, and roots ocan be
oonstructed from the tables for mddition, multiplication
and powers,

The homogeneous axpansion constitutes e vast ‘
extension of the initial deduotive expansion. It consiats
in introducing new operations. Its characteristic is that

the new operations involve no modifiention of the old.

3.4. The Need of a iligher Viewpoint A fourth step will be

the discovery of the need of a higher viewpoint. This arises
when the inverse operations sre allowed full generality, when
they ars not restriocted to bringing one back to cne's starting-
pointe Then, subtraction reveals the poasibility of negative
numbers, division reveals the possibility of fractions, roota
roveal the possibility of surds. Purther, there arise ques-
tions about the meaning of operutiona. What is multiplloa-
tion when one multiplies negative numbers or fractions or
surds? What is subtraction when one subtracts s negative
number? otc., eta., eto. Indeed, oven the meaning of "one"

and of "equals" heeomes confused, for there are recurring




o

decimals and it can be shown that point nime recurring is

equal to one.

lat I = 09
then 10X = o%
hence ' 9X = 9
and so X - 1

3.5 Formulation of the Higher Viewpoint A fifth step will be

to formulate a higher viewpoint., Distinguish 1) rules, 2)
operationg, and 3} numbers. Let numbers be defined implieitly
by operations, so that the result of any operation will be &
number and any number can be the result of an operation,

Let operstions be defined implicitly by rules, so
that what ia done in accord with mules is an operation.

The trick will be to obtain the rules that fix
the operations whieh fix the nunbers.

The emergence of the higher viewpoint is the per-
formenoe of this trick, It consists in an insight that 1)
erises upon the operations performed according to the old
rules and 2) is expressed in the formulation of the new rules.

Let me explain, Ffrom the image of the cart-wheel
we proceaded by insight to the definition of the cirele,
But, while the cart-wheel was imsgined, the c¢ircle consists
of a point and & line neither of which cen be imagined. BRe=-
tween the oart-wheel and the ciroele there is an approxima-
tion but only an approximation, Now, the transition from
arithmetic to elementary algebra is the same sort of thing.

For an image of the cert-wheel one substitutes the imags of

o)
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what may be named "doing arithmetic®; it is a large,
dynamie, virtual image that inocludes writing dows, adding,
multiplying, subtracting, and dividing numbers in sscord with
the precepts of the homogensous expension. Not sll of this
image will be present at once, but any part of it san be
present and, when one 18 on the alert, any part that happena
to be relevant will pop into view. In this large and vir-
tual imege, then, there is to be grasped a now set of rules
governing operutions., The new rules will not be exastly the
same as the old rules. They will be more symmetrical. They
will be more exact. They will be more geueral. In brief,
they will differ from the old muoh as the highly exact and
symmetrical circle differs from the cert-wheel.

'that are the new rules? 1In high achool the
rules for fractions were generalized; rules for sigis ware
introduced; rules for equationa and for indices were worked
out, Thelr effect was to redefine the notions of addition,
nultiplieation, powers, subtraction, division, and roots;
and the effect of the redefinitions of the operationa was
that numbers were generated, not merely by addition, but
by any of the operations,

3.6 Succeasive lligher Viewpoints The reader familiar with

group theory will be aware that the definition of operations by
rules and of nuwnbers or, more genersally, gymbols by operations

is a procedure that penetrates deeply into the nature of mathe-
matics. But there is a further aspeet to the matter, and it hes
to do with the gradual development by which one advances through

intermediate gtages from elementary to higher mathematios.

o )
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The logleel analyst cen leap from the positive integers to
group theory, but one sannot learn methemntics in that simple
fashion., On the contrary, one has to perform, over and over,
the same type of traneition as ocours in advancing from
arithmetic to elementary algebra.

At each atage of the process there exists a set
of rules that govern operations which result in numbers,
To enoh stage thore correspoads a symbolic image of doing
arithmetic, doing algebra, dolng calculus. In each success
ivo image there i3 the potentiality of grasping by insight
a higher set of rules that will govern the operations and
by them elicit the numbers or symbols of the next stage,
Only in so far &s a man makes his slow progress up that
esoalator does he become a technigally competent mathematic-
ian. V{thout it, he may scquire & rough idea of what mathe-
matics 18 about; but he will never be & master, perfeotly
aware of the precise meaning and the exact implications of
every symbol and operatlon.

3.7 The Significance of Symbolism The analysis also reveals

the 1lmportence of en apt symbolism,

There is no doubt that, though symbols are eigns
chogen by convention, still some choloss are highly fruit-
ful while others are not, It 18 emsy enough to take the
aquare root of 1764, It is another matter to take the sguara
root of MDCCLXIV. The development of the caleulus is easlly
designated in using Leibniz' symbol gg/g}., for the differ-
ential coefficlent; Newton®s Bymbol, on the other hand, can

be used only in a few cases and, what is worse, 1t does not
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sugrest the theorems that can be established.

¥hy 18 this s0? It 13 because mathemstical operations
are not merely the logleal expansion of eonceptual premises,
Image and question, insight and concepts, ell combine. The
function of the symbolism i3 to supply tho relevant image,
and the symbolism is apt inasmuch as its immenent patterns
as well as the dynamic patterns of 1t9 manipulatinn rn
parallel to the rules and operations that have been gragped
by 1nsight and formlated in concepts,

The benefits of this paralleliam ors manifold. In
the first place, the symbollsm itgelf takea over s notable
part of the solution of problems, for the symbols, comple=-
mented by habite that have become automatic, dictate what
haas to be dome. Thus, a mathematician will work at & problem
up to a point and then announsce thuat the rest is mere routine.
In the gecond plage, the symholism constitutes a heuristio
teohnique; the mathematiolian i3 not content $o seek his un-
knowna; he nemos tnoem; he assiens them symbole; he writes
down in aquations all their properties; he knowns how many
equations he will need; and when he has reaoched that number,
he can say that now the solution is amutomatioc.

In the third place, the aymbellam offers clues, hintg,
guggestions., Just as the definltion of the oircls was
approached from the olue of the squality of the aspokes, ao
generally ingslghts do not come to us in thelr full stature;

we begin from little hints, from suspicions, from possibili-

ties; we try them out; if they lead nowhere, we drop them;

if they promise success, we push them for all they are worth.

But this can be done only if we chance upon the hints, the

o )




olues, the possibilities; snd the effect of the apt aym-
boliam 18 to reduce, if not entirely eliminate, thia ele-
ment of ohance, Here, of course, the clagsical example is
analytic geometry., To solve a problem by Euclidean methods,
one has %o stumble upon the correct constrietion, To
golve s problem analyticslly, one has only to manipulate
the symbols,

In the fourth place, there is the highly
gignificant notion of invariance. An apt symboliam will
endow the pattern of s mathematical expression with the
totality of ita meaning. Whether or not one uses the Latin,
Gregk, or Ilebrew alphabet, 1s a matter of no importance.
The mathemetical meaning of an expression resides in the
distinction betwesen cunstents and variables uand in the
signs or collocatlons that dictate operations of ocombinlng,
mltiplying, summing, difforentisting, integrating, and
go forth. It follows that, as long as the symbolic pattern
of a mathemotical expression is unchanged, its mathems-
tical meaning is unchenged. iHurther, it follows that if
a symbolio pattern is unchenged by any subsiitutions of
8 detberminete group, then the mathematical meening of the
pattern is independent of the meaning of the substitutions.

In the fifth place, as has already been meatloned,
the aymbolism appropriete to any atege of mathematical
development, provides the image in which may be grasped
by ineight the rules for the next stage.

4. Tuverse Insight So far we have been asking questions that

oan be enswered. llow can one tell whether a crown ia made
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of pure gold without melting it down? Whet accounts for
6 wheel being round? What is arithmetic and how does one
go on to algebra? In each cese, there 1s an appropriote
image or set of images that, under the stress of inquiry,
reaults in an insight that expresasss itself in some formu-
lation called the anawer.

liow attention has to be directed to a guite
different case, ‘There 13 the question, There is the anawer.
But the answer consists in showing the queation to he mias~
gongeived, and 1t is grounded in an insight that grasps why
the quostion, as conceived, cannot be answared,
4.1 Jurds Iow big ia the square root of two? Clearly, it
is greater then one, for the square of one is one;
and it is less than two, for the aquare of two is four. It
would sesem,then, that it is some Improper fraction lying
between one and two.

Now an improper fraction 18 the quotient of
gome positive integer divided by some other, smaller
positive integer, Moreover, it is alwaya possible to re-
dunce such a fractlon to its lowest terms by removing all
oommon faotora. Lset us suppose then, that:

2 - ww
wherao M and N are positive integers with no common fastors.
Multiplying soross by N and squaring, one obtaing;-
g = M2

It follows that Y must be an even number and so twiocs,
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Subatituting and dividing by two, one obtains:

N? = 2p2
go that N also must be an even number, which contradicta
the assumption that all common factors were eliminated, It
follows that there is no "rational" fraction, M/N, that is
equal to the square root of two. Moreover, sinos sny recur-
ring decimal oan be reduced to such a fraction, there is
no reourring decimal equal to the aquare oot of two. How-
ever, one can apply to 2 the ordinary method for taking
the square root, and so it remains that the square root of
two will be an infinite, non-recurring deoimal. Finally,
the foregoing argument cen be generalized and applied to
any surd, Thus, if

e = 1
then 3 must be a factor of M, 80 that M ocan be repleced
by 3P, whence, it will follow that 3 must be a factor of N.

4,2 Hon-Gountuble Infinity Amain, to ralse another, similar

question., How meny points are there in a atraight line cne
ineh long? Clearly, the number must be very large, for e point
is position without megnitude. But, at least, one would be
jnelined to say that there are twice as meny polnts in e
straight line two inches long &8 in & straight line one

ineh long. Still, that would bs erroneous, as sppears from
the following conatruction, Let the atraight line, PJ, be
perpendicular to the straight lines, OP and GR. Let QR be
twice as long as P} and let OXY be a straight line cutting

PQ in X and 4R in Y.
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Then, from the construction, it 1s clear that for every
point, ¥, in QR, thers ia a corresponding, distinct point,
X, in PQ, Indeed, this remains true 1f one produces QR to
infinity in the direction of R. No matter where Y is taken
on QR produced, there is always a corresponding and diatinct
poliat X in Py, ilence, there are as many points in an inoh
of atraight line as thers are in two inches, or in a foot,
or in a mile, or in as many light-yeara ag you please,

However, we have not met the question, We have
sald there are as many es. . , , . We have not said how many.
Accordingly, let us distinguish between the counted, the
eountable, and the non-gountable, A set is counted when one
says it contains N members, where N 13 some poasjtive integer.
A get 18 countable when it oan be arranged in some determin.
ate order that conteins all 1ts members once each and only
once; for then there can be eatablished & one~to-one cor-
ragpondence between the members of the gset and the positive
integers. Finally, e set is non-countable when it is not
possible to establish a one~to-one correspondence between
its rembers and the positive integers.

It 1s to be noted that by "countable™ {s not
meant the possibility of finishing the counting, Thus, an
infinite serles, such as

1/2, 1/4, 1/8, 1/16, « « o « « +
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i3 countable, for all its membera lie in a determinate

order and so can be pluced in a one-to-one correspondence

with the positive Integers. Again, an infinite seriesas of
infinite gseries of elements 1s counteble, for all its ele-
menta aan be regarded as lying within s asinglo determinate
order, Thus, the reciproeels of the nth powers of the prime
numbers form an infinite series of infinite series., Their

elements can be erranged in a oolumn of rows, thus;

1/2 1/4 1/8 /16 w0 v v
/5 1/9 1/27 /81 4 s ¢ a
1/5 1/25 1/125 1/625 . . 4 .
1/7 1/49 1/343 1/2401 « 4 v & &

and any column of rowa can be counted in the following

menner;
1 2 5 10 17
4 3 6 1n oto. .
9 8 ? 12 ete. .
16 15 14 13 ata.

Thusg, any infinite series of infinite series can be assigned
the order of a gsingle infinite series, It follows that an
infinite series of infinite series of infinite series can
be arranged in & column of rowa and 3o can be assiguod the
order of a single infinite serles. The theorem can be ro=-
peatoed indefinitely. Thus, consider the rational, proper
fractions:

/2, L/3, 8/3, 1/4, 3/4, 1/5, 2/5, 3/5, 4/5, 1/6, « « + + «
From this infinite series thers can be derived an infinite

gsorles of infinite series, for one can take, first, the

T
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square root of the lot, then, the cube root, then square

the cube roots, then take the Iourth root, then cube the
fourth roots, et0s..«s How, 83 haa been shown, this infinite
ageries of infinite serles can be arranged in a single series.
Once this i3 done, one can use these new terms as powera to
be applied to the ratlonal proper fractions to derive a new
infinite series of iunfinite series., This can be arranged in
a single series, spplied aa powers to the ratlonal proper
frastions, yleld e new infinite series of infinite aserles,
ete., oto.

From the foregoing it is clear that any infinite
set is aeountable, provided it 18 possible to assign some
order to its members. It 18 also clear that a non—-countabls
infinite set must contain such a multitude of merbers in
guch a menner that ordering them is lwpossible. OSuch is the
cage with the points in s straight line, Thus, in the line,
QR, 1t 138 imposeible to piok any point, Q', that is nearest
to @; for however short Q' may be, it contains as many
points as there are in & line as long as you please, Nor is
thoere any use trying to proceed by dividing the line. Tor {f
this could be done in an orderly fashion, then one would be
appealing to an ordered serles of all the numbers greater
than zero and less than unity. But the range of aumbers is
a non-countable infinite set, fur it cannot be srranged in
a single order, Suppoge there were some single column con~
teining &ll the infinite decimalss Then consider the diegonal,
It 1s alwaye possible to construct another infinite decime}
that differs from the firat infinite decimal by the digit in

the Tirst place, from the second by the digit in the second

o_)
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plece, from the nth by the digit in the nth place,
Therefors, tlie initial assumption is false. The column
did not contein sll the infinite decimals., There is, then,
no single series that conteins all the infinite decimals
and 80 the infinite decimals are a non-countable infinite
set.

Woll, how many points ere there in s straight line
an inech long? ‘fhere is no anaswer. They form a non~counte
able infinite set. They do so, becasuse they cannot be placed
in a single order and so cannot be correlated in a one-to-
one correspondsnce with the positive lntegers. ilowever,
they can be placed in & one-to-one correspondence with other
non—~gountable {nfinite sets, Thus, there are as meny points
in an inch as in 4 mile or in a light-year or in as many light-
years as you please. RBut that does not mean that there is
gome determlinate number of pointa in an ineh or in e mile,
Much less does it mean that some smaller number 18 equal %o
4 greater number. ‘fuere just is no numbering, no counting.
And there is no numbering or counting because there 1s no
posaibllity of effecting an order, a system, an arrangement,

4,3 Function and Limit One might think that this exclusion

of number and of order blooked the mothemeticlsn. In fact,

it glves him s new lemse of life., What 43 the methematiciaents
continucus function? In tle elementary case, 1t 19 & one-to-
one correspondense between non-countuble infinite sets,
Horeover, since such a correspondence can be set up between

an inech end a foot, or an inch and & mile, or an inch and a
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light-year, or suy lntermediete or still odder pair, since,
visually, length 1s independent of the number of points,
the mathematiclan can develop the infinitesimsl caleulus.
But he does so, not by finding some order in the non-count.
able infinite set, but by developing & technique of getting
around it. This techunlyue is nsmed proceeding to ths limit,
Thus, consider the continuous function, y ’-'-xa.
It is & function if, for every value of X, there is a cor=
responding value of 7. It is a conbinuous function, i_f

the values of X are a non-countable infinite set.

Now as X increases, y must inorsase more rapidly,
for 1t equals the sguare of x. Hence, visunlly, as one
moves from point to point aleng X, ons must move more rapide
1y from point to point alony y. Moreover, the further one
advances along X, thc greator must be one's sirides along
¥, ©Still, there are no points omitted along x and there are

no points omitted along y.

Yhat, then, 1s the ratio of the increment of y to
the increment of x? Clearly, if x increasss by some aslight
enount, b, y will lncreuge by

(xeh)® - x® = 2xh 4+ K8
Hense the ratio of the corresponding increment of y to the
inorement, h, of x will be (28x+h). The ameller the incre-
ment, N, the hearer is the ratio to 2x. In the limit, it is
exactly 2x. Thua, if the limit of the ratio of the inecre-

ment in y to the lncrement in x is denoted by the symbol,
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dy/dx, then lesides the initial funoticn, y:x2, we

have &lso the derivative function, dy/dx = Zx.

Now what is this business of proeseding to the
1imit? There is suid to be & limit, P,, 10 & non-determined
quantity, 3, if the difference of ( from P cin be made small-
er than any numbsr cne cares Lo assign, Thus, above, by mak-
ing the increment, h, smaller and smallexr, one can make the
difference of {2x 4 h) Crom 2x as small as we pleass, Still,
this i3 only the conceptusl formulation of the procedure
of taking a limit. What is the underlying insight? %hat is
the Image that the insipht presupposes?

Clearly encugh the imege will Qiffer in different
cases. 3imilarly, the insight will be reached in different
ménnerg. But the peculiarity of the insight is that |t
grasps, not thut something is to some point, but thet some-
thing is beside the point. HNo matter how small h s, there
i3 & non-countable infinite set of valuves between 2x and
{2x + n). ‘They are non-counteble because they defy arrange-
ment, order, system. They exhibit{ & non-systemetic asgpeot
of continuous varisbles and continuous funetions., But what
ona is trying to do in mathemetics, is to reach the systeme
atle, If that i3 all one wants, one can disregard the non-
systematic. One can lesp over the non-gountable infinity
because it 1a without order if one's aim is to grasp just
what admits order. Agein, the ratio of the increment of y
to the increment of x is any of a non-countuble {nfinite
got of values. But the limit of thut ratioe is unique. It

can be determined systemntically. It pertains to system.

)
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4.4 Abstraction wWien one comes to think of it, we have been
doing this sort of shing all along. The prineiples of dis-
placenent wnd of spee ific¢ gravity would not enable Archi-
medes to determine ithat there was nothing but pure gold in
the crown; btney would enable him to say merely that there
was extremely little else. Again, the definition of the oirele
pald no attention to the size, the weight, the strength, the
origin, the materials, the purpose of the csrt-wheel; on the
contrary, it went off to & realm of the non-imaginable where
puolinta heve position without magnitude and lines have longth
without thickiness. Iinelly, the transitlon from arithmetic
to algebras did not consist in paying closer attention to the
things one might couwt by the positive Integers; it consist-
ed in deserting the good, common sense notion of sdding and
in developing s new noticn that gave a meaning to adding
pegative owibers, multiplying fractions, and dedng other
things that have no prina facie meaning,

It is time, then, for us to reflect on certain
general aspects of tle process from image through in-
slght to conceptions, ard so we had best begin @ new section,

5., 'The IEmpirical Residie The suppositions and conceptions

resulting from insight commonly sre abatract. They abstraot from
the irrelevant, the Inslgmificant, the negligible, the in-
cidental, They concentrate upon the relevant, the significent,
the important, the essent ial.

But what is the relevant, the significant, the

important, the essential? The answer depends immediately

D,
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upon the insight, or set of insights, grounding the suppos-
ing, occnsidering, thinking, dafining, formuleting. Ultimate-
ly, one will say that the answer dependa on which inaight,
or set of insights, is right. But we are not yet reedy to
tackle ultimite questions., sAccordingly, we have to acknowa
ledge, for the present, that the relevant and the irrelevant,
the signifisant and the insigdnificant, the important and the
negligible, the essentisl and incidental, vary with one's
insights, that at one time, oae thinka important, later, in
the light of fuller insighf, one will thinik unimportant.
Inversoly, what one mied to think insignificsnt, now one
may think significant; and what the difference is the
advent of further insight,

3t11l, aven for the present, this relative pro-
nouncement is not the whole story. For if we restrict our-
gelves to the insights possidble in mathematics, physics,
chenlstry, biology, sensitive psychology, and such sclences,
then there are elementa or components in sensible data and
in images thut always ere rogarded as irrelevant, inslgnifi-
cant, negligible, incldentel., Such elements or components may
be named the empirlceal residue. They are given us a matter
of fact. But they arc always disregarded when one concen-
trates on whetever one hsppens to think essentiel.

On four aspects of this empiricsl residue, some-
thing must now bve said., They are 1) the individusl, 2} the
continuum, 3) place and time, end 4) the sctual frequency

of events,
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5,1 Individuelity Individuelity pertains to the ampiriesl

regidue. TFor whenever we understand anything, we would
understand an exactly slmilar instence in exactly the

geme fazhion, A different understanding would presuppose

a difference in the data. It would presuppose the poszibil-
ity of saying that the previous understecding would do, were
it not for thisc aspect of the object. But, ex Hypothesi,
there is no uaspeat in which the second object differs from
the firat, und so there is no possibllity of a dilfersnt
ubdergtanding. One may learn aomething new when one furns
to the second object; but one subomatically lesrns Lt about
the £irst objoot as well,

Thus, 4 first motor ear off the assembly line
may be understood in terms of certain principles of cone
struction and of cperation., A second motor car, similar in
8ll regpects, cannot bdut be understood in exactly the =same
fashlon.

Nor 1s the {3sue changed easentially when one
understanda instonces that are unique. In this case, there
is no possibility of apprehending a second ob jeot and underw
standing 1t in the same nunner. But there ia tho possibllity
of apprehending the same object @ gecond tine; the data in the
socond apprehonsion will bo similar to those of the first;
bocauze the data ore similar, the uwderstanding has to be
the same, 'The fact that the similor duta are of the same
objeet doesg not ulter the underlylng prinelple that our
knowledge i3 so constituted thet similor data have to re-
ault in similar lnsights with the consequence that, what is

grasped by insight, 1s independent of the individuality of
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the data.

Thus, if the development of all 1life on this
planaet were comprehended in a single evolution, there would
be no remainder of life on the planet to be understood in
either the same or a different fashion. The object would
be unique and unpsralleled in our expsrience, None the leass,
the understanding would consist in gresping prineiples and
laws in the combinations suitable for mastering the enormous
ranges of data, while knowledge of the unique instance would
conglst in observing the data to be understcoed.

Again, whet s grasped by insight, may be named &n
idea or form emergent in sensible presentations or imegina-
tive repressntations., But it is one thing to say that grasp
of such an idea or form is knowledgs of individuality, end
quite another to say that within our experience there is
found only one instunce in which the idea or form can be
grasped. If grasp of the idea or form were knowledge of in-
dividuality, then the individual would be known by under-
sbanding and 1t would not pertain to the emplrical residus,
But the mere fact that in sone cases thero is but a single,
cbservable instance, in which the idea or form can be grasp-
ed, provides no evidence for the intrinsic intelligibility
of individuslity.

In brief, nothing is explained by saying that it
ig this instance. Inversely, in so far as we grasp explang-
tions, we know not instences but what may or may not be

found in individuel instances.
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5,2 Continuity The continuum pertains to the empirical residue.
Let us begln with o definition thet departa from ordinary mathee
matical usage to meet our present purpose, A variable, x wiil be
said to be continuous in the range, 8 <x < b, I the values of
X 1in every part of the range form non-gcountable infinite
sets, Next, a function, f(x), will be said to be continuoua
in & range 1f 1) x is continuous in the range snd 2) for
every distinct value of X there 1s a corresponding
value of the function. Finally, continuous functions possess
a nunber of dlstinetive proportles; hence, through the ver-
ification of these distiictive properties; itfmay be poasible
to verify the existence of sontinuous functions and so con-
clnde to the existence of continua.

Now a continuwum, in thls defined and verifiable
gengs {(which does not suppose a non-gountable infinits set
of obaervations) lncludes what cannot be counted because it
cannot be ordered or systematized. By this inclusion of the
non-gystematlc, a continuum elearly pertains to the empir-
ical residue,

5.3 Place and Time place and time pertain to the empiricel reaidue,

Space 1s a continuum of individual positions, Tims 13 &
continuun of individuel instants. No position is any other.
No instent is any other. And of both there are non-¢count-
eble infinite sets, But the individusel and the continuum
botlh nertain to the empiriecsl residue., S0 also, then, must
place and time in their bhasice aspects.

Hence, when different experimentsrs, performing
the same experiment at different places or times, obtain

different results, then no one dreamg of expleining the
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differenoe In the results by the differences in the place

or by the difference in the time., The appeal always is,

not o the plese, but to something in the place, and not-ts

tha time, but to gomothing at the time, '
Indeed, iI place or time made any difference,

then each place and euceh time would have its own physiocs,

chemistry, and biology. Yor if place were relevant, the

laws in one place could not be the laws in asnother. If time

wag relevant, the laws at one time could not be the lawa at

another. I'arther,since places and times ure non-—countable

sets, there wounld be non-~countable sets of differsnt physics,

different chemiatries, different blologies. Finally, none

of the elements of tleas sets could be aagertalned. For one

cannot set up u whole physies, or a whole chemistry, or s

whols blology, with tlie ubgervations or experincnis made
at a polnt-instand.

Howsver, it is only in their basic aspects that
place and time pertain to the empirleal residue, A place
can be of singular importence, provided thet importence
rests not on o merae "there" bub on a "somethinae there",
Such 1s the importance of the place cccupled by a central
mase in a gravitational fileld, 3imilarly, a time can be of
singular importance, provided ita importance rests not
on a mers *“then" but on what happened then. Such is the im.
portance of the initisl moment in certeln theories of the
expanding univeras.

5.4 cbuul Frequenoy Actual frequency pertoins to the empirical
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residue.

The probability of tossing "heeds" {s 1/2. But in

any series of actunl toases, one does not obtain a regular

alternation of "heada™ and "tajils", Betweon the probability
and the sotual frequency, there is a divergence. MNoregver,
this divergence is random. It cannot be reduced to any law

or mitigated by any reasonable svxpectation. It 13 non-sys-
tematic. It Ls to be known in each case only by actual obser-
vation. It too pertains to an empirleal reaidue.

5.5 The Significance of the Empirical Residus

Let us now recall sn initial restriction. The
ampirical residue wag defined aé nlways irrelevant from the
viewpolnt of insighis Iln mathemutics and natural sclences.
Vihy wae this restriction imposed?  (uite cleorly, because in
suoh a golence as the theory of kinowledge the notlon of the
smpirleal residue abinins a systematlo significence. For in
a study cof knowledge one ebtends gystematiecslly, not only to
what i3 concentrated upon in abstraction, but also to that
is regularly sbstracted from. Theory of' knowledge 18 a highe~
er level gclence thmt tukes as its materials the whole of
the knowledge in otLer sclences,

Indeed, the theovretical account of the empiriosl
resldue 15 of conaldersble significance.

It is becauss insight abstrasts from the individuel
that selence is of the universal. It is becnuse scisnce 1f
of the universal, that the observaetion of similerities is
of much grecat heuristic importance.

It is because insight ubatraots from the continuum
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by proseeding to the limit that the Infinitesimal ocalculus
is suoh a unique and powerful inatrument in the construstion
of theories,

It is beonuse inglazht abstrocts from place and
time thet prineiples ond lows are independent of place and
time &and that the expréssion of principles and lews is ine-
varlant with reapect to transformations of certein groups
of coordinate systems,

It i{s because insight sbatracts from the random
divergence of the actual frequency that probabllity theory
hag its place among the instruwaents of scientific know.
ledae.

Generally, corresponding to each aspeot of the
empirical residue, there will be a remarkably powerful
technique of intelligence in mastering the multiplicity of
sensible data, Unfrortunately, the discovery ol the techniques
hes to be prior to the determination of the complement—
ary sapect of the empirical residue, For whlle all aspects
of the empirieal resldue are glven on the level of obser-
vation, still one c¢en Zrasp them as pertaining tc the en
pirical residue only by understanding the corresponding

techni ques.
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