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4, A So far we have been asking aquestions thalt can be
answered. How ¢an one tell whether a crown 1s made of pure gold
without melting ii down? uhst accomnts for a wheel being round?
sWhat 1s arithimotlc and how does one 70 on to alpebra? In each
case, there 18 an appropriate imare or seb of luares that, under
the stress of inaniry, reswlt in an insicht that exrresses ltself
in some formalation: ¢alled the answer,

Now abttentilon has to e directed to a guite different
case, There is the ~vestlon., There ls the answer., But the answer
isxraaghad consiats in showing ts ruestion Lo be misconcelved,
and it 13 grouwnded In an insicht that ~rosps why the -uestlon,
ag concelved, cann™t be answered.

2,1 Surds, How big 1s the souare root of two? Clearly, 1t
13 mrester than one, for the sguare of one is one; and it 1s lesas
than two, for the smuare of tive il four, It wonld seem, then,
thot 1t 1s some dmproper fractlon Llyine kain between one and two,
No¥ an lmpromor fraction is the quotient of some
pogltive Inte~er divided hy some other,positixaxinkapgaxr smaller
positlive intacer. MNoreover, it is always posgible to reduce such
a fractlon to its lowest terms by removing all common factors, i
Let us supnose thet1th1t L

V2 = /N

where M and W are positiwe inte~ers »eduzw with no common factors.
Mulbliplying across by N and scuvering, one obtalns

2N¢ = e

It follows that M nust be an even number and s o twice, sey, P.
Substitubing and dividing by two, one obtains

¥ 8 o

80 that N also must be an even number, which contradicts the
assumption that all common factorsg were eliminated. I& fodlows

that there is nosfraction, M/N, that is eouel to the square root ?
of two., Moreover, since any recurring decimal can be reduced to Su
a fraction, there i3 no recurring decimal eousl to the sgnnre

boot of two. However, one cmn qnnly to 2 the ordinary method

for talldnm the square root, and So it remains that the sgnare

root of two will be an infihite, non-recurring decimal, Finally,
the foremo_ng armument can be nenerqlized qna avplied to any

surd, Thus, if

3 = 2

then 3 must be a factor of M, so that M can be replaced by 3P,

whsnce it will foll.ow thet 3*must bg a factor of N.
Cb“iﬂdtﬁﬁmh

. A " Aaln, to railse ancther, similar Guestion, HpxEXaX
How many points are there In a streisht line one inch long?
Clearly, the number must be very larsme, for a point is position
without magnitude, Bub, at least, one wnwld be inclined to say
that there are twice as many 001ﬂts in a strairht line tvo inches
long as in a straight line one inch long., Still, that would be
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‘all its members Bm® once each and only once; for vhen there

A S T E SRS ST R SRt e e SIS SIS AL B S Rt b L ™

erronecus, as apnears from the following constructlon. Let
the straisht line, PQ, be perpendicular to the straipht lines,
@p OP and QR. Let NR be twice as long as PA. 4And let OXY

be a straicht line cutting PQ in X and OR in Y.

0 P
B a2 Y R

Phen, from the construction, it is c¢lp ar that for svery
polint, Y, in QR there is a correswonding, distinet polint, X,
in PQ. Indeed, this remains true if ons produces OR to
Infinity in the direation of R. No matier where ¥ is taken
on "R produced, there ls nlways a corrvesronding and distinect
point X in PQ. Hence, .th:re sre 28 many points in an inch of
strairnt 1line as there are In two Inches, or in a fook, or In
a mile, or In as many light-years ag you pleose.

However, we haove not met the -usstion.
sald There are as many as... . have not sald how many.
Acecordingly, 1let ns distincuish betveen the counted, the countable,
and the non-countable, A set. is counted when one sqy it contailns
N members where N is some positive interser, A selb is countable
when it i3 can he arranred in some determinate ordor tat contalng

@ huve

¢an be egtnblished a one-~-to-one borresnondence betvesn the members
of the set and the rvoasitive inter~ers., Ieds te-lig-nsled-btnsd,
g~toniienbleset-mr-be—dafdsdte  TFinally, a set is non-countable
when it 1s not possible %o ® establish 2 one-~Lo-ons corrasnondence
between its members and the nositive inte-~ers.

It is to be noted thqt by Yeountable" is not
meqnt the possibllity of Tfinishing the- conniing. Thus, an
R infinite seriles, such as

1/2, 1/4, 1/8, 1/16,,...

ls countoble, for all its members lie in a de arminate order
and s0 can be placed in a one-to-one correspondence with the
positive integers, Again, an Infinite scries of infinite
series of elements is countable, for all its elements can be
regarded as lying within a singls determinate order. Thus,
the reclprocals of the nth povers of the prime numbers form
an infinite series of Infinite sebles, Their elements can
he arranged in a column of rowsg, thus,

2ol ¥ty ke Y \

1/2  1/4 /8 1/16 ... X\

1/3  1/9  1/2v 1/8l ...,
1/5 1/25 1/125 1/525 ... ‘\
/7  1/49 1/343 1/2401 .... \\
. \
and any column of rows can be counted in the following ma%ner,
\\
\
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1 2 5 10 17
9 8 .7 12

16 15 14 13

Thus, sny infinite series of infinite serles can be assigned
the order of a single Infinite series. Xt follows that an
infirite series of 1:finite series of xi I1-finite series can

be arranged in & columm of rows and s0 ¢=n be assirned the
order of a gingle infinite series, The theorem can be repeated
indefinitely. Thus, consider the rational, proper frzctions,

1/2, 1/3, 2/3, 1/4, 8/4, 1/5, 2/5, 3/5, 4/5, 1/6,0se.

From this infinite serles tliere con be derived an infinite
series of Infinite serles, for ove e¢on talke, first, the squsre
root of the lot, then, the cube root, then gnuare the cubs
roots, then toke the fourth root, then cuhe the fourth roots,
etc, Now, as hss been shoin, this Infini:e series of infinije
Serlies can be arrenced in a sinzle series, Once this i3 done,
oneé can use these new terms as powers to he aprlied to the
ravional proper fracltions Lo derive a now infinite s-rles of
Infinite series, This can be arrenged In 2 sinsle series,
aprlied as powers to the ratioral proper fractions, yield a
new infinite series of Ll finlte serles, ete., etc,

From the foreroing 1t l1a clear that any infinite
set is countable, provided 1t is possible to 2ssirn some order
to ivs members. It is also c¢lear that a non-countaeble infinite
set must contoln such a mukiipx multitude of mombers in such a
manner than orderins them is Impossible, BSuch is Tize cése with
the polnts in a straisht line, Thus, in the line, NR, 1t 1s
Inmpozsible to ~lek any point, Q', thet is nearest to Q, for
hov>ver short QQ' msy be, it contains as many points as there
are In a 1ine as lons as you please. Nor is thore any use
trying to proceed hy dividine the line. Fox 1f this could be done
in an orderly fashion, then one would he ap-ealing to an ordsred
series of all the nuubrrs ~reater than gero 2nd less than unity.
But tha®t range of numbers is a non-countnble infinite set, for
1t cannot be erransed in a/eclupmiedivboym, Suppose there were
some single colum containing all the infirite declmals, Then
cﬂ%miﬁﬁwﬂkhefd}&gﬁhﬁi@“ﬁﬁ&‘prﬁéeeénhoxcﬁrmtfﬂe%aihfiﬁ&%eAdebimals»
consiner Lhe diaponal, It is nlwavs possible to conatruct another
infinite demimel th-t differs from the first ALY the dislt in
the Cirst place, from the second by e difit in the second place,
from the nth by the disit in the nth plece, Tharefore, the
initinl agsumption 1s folse. The colunm did not: contain all
the Infinite decimals, Where is, then, no sincle series that
contains all the infinite decimals nnd so the infinite decimmls
are a non-countable infinite szet. K

Well, how many points are there in a shraipht
line an inch long? There is no answer. They form a non-
countable infinite set, They do so, because they cannol be
placed in o single order and so cannot be correlated in a
cne~to=-one corvespordence with the positive integers. *
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VWhat 1s the underlying Insight? Whet is the imape that the
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However, they can be placed In a one-to=-one correspondence

wlth other non-countable Infinite sets, Thus, there are as

meny points in an inch 28 in 2 mile or a lirht-year or in as

many lirht-years as you please, Bnt that does not m-an that

tiere 1s some determinete number of poinbts in en ineh or in

a mile, Much less does it mean thot some smaller number 1s equal

to 2 greater numher, There just 1s no numbering, no counting.

And there 1s no numbering or counting becanse there is no
saibility of effecting an order, a system, an arrancement.

_ Funclivng acd huke- _ o
4,3 ne mirht think that thils excluvsion of number

and of order blocked the mathematician, In fact, it <iv- g him
a newW lease of life, hest is the methenatician's continuovs
funetlon? In the elementory case il is a one~towone correspondence
betwesn non-countable Infinite sets., MNoreover, since such a
oorrespondonco ¢ein be set un between on Inech and a foob, or an
inch ond a2 11 mile, or an inheh and a light-year, or ény inter-
niediate or still odder pair, since,.merevrdruudide, longth is
independent of the number of points, the mathsmatician can
develop the infiritesimal calculus, But he does so, not by
finding some order In the non-couvnteble infinite set, but by
developing a technique of rettings sronnd it. This technligue
is named proceeding to the limit,

Thus, connider the cont inuous function, ¥ = %2,
Tt is a function if, for every value of X, there 1ls a corresponding
valve of y. It is a conbtinvons funetion, if the values of X
are a non-countque Infi- ite set, : i .

3 L)
—

Now ns x Ineres ses, v must Incrense nmore rapidly,
for it euuals e square of X. Ience, visually, as one moves
from point to poiut along x, one must move more repicly from
point to point along . M01povor the further ons advances along
X, tie pgrontor must be one's s rides elong y. Still, ©t.ere are
no points omitted along X and there are no points omitted along

Y.

“hat, then, is the ratio of the inecrement of
Y to the inerement of x? Clearly, if X incroeases by some slisht
amount, h, y will increase by

(x & hJ2 - %® = oxh + kP

Hence the ratio of the corresponding increment of y to the
increment, h, of x will be (2x 4 h). The smeller the increment, h,
the nearer Is the ratio to 2z, In bhe limit, 1t is exactly 2x,
Thus, If the limlt of the ratio of the increment In y to the
increment in X is denoted by ths symbol, dy/dx, then besides
the initial function, y = %2, we have also the derivetive
function, dy/dx = 2x, |

Now what 1s this business of proceeding to the
Limit? There is said tokm be a limit, P, to s non-determined
quantity, Q, if the difference of @ from P con be made smaller
then any nunber one cares to nsgign., Thus, qbove, by making
the inecrement, h, smaller and smqller, one can malke the difference
of (2x + h) from 2% as small as ©6 nlease, Still, this 1s only
the conceptual formulation of the pvocedure of taking a limit,

insight presupposes?
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conslst/algebra did not/&evMwy in peyins closer atiention to the
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Clearly encush the Imase will differ in different
cases, Similarly, the infirht ¥iil be reached in different
manners, But the peculiarity of the insirht is that it grasps,
not that sometins 1s to some voint, but that something ias
bes.de the polint, ¥o mather how Nall h 1s, there 1s a non=
countable infinite set of values between 2% and {2x # h), They
are non-countable because they defy arran~ement, order, system.
They exhibit a non-systematic asmect of continuous variables
and comt Inuwous funetlons, But vhat one is trying to do in
mathematics, is to reach the systematic, I that ia all one
vants, one can disrerard the non-systemntic. P ean+Tead-0xD
One can leap over the non-countable Infirity because it is
without order if one' s alm 1s to arasp inst whet 'admits arder.
Again, the r atio of the iner ment of ¥ to the increment of X
ig any of a non-countaole infinite get of wvaluss, But the 1limlt

of that ratio iz unl-we. It can be determired syzt-matically.
It pertains to system,

4.4 Mﬂ‘-' When one comes to think of it, we have been

doing this sort of thing all along, The nvinciples of displacement
and of gpecific aravity wonld not ensble tm Archimedes to detsr-
mine that there ias n\thinp bt nure wsdledw rold in the crovn;

bhey would enable him to say merely that thcve was extremely

little else. Acain, the definitlion of the circls paid

attention to the size, the weiqht, the strencth, the ori~in,
the materials, tlie purpose of the cart-wheel; on tre contrary,

it went off to a realm of the non-imacinnnle where points have
position without macnitude and lines Xa hrve lensth without
thiskness, Finally, the trensition from arithmetic to wWlsopwe

thinga one mirht count by the vogitive integerssy it consisted
in desertinr the zood, common sense notlon of adding and in
developinm o new notion that gave o meaning to adding negative
numbers, multiclving fractlons, and doing other things that have
no primg facie meaning.,

It is time, then, For us to reflect on certain
general aspects of the process from imcre weaws through insight
to conceptions, and so we had hest benin a new section,
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Da Tha suppositions and concentlons resulting from
ingirht commonly are abstract, They abstract from the

lrrelevant, the insisnificant, the neglipible, the incidental.
They concentrate upon the relevant, the sisniflicant, the Important,
the easentinl,

But what is the valevsnt, the siconificant, the
important, the essentlal? The answer de-ends immediately upon
The Insight, or set of insirhbs, groundinge the suprosing,
consid:ring, thinking, defining, formuleting, Monra-nik
Ultime tely, one will say thnt the snsysr devencds on which insight,
or set of insizhts, 1s right., Butwe sre not yet resdy to tatkle
ultimste questions, Accordirgly, we hnve to aclmowledge, for
the present, that the relevant and the irrelevant, the sirni-
ficant and the insisnificant, the Important ans the nesligidle,
the essential and the lnciuental vary with one's insights,

What at one time one thinks importnnt later, in the lirsht of
fuller insight, one will think unimportant. Inveraely, whut
one used to think insipnififant, now one may think siecnificant;
and what nakes the difference iﬂ the advent of further Xsn
insipght,.

Still, even for the »resent, this relative
pronouncement 1s not the whole story, For if e restrict
curgelves to the iInslsnts possivle in mathematics, physics,
chemlatry, blology, sensitive psycholosy, and such sciences,
then there are elements or components in sensible data and
In Imenges that alwavs are remsarded as irrelevant, insisnificent,
negligible, incldental. Such elements or components may be naned
the emplrical rezidue, Thoy are ~iven as a matter of fact.

But they are alwnys disrers-ded when one concentrates on whetever
ong happens %o think essential,

On four aspects of Lhis emniricel residue,
something must now be said, They are 1) the individual, 2) the
continuum, 3) place and time, and 4) the actual frequency of
events,.

5.1:&432&3&%F Individnality pertai:s:-to the empirical resicue,

For whenever we understand anythlng, we would
understund an exactly similsr instance in execetly the came
fashion. A different uvnderstanding wonid nresuppose a difference

n vhe data, It onld vnresupnose the possibility of saying
that the previons understanding wonld do, were it not for this
aspects of the oblieect. But, ox hynobhesi, thers 18 no aspect

iIn whieh the zecond object dwffers from the first, asnd so thers
1s no possibility of a different undserstanding, One may learn
something new zbkoxk when one bturns to thie second objeet; but one
av.om: tleally learns 16 ahout the first object as well,

Thusg, a first motor-car of f the assembly line
may be understood in { erms of certsin principles of construction
and of o;srqtion. A second motor-car, similar in all reasvects,
cannot but be und-rstoocd in exactly the game fashion,
Nor is the issue chenged essentlally when one

understands Instances that are unique. In this case tiere is
no possibility of aprrehending a second oh'ect and understanding
it in the same monner, But there is the possiblility of apnre-
hending the same objiect a second time; the data in the second
apprenension will be similar to Lhose of the Tirst; Ehm becanse
the data are 31milqr, the understanding has tobe the game,
The fact thot the similar data are of the same object coes not

!
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alter the underlying orinciple that our knovledre is so constituted
that s3imilar dats have to result In similar Insi~hts with the
congequence that, what 1s prasped by insisht, is indevendent of
the iIndividuality of the data.
Thug, if the development of all 1ife on this
planset were ® mprehended in a sincle evolution, there wonld be
no remelnder of life on the planet to be understood in either the
same or a different fashion., The object would be unigue and
unparalleled in our experience. None the less, the undsrstanding
would consist In grasping principles and laws in the comblnatlons
suitable lor mesterinm the dakm snormous rances of data, while
knowledze of the Imzkzmesm unlque Instance wouid conslst in
observing the data to ve unnerstood.
Aa-bh T ed ny daying
= In - sely, henever N exnlanatio i1s pgrasped
hot ”TQSD 1s nei~ by itself the Jwrdwled~e of awpy Instance.
or the graspAs the viewpoinboOr insisht thet selzes u
{lonlfdlcanty” relevant, Imporfant, essent it finds
ntellisiX . 1ity in sensibTe presentatip=s and imn~i
ppregentationa; but A4 1s no idle re#reduction o
glrefdy senses or ILwfginetion Imagdfes and so
grasp not of the data bubt of an-ldea or for r i
data. MYow 1t 4% a nice m.tprfivsical quo T
nch ideas 6 forms could gZm;i2f&%&r—tn&—éaéé*&éﬁaif*'ﬁﬁt
8 Dre st esue-la much
Agaln, vhot 13 =rasped by insisht, mey be hamed
an idea or form emergent in sensgible nresentafions or imaginat ive
representations., But it is one thing to say that srasp of such
an idea or form is lmowledme of Indiv.duality, and quite another
to say that within our exnerlence there is found only one
instance in which the ldea or form can be grasped., If grasp
of The idea or form were lmorledre of Indivisuallty, then the
individual would be known by understanding and it would not
pertaln Lo the empiricsl residue, But the mere fact that In
some cases there 1s but a single, obseryable instance, In vwhich
the 1des or form can be rrasned, oprovides no evicdence for the
Intrinsiec dncellisihility of indlyviduality,
In wxakf brief, nothins is explalned by saying
that it 1s this instance. Inversely, in so far me as we grasp
oxplanations, we know not instances but what may or may not be

found in individual insbances. ﬂm‘ nmstdimads ad

5.2 @wdwmwg. The contlinuum pertains to the emnirlcal reglidue .
Let us begin with a de’iniltio A variable, X

will be said to be continuous in the range, a¥€ x &b, if the
values of X in kkm every port of the ranee form non-countable
infinite sets, Next, a functlon, f(x), willl be said to bhe
continuous in a range if 1) x is conbtinuous in the range and

8) for every distinct value of x there is » corresponding diebi-et
value of the functlon., Finally, continuons functions possess

a number of dlstinctive pronerties; hence, throush the verification
of these disbinctive properties, it may be possible to verify

the existence of continuous funetions and so conclude to the
exlstence of continua.

Now a continuum, in this defined and veriflable
sense (which doss not suprose a non-countable infinite set of
observations) ineludes what cannot be counted becau-e it cannot
be ordered or systemntlved. By this inclusion of the non-
syotemetic, a continuum clearly pertains to the empirical resmdue.

-
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565115g3iﬁ3§~ Place and tinme pertain to the emplrical residue.

Space 13 a continuum of individual positions.
Tine is a continuuwm of indivi ual instants. No position is
any other., No inctant is any othor, And of bhoth there are
non-countable infinlte seta, Bubt the Inilvidual and the continuum
both w»ertain to the empirical residue, So also, then, must
place and time In Gheir basic asnects.

Hence, when diffarent exrerlmenters, norforming
the same exieriment ab different places or times, obtaln
differont results, thon no one dreams of explalining tp
difference in the resunlts by ths difference in -he place or
by the difference inx thei time. The appeal always l1s, not
to the place, but Lo aomnnhlnr in She place, and not to the
time, but to something at the time,

Indeed, if place or time made any diifference,
then sach place and each time wonld have 1ts own phyzlcs,
chemistry, and bilology, For if plincs ere relevant, the laws
ZE in one place conld not be the lars in another, If time was
relevant, the lawsg at one Ltime could not be the laws at another.
Furtier, since places and times ~re non-countahle ss=ts, thoere
would be non~cour able sebs of different vhysics, different
chemistries, different biologies, Finally, none of thess
olements of thsse a.:tg conld be ascertnined, For one csnnob
set up a whole physics, or o whole chemistry, or a W ole biolony,
vith the observations or exnerim@nts macde 2t a vo nt-instant,

o, Hovever, 1t 1is hov in treir bpasic agnects

that plaoce and time pertain Lo the empiricrl r siduse. A place
con be of alunnhhar imporunnce nrovifed that imDOﬂLnnce rests
not on o mere "there" but on a 3pm "something there." Such is

.the imorsence of the plice occupied by 2 cenbral mass in a

gravitetional field, Simileriy, a time can be of 31r§u7qr
importance, provided its Imnortance rests not a mere "then"
but on g what hanvenad thene Such is the importance of the
initlal moment in certnin theories iIn the exvanding unlverse.

5.4 Ac JFﬂ““’“! Actual frecuency portp:mfs to the empirical rcsidue,
The probobilitv of tossing "heads" 1s 1/2., But

in any series of actual tosses, one doss not obtain a regular
alternation of "heads" and tails.," Between the probability and

the actual frecuency, there is a divergence, Moreover, this

divergence 1s random, It cannot be reduced to any law or mitirated

by any reasonable expesbation, It is non.systematle., It 1s

to be lmown in ench case only by actucl OOSGPVQﬁiOH. It too
pertsins to an empiricesl recidue. :

m&fudltwqf&ambmdaﬂdu e

5.5 "Let us now racall an initial restriction. The

empirical residue was cefined ng al avs Irrelevant from the

viewpo.nt of insichts in mothematlcs and the natural sciences.
Jhy wog this restriction imposed? Muite clesrly, because in

such a science as the theory of knowledze the notion of the
emplrical residue attains a gsysbemstic simnificance. For in

a study of lmowledre one attends systematically, neot only to

what 1is concentrsted upon iIn abstraction, bub also to what is

regularly abstrocted from, Theory of !mowledpre i1s a higher level
science that takes as ibs moterilals the whole of the knowledge

in other sciences, h
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Indeed, the theoretical accommt of the empirical
residue is of consldersble signifilecance,

it is because insirht abstracts from the Indivi~
dual that science is of the universal, It is because science
is of the universal, that the observntlon of simlliarities Is
of such great heuristic imvoritance,

It 13 because Insimht abstracts from the continuum
by proceeding to the limit thset the infinitesimal calculus is
such a uwnique and powerful instrument In the construction of
theories,

It is because insi~ht avstracts from plece and
time that rrinelples ond lavs are indenendent of place and tlime
and that the expression of princinles and laws speasinvariant
with respect to tronsformatlons of certain rroups of coordinate
systems,

It is becausge insight ohstracts from the random
divergence of the actual frequency that crobability theory has
1ts place among the inshrumentz of scientific lmuvledre.

Generally, corresponiilns to e-~ch aspect of tThe
empirical r.sidue, there will be mxsm» a remsrksnly pover Bul
teelnique of intellicence in mmstering the multiplicivy of
sensible data, Unfortunntely, the disc: very of the techni ues
has tobe prior to the determination of the complenenuﬂry napect
of the empirical vesidue, For -hile &igerte
all aspects of the empirical residue are r¢ven on the level
of obserVthon, gt1ll one can grasp them as vertaining to the

empirical residue only by understanding the corresponding
technique.
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