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et (x3, t3) and (xo, t2) be the coordinates
3n of a palr of point-inbtants, P and Q, in a reference frame, K.

{x'7, '1) and {x'2, t's) be the coordinates
of the same palr of polnt-instants in a relatively moving frame, K!,
and let them from this viewpolnt be named, P! and Q'.
On thg Lorentz-Einsteln transformatlion, writing
|
o /(1 - ude?)t

one relates the coordinites by the enuations

xil = H(xl - lltl) | (1)
2y = H(x, - utp) (2)
t'g = H(ty - uxp/o®) (3)
tly = H(t, - uty/0R) (4)

Now consider two\ particunlar cases., So far, P
and Q are any point-Instants whatever; but in our first particular
[ case we suppose thet P and Q are\the slimultaneous positlons of
e the ends of a standard measuring yod in the frame, K. Since
_ the length of the rod i1s unlty, ang since the positions are
8ilmultaneous, we have

2'1 - Xz . 1 ' (5)
_ By subtracting equation (2) from (1) an§ equation (4) from (3)
™ and substitubing the values from equaticns (5) and (6), we have
o ¥y = Xlp = H (7)
- n - 2
] LANEE A Hu/e (8)
80 that, clearly, a unit length between slmulganeous positlons
becomes on transformation a length that 1s nof\ unlty between
positions that are not simultaneous,
0O Leer In our second particular case we sppposs that
’ R P and Q are the point-instants of successive seconds In a
\_4} tearyr iy o standerd clock stationary relative-to th. frame K, \ Clearly,
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whence, as before, by appealing to equatilons (1) to (4) and
by substituting from (9? and (10), one obtains,

b1y - b é\ H (12)
80 that a distance\ghat 1s zero has been transformed into a
distance that 1s not zero, and a time that is unity has been
transformed into a tiime that is not unity,

St111,' though distances and times are relative
to reference frames, the four~dimensionsl incervel ls invarlant,
Let us neme the interwval, 3, where

. i3
ds? = dx@ - ¢2abf z)
and in the present cases

§@ = (zq - 32)8 -\ 02(t1 ~ t2)2 (19

On substituting from equatidbns (5) and (6), one finds that the
interval of the rod in K acdprding to the account in K l1s unity,
Likewise, on& substituting from ecuations (7) and (8), one finds
that the interval of the rod K acecordins o the account 1n X!
is wnity. Again, on.substLtug?nﬂ from equations (9) and (10},
one finds that the Anterval of\ the c¢lock in K according to the
account in K is ic { 1= /- T\ ]. Likewise on substituting from
equations (11) and (1Z), one finds that the interval of the clock
in K meeeumr according to the acgount in K! is also le,

Thus ve have arriébd both at the elementary
paradox and at its solution., The \elementary paradox arises from
the contrast of equations (5) and\§?) and again from the contrast
of equations (10) and (12). The first contrast shows that the
length of a rod in X ls on the accohnt in X wwaty but on the
account in X' is greater than unity;\and if Xt finds a unit rod
greater than unity, 1t seems to follow thnt his own rod 1s shorter,
The second contrast shows that the lehpgth of a2 svandard duration in K
is unity In the account in K but is greater than unlity in the
account in X'; and 1f 2 unit of duration,i# X 1s found %o be
greaver than unlty in X', 1t seems to fbllow that the unit in
Kt must be shorter. i
However, If we began from\rods and clocks 1n

the system, K', we could establish the opLosite conclusions
with equal validity, for .hen it would seepm to follow that
the shortsy units were in the system, XK. uch s tie Blammzaxny
glementary pr radox,
PLr—aa ~lon hegdsns -.--.'." hen oEe-100e
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What \the paradcx overlooks 1s the fact that,
in the context of Spe¢lal Relativity, one 1is not dealing with
rods that are merely Spatlal or with clocks that are merely
temporal. For, as has\been seen, a standard rod determines
an invarlant four-dimengional interval of marmitude, unity;
and a standard clock determines an invarliant four~dim-nslonal
interval of mamitude, ;b. Rods that determine an invariant
four-dimensional interval must have a temporal component, and
clocks that determine an invariant four-dimensional interval
must have a spatlal component,

Indeed, as Appears from ecuations (5) and (6),
in the refevence frame, in phich a rod lies betveen slmultaneous
point-instants, the invarisnt interval hss a spatial component
of magnitude, wnity, and a temporal comporent of megnitude, zero.
As appears from equaclons (7) and {8), in other relatively moving
reforence frames, the same rog determines the same four-dimensional
Interval, which, however, nowi\hses a apatlal component gf magnle
tude, H, and a temporal component of marmitode, - Hu/c ’
Concomltant with the wvar.ation\of the spatial components, there
i1s a variation of the temporal §omponents. The rod in K by
the account in K ig lies between) simulteneous point-instants.
The same rod in K by the accounbt\in X' liesg between non-simultaneous
point-instants, The sratlsl and ﬁemporal components, sag [1, 0],
transform to spatial and temporal \components, [H, - Hu/c*l.
Inversely, the rod in XK' by the acqeunt in K' will lie between
simultaneous point-instants. But the same rod in XK' by the
account in K will lie between non-simultaneous point-instantse.
In this case, spatlal and temporal é?mponentg, {1, 0], transform
to spatial and temporal components, M, Hu/c4],

for the sign
of tue relative velocity, u, changes.\

y o s

Again, as aprears from 4 -uations (9) and (10),
in the r eference frame, in which the beginning and the end of
a standard dnration occur in relatively \the same pozltion,
the invariant interval of marnitude, gc,\has a spatial component
of magnitude, zero, and a temporal compornent of marnitude, unity.
As gprears from equations (11) and (12), in other relatlively
moving frames of reference, the same durailon determines the
same invariant Interval, whieh, however, ngw has a spatlal
component of magnitude, - Hu, and a temporal component of
megnitude, H., Again, there is concomitant wariation of spatial
and bemporxal components., A standard durati?n in K by the
account in K has com»onents [Q, 1]j the same’‘duratlon in K by
the account in K' has components [~ Hu, HI. ﬁnversely, 8
standard durabtion in X' by the account 1n Kt wlll have components
[0, 1]; but this duration in K' by the accountiin K will have
components [Hu, Hi. \

The elemenvary paradeX results from a cumulation
of oversights. It disresmards the invariant Intenyal flzed by
any rod for all reference frames and the invariaih interval
fizxed by any clock for all reference frames, It disregards
four accounts of two rods to consider only two rods}) and it
disregards four accounts of two clocks to consider only two
clocks., Finally, it disregards the btemporal componen{ that
pertains to rods and the spatial component that pertalns to clockse

Still, if the elementary peradox is to set
aside as a gross over-simplification, there remains in Iys entirety
the problem of working out a coherent acecount of the notlpn of
neasurement compatible with the complexity of Special Relaplvity.
To this task we must now address our attention, .
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