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The conceptunl answver is the concentunlization of
the paveholorlenl anzwer, e recall thet analvtic rfinciples
are annlytle propositionz whcse terms nre axis tent 13 ~nd
thot existentinl terms ore terms thet ocecur in P"qtu 1 Judermenta,
Fertle », serinl anal-tic nrincinles are onel-hic mro-ositions
whore terms are zerlnally existontinly onA ﬁnrmﬂ,ﬁre serislly
existentinl in n seories of mnmmers. 7

What is that serieg of mnnners°f As the reader
will snsrect, it is the series thint corresvpordé vo the serd s of
mathemstics 1 Ml dennrtmentsy arnin, it 4s the series thrt
correspondn to the nsvreholorienl series of Teopni- o mothienetles,
But our preasent task iz to afttemnt *o nrsé/ rilea b which
thi~t serius crn he reco~nized, ond orr nrécednre will he, first,
to offer illustrations of .he serinllv aris tentinl »and, secondly,
to assirn rules tiat ch-racterige te ﬂn*ieq of =enmers in which
terms mar he serunlly exitentiol,

¢

A first 1llustration of the serinlly exi stertial
is offered br tixe positive irtegers.

Obviongly, not ~11 nosi.ive interars are axistentinl,
for not nll occur in factunl Jndments. Indeed, no matter how
many millions of them do so, %here is an InfTirliy of obher rositive
inverers thet ~'0 not. _

On the other honrd, the vhole zeria~ of nrositive
incerers iz rrounded In the exagiencial. PFor in the flrzt rlace
many positive iInterers do ccecur in foctunl num 1vf"Mewts; =nd,
in the second plrce, the ~enerahive rrincinle o7 the sorikw,
the oneration of addine "one more," nlso ocenrs in fretusl
julevent o

The Tivat cese of the gerlsllr exX tentlal 1s,
then, a series of terms thot snvisfies two condi.ions, Some of
the terms ave existentinl, The -~enerative princinle of the geries
1s in some instonces evlqteﬁliﬂl.

A second 11 nctretion of the serinlly oxi tential
is offered by the vobalitr of "penl®™ numhers.

Firat, some of ths re2l niiwhars, vr-velr, tio pog&ive
integers, nre serirlly existencial, Secondly, from the positilve
inturers by apropriste orerations one crn reach any of the

roal nurhers. ‘Lhirdly, trese snoronricte onerations sre in come
in. tances ecuivelens Lo exid tentinl ocorations,

The third point mey need elncidation., "Adding!
in the sense In which it cerbainly occexy in 3x foctual Judsmert s
con base deTinitlons of substractirg, muttiuliineg. dividing,
poviers, =nd roots, However, thlese onmer~ti.ng, so defined, will
not vigld the toh-l.utw of the real numhers, What 13 needed 1s
the alpgebralc perralivati.n of thece overa . lom, and one may doubt
that anch spuwstdpMaaibovidased geceralized operations ocecur in
Tactual judgments. But what is bevond donbt is that in certain
instancos both the inicinl an? the r~em ralizedm oneratlons yleld
the same results, The square ro~t of 16 is 4, whether wou define
sqgunra root by o Jhoory of indices, or tale it a3 the inverse
of "anl.inlwinm a number by icaelfh and "miltiplyine a nuwnber by

itself" ns M ltdns $'int number the seme number of times e~nd adding
the re<11tmnt amoparate, !

U S




totality//
of vhich /

bec suse/

ﬁéfiective.Understaﬁding o - | . | 31

A third 1} lustration of#¥ the serially exis tential
1s offored by ceometry, Let us ssy tht thot Euclid's goometry
conslals of elements »nd constructions, Now znch./elements as
nolnta, finise sirishet lines, finite vlanes, in their defined
sense, do not oceur Iin factval indements, SEILL whet an-roximctes
to them does ocenr In fnetnnl ind-mentg.,  Asain, the sxact exscntion
of Bvclidenn constructions, if it occurs, cannot Me nscartained
ng in factexact., Still whot speroximntes to sueh eznct ev-eeution
ﬂoe“ occur In fnetnal jod-wants, In this cone the anrinlly
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oz .o tontial will bn n fEAILS of terma, gome of which an-woxiinte
to the e“i"font¢~l rnd the rent/eam Hq momn nnted b constrnetl.ng
thot npororlvie Lo the e=istential, Prom thot hosis one ¢om
nrncead to add ;na Lhap nanneara of the serinily exlastenti~l.

o =l INEAG T TRAT AR T lmbede ek bhilod
Thus, 1“10“ or n1n10" axtendn d uO infinlty will ba nerinlly
exm teniinl haenonge thelr “+““Linﬂnun nt ~n” their ~ene ok ivo
arinelple cre oorinlly ovictontinl, Arcin, reometries thot
Include E clidsnn ns a voarticnlary sage wondd ha serially exis tentinl
becrusnie of that eese, On ohe other hond, sneclficallr non-Euclidean
reometring conld ha gerially exis tentirl on the eround tihnt, Like
the Evelifdenn, ther nnvrovlante vo the axlstentinl, Finally,
one mlht conoive concelve a ~rond geriss of -eomeirles and hold
all to he merinlly erisbentinl beernse gome nre serinlly exniahonbinl
amd/ whe xnopans from cenevative nrireisle of the lot is serially
xis bontinl innsmmeh o8 it relot 8 tle fow thne nre gerially
oxiztentinl, 3

Thron 11Tu-trations oFf the ser
have been offered, It is time .o trry to syes
First, then, the ,ﬂr1~11y e
exirtential na its cvartinc.noint,
Seeondly, the exisuventisl is wmerely a startirg-
po.nt. Tt revresents the Imanled-~e of nremant fnctna-l Ind-omert g,
But present factnol iud-ments nve limited My »resent l~norance.
The vart field of the wmlroun thet »amoine to be Imown 1s mokh
worth exrlorinp. ~If, so to anenl:, the =~them-tleisn hes one
foot golidly nloced on the oarth, e otter is rrigsed and rroning
for Turtler feotholds,
MAhirdly, this sxnlorastlon 1s condncted aratemacically,
Its rule 1s ©o be perfectly menersl, Soms nozitive intemers oceur
in fretnnd judewents, Others mi~ht ocenr. Which ones mirht,
ve ¢.o not kpw, Exnlore the lob. In like manner, the totqlity
of wenl numbera 1z anvis . ed, tha tatrlity of ~eometries, and so
Torth. '

ially existentinl
sp the notl n ituell,
tantinl falas the

. Fonrthly, the sets of om:rationa wath with theilr
terma, thrt nre exploraed with narfect rmenornlitr, are referred
to the mown existentinl, as the commlete seriea to the incomplnte,
a5 -he aeonornl o che mnphlenler, ng the idenl to the aprproximetey
moneavgr, the veforence mar e di-ect or medinted, ~nd the nadintinn
maw= involve -ny numher of stens,

7 Fifthlyr, the series of d4if ferent manners of he
seriglly existentinl 15 not closed but open., FPFuture develorments
of ratherms’lca are stlll possinble, Theur nrecise notirr e cannot
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be foreseen, and so thelr nmw cloe refarence to the griastentianl
is to he left to futwre discovery or Iinvention, /

Sixthly, if ever a departwment of mathematics
ls correctly referrad £o the evistentinl, then it/ULll Dewin
always vewmrin a dennvtment of mothewotics, Still, this does
not nreelnde ravizion of the =onrer in which thnt reference to
the czistentinl is corcelvad; for suhmegrent davelorments moy
Involve mova sakinfactory qﬂhheﬁq of nesggngian cnncniVﬁnﬂ
aearlier develonnents,

Saventhly, since sound Sudwmant nresnnrrosas
an ace malevion of insirhts, anpnd 11’rwnnb on the validity
of new deportmenta of 4 the nuics 1g £to he exmactad, not b
their incertion when the sslf-cor-ectine nrocens of lanrning
nng hardly beoun, bt only when the new fisld hns heen cdoauntely
exnlored and its ful) implicntions heove heen ~pasned,

Eiently, the vossihility of apnlying even
abstruse mathematics Eovampi ex3xby within emrirical theorios
rests on the referonce of even the nhstr ee Lo the axistantial,
The fact of such applkicntion, hovever. does not astablish the
validity of mathem~tics hut only zerves to raveal 1ta nsefulness.

A few farther anestimsa mar he considered,

First, iz the ob’ect of mathaetles the nossihle?

If by the mossinle 1a mennt whot con exint, tle
answar 1s negntive. For mathem:tics does nat consider the
totallicy of condltions of real possin»izdity. “that can really
axB t, must meet rhrsierl or chemicel or hlole~ieal or aome
sﬁnilﬂr set of conditisonas: and the m thematicisn does not
bother about ~any of tliem,

I br the poasihle iz mernt Jhe mrthamabically
posgible, then it remains to he exvlaired whet vwrecis-ly that ig.

Perhops behind this cngstion 1lis s the desire to
@ive methenatics an obiective, ontolosieal fomndation, for
instance, In uvhe ideas of the divine mind., Such a des.re seems
ot of place, An essential ele«ant in wmrithomntics as it hop-ens
to exlist 1s i-norance. The nathenrticnl Tueld is worth sxnloring
because the existential,rs we hove defined it, is not vrivileged.
It iz not whetever ez Lets but whrbever we Jmow exists, whatever
suppllas a term In our fretu~l ivdomenk s, In go far as the
mathe ntician hrs an ulterior nornnge, he dones not qim at Tmowlrg
how God wo 1d conceive nossible mwiverses but at determining
how men mi~ht arasn more counrehensivelw the ex:d tinm un.verse.
Finally, correct mrthemntics con hnvs thelr exemrlar in the
divine mind not only as corvect concertionsg of nossihle things
but alsa as correct human omerstlons to envisere with complele
mewieral.by the geries of terms sone of which in some fashion
present an asnect that in existentiol,

Second, what about axlometle coherence?

The real r~o nd of cohsrence of a set of axioms
is the clusuer of i-si-nts in an irtelli-snce. In~smich as
a department of mrthematics emerres thro:-~h the development of
nathemivical understending, ivs coharence seems Lo bhe muaranteed
automa ‘1cally. On the other hand, a merely formnli=z ine aprroach
to mzuhemﬁticﬂl found-tlons hasthe problem of ® herence on its
hands,

Thirdly, what abont the vrincinle of excliunded middle?

Our reqnivewment of refevence to tThe existential
is o rosed in -rinciple to sebting un oblects that are defined
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