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In the provious chapter insirht wan examined in
e atatic fachion. It was related to inquiry, to inogoe, toO
onpirical data, and to Ailiforent types of posliive and nepgative

3
E

oxplanatory concepts. Dul If a get of fundnnental @ notions
has been Introduced, no effort has been mnde to capture the
ecnpsontlal dynomism of hunnen intellipence. Now o first anove must
be made in this direction and, ms enpiricnl scioncoe 1s cone
splouounly and mothodleally dynonle, it will bo well to begin Wy
outlining the similaritles and dleelmllaritles of mathenotlcal
and aclontifle insichts,

1.1 Similaritiea of lMathemationl and Sclentific Insl-ht
Galiloo's detemminntion of the law of falling bodics

not only is a model of asclontifie procedure but also offers the

attraction of possesslng many notable simllarities to the alresdy
: exoninod procose from tho Amage of a cort-vheel to the definltion
of tho cirele.
In the first placo, tho lnaulry wes restricted
t0 the immmnent intelligibility of a free fall, Just as we
Y ruled out of consideration the purpcse of cart-whoels, the
materinls from which they nre made, the vheelwrights that

make them, end the tools thot whaclx—rright.s use, 80 aleo
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Gallleo was uniaterested in the final cause of falling, he
drew no distinction between the different matarials thut

fall, he male no effort to determine what apencies produce
a fall.

Secondly, just as wa sterted from a clue, the equal- 5
ity of the spokes, so too Galileo supovosed that snme correla-
tion was to be found bet.eny the measurable zspects of fall-
ing bodiss. Indead, he beran by shoving the 2rror in the
ancilent, Aristotelian corrslation that bndiez f£211 accord-
inﬁ to their weight, Then ho turaed his attentlon to tro
mezgiravle aspects immanent in every fally the body traversss
a determinite distance: 1t doe: so 1n & determinate intarval
of time, By & saoriss of sxperiments he provided himself

with the réquisite data and obtained the dasired maernsnremants,

Theqi he discoverasd that thoe measaraments would satisfy a
general rule: the distance traversed is proportional to the
time sguared. It is & correlation that has been verified
Adirectly @nd inllrectly for over fnur centuries,

Thirdly, once we had defined the clrcle, we found
ourselves in a rezlm of the non-imaginable, of the meraly !
supvosed. Strangely, something sinmilar haopens when one for- ;g'i
mulates the law of falllng bodies, It holds in & vacuum,
and to realize a perfect vienwm is Impossible, That can he
éstablished experimentally Is that the more clossly one . ?;
approximates to the conditions of a vacuum, the more accurats

tha law of constant accelerztion 1s found to be.

Mm. E f_
| but besides similaritles, thers also are differ- |
: |

1,2

ences ani tuess sr3 parhaps morz lnstruetive,
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In reaching the definition of the cirecle, it was sufficlent
to take a:» our starting-point the mere 1mage:E§ of & cart-
whesl, Thary was 1o nead fnr field-vork, But to reach thae
N law of fuliin; vodiss, Galileo had to axperiment, Climbing
the tower of Plsa and coastructing laclined planes waore an
essantial part of his Jobh, for he was out to understand, not

now bodles are imayined to fall, but how in {fact tney fall,

becondly, the data thet give rise to i{qsight into |
roundness are continuous, but the data that give rise to in-

sizht dnto the law of falling bhodiss are discontinunus, Ons

can Ime;ine ths whole cart-liesl or & vholsz loop of vary

i
!
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fine wire, But no matter how mu1y cexpariments on: mikes on
falling bodizs, a8ll one can obtain 1s a serdes of separate
points plotted on & dlstance-time graph. o doubt, it is
possible to Joln tne nlotted naints by & smooth wuirve, but
the curve ropresents, vot data that sre known, but a pre-
sumption of ~hat understanding will grasp,

Thiedly, the insipgnt iuto the 1mage of ths
wheel grasps necassity and impossibility: 1: the radil are

eqgual, the curve muast be roand: 17 the radii draw Crom the

center ars unequal, ths curve cuannot be round, But the in-
sight into the discontinuous =2rles of pnrints on the graph
¢ nsists In & grasp, not of necessity or impossibility, bhut

simply of possibility. The slmnlest smooth curve cold re-

present tha la' of felling bodles, But.any of & vast range
> | . of morz elaborate curves coild eguelly well pass thraurh sll

tha known paints, |
Fourthly, once one|catches on to ths law of

the circle, th: ia ight and conseguant defiﬁition gxert s
- A4 -
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backeard inflience upon imaginstion. The goometer dmagines
dots but thinks of points; he Imeyines fine threads, bat
thinks of lines. Th2 thinking s exact and preclse, and
imaginition does its best to keep pace. In 1liz menner the
empirdicael Invastigator will tend to endow his Imupes with
the closest pos:ible apnroximatlion to the laws he concaives,

But while his imapination will do its best, whils his per-

ceptions »ill be profoundly Ilnfluenced by tho habits of his
imaginution, none the less, the data that are avallabla for
the ildeal observer make no effort tow:rds sach conformity,
Thay go thelr ows way with thelr unanalyﬁad multiplicity
and thelr refractoriness to mazasurements that are more than
anproximate,

| Fifﬁhly, as we have sced, higher viewpolnts in
mathematics ar2 raached iInasmuach as initial imajes vield in-
sights, insigabs yield defl:itions and nostulates, defini-
tinns and postilates gulde symbolic overations, and symbnlic
operatinons provide & more general image In wnich the Insights
of the higher viewpoint aure emergents How in amnirical
method, there 1s & similiar cirele but it follows & slightly
different ronte, The onerations that follow unon the formula-
tion of laws are not merely symbnlle, For the formulation
expresses a grasp of possibility. It 1s a hypothesis. It
provides a basls for deductions and csleunlations no less
then mathematical premlises, DBut it zlso provides & basis for
further observations and expariments, It 1s such observa-
tion and exverimentation, directed by & hypothoesis, that
éooner or later turns attention to data that initlally vere

overlooked or nevlacted: it 1s uttentiorn to such further data
..45..
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that forces the revision of initisl viewpoints and 2ffects {
the develonment of' ampirical s-ience.

The eircult, then, of wmithematical davelnpment
may b2 nam=d immanent: it woves [rom Imeges through in-
sighits and conceptions to'the production of symbolie dmares
wvherice higher insights «rise, But the cirecult of sclontific
developmant includes action uvon extarnal things: 1t moves

from observation and exnerim:nt to tabulations wnl graphs,

from thes? t~ Inuignts and formalotions, from formil:+ions
to forecasts, [rom forecasts to oparations, iﬂuhich it ob-
tains frash evidence altiher for tha confirmation or for

the revision of existing vievs,
¢, ) /‘r‘/ S 4(’ -é*“ )

R/ In ona respict this brief sketch must be com-

pleted at once, Guite airily, we h.ve spoken of th= 1-itial
- clue, But just :hut is 15?7 "here does 1t come from? Is it
mere guess-work? One can be led on quite naturally to the
definition of the clrcle, 1f one herins from a svygpicion
that a cart-wheel 1s round bacause its spokes are equsl,
Sintlarly, one can proceed in intelligible Tashion to the

determination of the law of Falling bodles, provided one pre- f i

sumas initlelly that the law will be a correlation of measur-
able aspects of a free fall, But tnls only mikes the oricin
of the clua or hint or sug,estion or presumption all the

6] more siinlli-ant, Y

| 2.1 - ykkuvAujﬁziﬁh:Tﬁéher boﬁ, then, to Derceartes' ine
sistence on understoading extremely simple things, lst us ex-
anine the algebredst!s peculdar hubit of solving problems by

anmonicing: Let X be the required aumber,

- 46 -
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Footenote to e 80, -
Insert anterlsk in toxt at end of first poragraph, line 18,

& Becouse ingight Ao into the yrosontatlons of sonse or the

rerrorontotions of imaginstion, tho third step in the colntion of

puch proLlong 1s Taclllicted erm-rlng n Gingrem and nerking all

rolovont orentltles, In tho rrenent inestance tho eqntion becomes
evident on in~pection vhon ome hng morked tho three distances,

%, 5/ 12, ond 15. |
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Thus, cupposs that tha problem is to determine
when first af'ter three o'clock the minute hand exactly
covers the hour hand, Then, ons wrltes downi Lat x be the

PR

number of minutes efter three ofclock, fecondly, on= inler
that while the minut. hend moves over x minutes, the hour
hand moves over x/12 minutes, Thirdly, one observes that at
tnree otclock tha hour hand has a 15 ninute start. Hence,
x = x/12 & 15 = 16 4/1]
The nrocedure consists in l) giving the ungnows & name or
synbal, 2) inferring the proverties &n! rzlstions of the un-
known, 3} creeping the possibility of combinding thece pro-

perties ani ralations to form an equation, and 4} solving

the equatilon,
Welim.,
2.%/ Jo. l=at us generallze,

In avery enmplirical inguiry there are knowns and

unk:owns, But the knovms ar» apprehended whether or ant one
understands; they are the data of swnse, The uiknowns, on
the other hand, are what one will grasp by Insisht and for-
mlate in concentions and sunuvositions,

hecordingly, let us bestow & name upon the un-
known, Rather, let us advert to the fact that already 1t has
been named. For what is to he krown by understaniing these
duta is callad thelr naftuyre, Just as in algebra thie unknovwn
number is x, intil one finds ouf whot the number Ls, so too
in empirical Iacidry, the uuguown to be reached B insight
is named "t nelbure 0fvess o™ Once Gallleo discovered his

law, he knev that the niture of & free fell was a cinstant

acceleration, But before he discovered the law, from the

- AT -
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mere fact that he inquired,.ha knew that a free fall possess-
ed a nature, thouigh he did not know whet that nature was.

The first step in the generalization 4s, then,
that just as the mgthematician begins by saying, Let the
required nuwmber be X, 5o too the empirical inquirer begins

by saying, Let ths unxown be the nature of,...
Lo o ‘ i

2t;/ Next, similars are similarly understood,

Hence, because individuality pertains to the
empirical residue, one knows at'once that the "nature of,.."
will be ualversal, thet when one understands thase dats,

then one will unierstand similar data 1ln exactly the same

fashion.

Accordingly, Just &s thie mathematician follows
up his naming of the unkaown as x by writing <dovn proparties
of X, 50 too the empirical iacuirer follows up his 1aclara-
tion that he seeks the ™Mature ofe..." by noting that that
"nature of..." must be the same for =1l similar sets of
data,

it sisilarities ave of tno kinds,

There are tha similarities of things In their

relations to us, Thus, thay mey be simdlar in color or

| : ~ shape, similar in the sounds thy emit, similar in taste or
E odor, similer in the tactile gunallities of ths hot and cold,
o | | ﬁet and dry, heavy and ligﬁt, rough and smooth, hard and
| sofl't, |

There also are the similarities of things 4n

1 i their relations to one arother, Thus, they may be found

tosether or anart, They may increase or decroass concomi-

- 48 -
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'tantly. They may have similar antecedents or consegquents,
Thay may be similar in thelr proportions to one amnther,
and such proportions may [lorm soriss of relationships,
such as exist betveen the elements in the perlodie table of
chemistry or betwesen tha successive forws of life i&j;heory
of evolutinn,

Now censible similarities, which occur in the
relations of things to our senses, may be known before the

Tnature of ..." has been diccovered, Thay form ths b sis of

preliminary classifications, Choy speeify the Ynature of,.. 7,
so that one st-tes that one L5 seexdng the neture of color,

the nature of heat, the nature of change, the nature of 1ife,

On ths other hand, similsrities thzt reside
in the relations of things to ona another are the proximate
materials of insight Into natuee, Howce, the emuiricsl in-
guirer, to emphasire this fact, +111 say that hls obj=ctive
is not merely the "neture of...." but more preéisely, the
ungnecified correlation to be speclfied, the undetermined

function to ba determinad.

The second step in the generallzation is,

then, that just s the mathematlclan st taes that he seeks

an x which has such and such nroperties, so too the supiri-
cal inquirsr states that he secks a "nature of..." where
the nature antecedently 1s spacified by a8 classificstion
based on sensible simdilarity ~nd conssguently will bs knorn
'y - when some Indetermiriete function 1s determined,

The raader will observe that Galiles differed

from his Aristotellian opponents by taking this second step.
~ 49 -
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-ate functinu by writing down differential eguations which

The Aristoteliang ware content to talik about tha naturn of
light, tho pature of hat, ete, g Gelileo fnaagurated modern
ﬁcience by insisting thet the notare of walrht was ot
anough: from consible sindlerity, whiich re.i-ns in the rola-
tions of things to our senses, 282 mist nrocaed to rolatlions

that hol? irectly botveen things thamsalwe o,

@%:‘m& Egendine,

// iov thae ¢orralasions end functiong thet
ralate things diretly to one awmdthay sre deterpined emriri-
eelly by =oioureing, plotting mausarenments of graphs, und
gragping 1: “he soatbered points the possibiiity of & sanath

curve, & low, o forzalation, But our pressat concasn is

with the antecedent, heurlutie cluns, Aecordingly, va rocall
thet, hesides Individuality, the contiauum also soertsins to
the empiricsl residze and, es well, thet Just ¢ ths univer-
snl ig resached by abstracting fron the Individual, 30 also
the techniques of tie Infinitaesimal celeulus deal with the
intelligibility rasched by ab treceting from the non-gount-
able infinity of Li-: comtimmam,

The 5ndrd step, thon, in our gmaeralization
is the observation thut, where tlie methomaticlan¥ says, 13t
X be the resulred nanber, ¢ tha 2upirical inguirer csn say
let some indsterzinute functisa, £{x,¥,7,e0se)= 0, b2 the
resuired function, Faetiiar, Jush as the methosotliolan rwachgs.‘
X by masing stoiomals about it,.so too th: anpirical In-

nirer cuo mave Lowarde the detarnination of hds inleiosrmin-
g

it must sa-lsfy.

Trils procedurs 1s named by Lindsay ans

- 80 -
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Hargenan In their Faupdations of Phy:ies, the "Method of

Elementary Abstvaction®., Thov illustrate 1t by examining
the general features of & fluld in motioa. P:ns, 47 +tha fluld .;
1= continumus, then, at every point in the fludd therve will
be the valocity compononts, u, v, w, énd a density, r. I
tine fluld Ls oot venlshing, tebevaas, “hen the exceess rate of
out-Ilaw over in-flox with resnset to any infinitesimal

volume will equal tho rate of decrsase of density in that

volumes lionce, thers muay be derived the equation:

2r)/ox + (v oy ¢ ‘b(mﬁ)/ézz-ar/at
Fu&ther, 18 the motion 1s anly 1a one lirvaction, tvo of thn
ﬁerms on tha lafi-hand side vanish. If the fluid 1is incom-
pressible so fict the density doss not vary 1ia time, the term  %
on tiie Tixit-wind side becoumes zerea, If the fIndd 1= also
homogeneous, so that the devsity does not vary in space,
tﬁen the density, r, v-nishes from the sxpressions on the
left-hand side. Finally, 1f the valocity components, u, v,
¥, are eaqual to the first partial derivatives of soms func-

tion of the coordin:tes, x, y, 2z, there arises Laplace's

squation,

Tha foregolng equation of contianity cen be
combined nith othar eguatioms based on similarly general
considerations, Thus, by shifting from velocity and density
to acceleration and pressure, three further differential
ggudtions ¢sn be obt&ined. By adding suitsble assumptions
and restrictlons, there can be worked out the differential

equation of a wave motion, (See Lindsay and Margensu, pp. 29
£1)

- 31 -
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| What 1s haprening? Conglder the al{zebmio procedunre

that we are renoralizing and obparve the lsomerphism. Whore before
we eald, Let x be the recuired nmumbor, nov we say, let the ﬁmct.ian}
£{x, ¥» 2, t) 8 O, be the ro~uired correlntion. ¥here before we
noted that, vhile the ninwte hsand moves ovor x nimutes, tho hour
hand movos over §/12 nimutes, now wo work out o differcntial
equntlion thot oxpreases onthennilenlly certoin vory penoral foatures
of the data. thore before we aprdnled 30 the fact thet at three
o'clock tho hour hond had a fifteen minute start, nov we turn our

‘ atgention to the boundnry conditions thol rentrlict the range of
funotlons satlsfylng the difforential enuntlon,

2:2_lnvarisnco,

Though & losg ..inadeqw.to acconnt of the notlon of
invarianes will be abtonpted in examining tho motlone of Space and
Time in Chaptor ¥V, at loast somo montlon of 1t shionld be made in the
progont outline of sclontdfie ciues nnd antlicipntlona, Accordingly,
we proenll) that tho differencos of inrtlcitlor places and rartlculay |
tines porianin to tho omplricel rosidue and, for thnt resson, not
only are sol-ntific dlscovarlsa Indeprondent of the place ond tine
of thoir origln but also thoy can clnalm to be equnally and uniformly
rallid irranpoctive of nerely smtlo-tomporal differences. Hence,

_for orxample, the formulne for chomleal compounds not only have the

Pi«:ﬁteliﬁ.gibility and nconlng bul alpo exactly tho samo symbolle

1 reprosentation no aatter vhnt the place or time, lowever, physlcal

principleos and laws ore Invelved In o diffieulty. For thoy regamd

noticna of one tind or anbt.her; noticng are changes in plago and
times pleeen oand times lead to yeZorence frames construgtod to
inciwde and desicnate all polnts and insiants relntiunly to a

porticular origin and orientotlon. It follows thiat Af phyosiceal
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prinelplos ana lawe refer to motions, they also refer to tho
porticilier orlgin and orientation of somo partlcular roforence
frome ond, unlons a speoinl offort is made, chonge in the cholce
of roforence frame may ronullt in chonge in the stotement of the
reinelpleo or law, oOn tho other hand, vhen & spocial offort is
nade, the mothonatloal exrroopion of physlceal princlpleo and laws
undorgoos no change in form despite chanpes in spatlow-temporal
at.ahdpolnt and thon the motheuntlenl expression 1s sald to be
lnvariant uandor some cpocified group of transformations.

' Briefly, :

hﬁm&m thon, tho neaning of lnvorinnce is that

1) all scientlints expoct tfmir corrolations and laws 0 be indepen=
dont of moroly spntio=temporel dlif{-rences, 2) paypiclsts are
.confronted with a speclal Qirfficnlity inasauch as they hnve to use
referonce frameos, ond 3) physiciots suwrmount thiely pecullar
Al fflenlty by exvressing tholr principles and laws in mothounatloeal
eruntions that remain inveriont under transfornatlons of fromea

of reference.

However, %0 detormine under which group of trans-
formationg Anvaricnce 1s to bo nchileved, some further prdnciple
hne to ho invoked nnd, in fact, In Aliforent sclentific theories
dlfforent principles ore involed, Of theso the moot gencral s
the principlo of oanivaionce wilch apoerts that physleal principles
and laws are the sano for all obsorvers. HNow at firast sipght thls
atateont soons amblpuous. Doss it mean thal physlcel oblects
ook the oane @m from all obpervatl nal standpoints? Or does At
menn that physical principles and laws ars sioply and comnletely
outside thie range of seoeling, hearing, touwching, feeling, and all
other direct and indirect acts of observing? |

Wlle some writers moen to favor tho former view,

there can ba 1ittlo doubt about Einstein's posiilon. HMoreover, . |}
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at rolntions batwoon the moarurad relotions of thinge to ono

- affiyaotion that orinciplee end lovs aro the came for all observers

1 8t ‘ 86
[Second 86 of pix]
that pooition follows qnite plrunibly from the premise that emplrical ;
gclence peocks not the rolations of thinps to our sonsen but thelr
relationn to one anothor, For, as han beon remnrked, oboervations
e way to measurementsy measurensnts rolate thinge to ons another
rather han to our sonsesy and it ig only the more remote relatlons
of nmeasuronents t0 one another that lond to enplirical correlations,
Tunetlons, lows, Now cloarly Lf laws aro renched by ellminating

the relations of things to the sonsee of obsorvers and by arriving
anothor, then there exiots an extremely solid foundation for the

becouoe they lio simply and complotely outslde tho rangg of
obgervational activities, It Llg, for oxample, not the appoarance
of colors nt the pgenernl explonntion in torme of wave-lengths of
ight that lo exnctly the gamo no notior whnt nay bo the state
of obmervors' oyos, the lighting by which thoy see, or tho opeed
with wilch thoy may happen to bo in relntlve motlon.

llonce, 1f payslcal princlplen and lawe are indepen=
dent of any movenont of obsopvers, they shonld be enunlly indepen=
dent of nny similax movenent of referonce franea., But obhservers
may be moving with any linear oy angular veloolly mrovided the
motion la continuous and rrovided it involves no oxcurslong into
tho @n Imeinary sectlons of o monlifold constructed by Aintro=
duelng conplex nutbers, It follows thol physical principles and
lawe should be inderendent of simllar movenenta of referonce
framem, Acgordingly, by the pbinciple of eqiivalenes the .matho-
natiecnl exzrossion of phyrleal principlies and laws is to bo expooted
to be invaydont as long as transformation éqrmtioma are continuone

funetions of ronl varinbles.
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To inmplenont thio gonclucion, wiich 1o no more

than o ponornl antleipntlion based on cornltionnl theory, two
furthor stopn are romilrod. Fyot, the broond lnvarlonce that
va have dascrlii @ hng 0 bo concelivod preclooly in torme of
tonsoro. BSocondly, op. réprinté copdirlcal hypothesee hve t0 bo
formalintod nnd vorillof. Db ly thoso otors throro aro ronched the
Genoral Thooxy of Nolativity and tho Genoralired Theory of Grave
ltation ond It noy not Lo aains to note thnt our remote anticlpation
offers o sinple eoxpianntion for corinin appcets of thope thooriss,
For whnt woo antdcipntod vas o nonereintedness of abstract loawe to
obsorvers. It folictre thint ¥ o conasgmences of tho nntleipation
ghonld not e vorliicd 1) i€ tho lawa loso tlindr abotract charactex

throuch perticulerizoation (4}, or 2) % if lavosilotion concontratos

() flon Lindony and Tarponm,  De 360,

on the frenucnclop of conerotoe evonts acceseible to oboervers ns
seoms to Do the cmse in Quantun liochenics.

A losp ponoral anticlpntion of invorirnce ls con=
toalned in the Lnoie pootuints of Opoclal ilelativity. Alrondy In
Lliustratling dnveroe lasight we have hnd oceanlon to put thils
pontulato in tho form of en oxplanntory eyllorlem in vhich the
ma Jor promico expressod on antleipatlon of inveriance and the
ninor prenlse onounced thie dofect of L1 ielligdhllilty .in inortial
tronsfornintions. On the prosont annlyels, thon, the dl{loronce
botvoon the anticijatlong roproconted rospoctively by CGonornl and
by Specinl Lelativity is $hat, whllo both oxpoct Anvorinnt pathow

oxprosslion
matical omeponminr {0 resuit {rom Lhe abstractnoos of princlples
and laws, Gonorel Relativity imploncnts thino e:;pootatmn by invoking

o direct 1 oirht dnto tho slimiflcanco of nooasuronionts bat Special
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Relativity lmplononts it by invoking an invorse ineight into the
1nnimiﬂcnnce of conotant velocity.

The oxact natnre of thin difforonce may be olarifled
y tvo furthor remarkas, On tho one hand, it doce not prevent
Bpociézl Relativity i‘lon hring regoarded as a prréleniar cese of
Gonoral Delativity, for Cenornl Lolniivity doen not attribute any
simifllcance to consiant wveloelty, snd Spocinl Reloativity primerdly
recards laa ronchod by relating nenswrenonts o one another,
On the other hand, the differonce is o diffor-neo not morely in
degreo Tmt aloo in Iind, for the antlolpations of Conoral Relativity
do not heold when the rosvits of investirntlons includo rolntions
to obsarvers, but tho antlcimationo of Specinl Belativity 4o hold
ao long as the dnslrniflicnnce of conetant voloelty 1s extonded to
the vhole of physics, So porhnns one nay explaln the foct thot
the antlelpaticns of Spealal Relativity hnve boon natod pucceonsfully

with Canntun Hechnnles (%),

(#) Seo lLindsny ond ilarpenau, ppe 501 £f,

A t£hixd and otill less ponoral anticipation of
invaricnce hne boon atbributod retrosprciivoly to HDewtonlan _
dynanles, and 1t 1s not dlfflcult to khwyp orasp in torms of Insight
the Justies of thls views Tor, as has hoon noted, the defect in
Intellipcibility known in Inverso inolpht 1o formulated only by
enploylng & positive context of conComitont direot inpightes In
partleolar, 1t has been ramnrlod that the defoct of 1telllplbllity
in conotant valoclty vne oxiressed for mochanics by Howion in hie
first low of motlon hut Lor physics genemily by Einstedn in the
basic pontniate of Spocinl Rolntivity. Accordingly, one con nove

baclkwordn from Rinnteln to Nm-.rt.on L 1) ono holids fast to the

ey

( o © ) A

dofective intollipgibAlity Ain constant velocity nnd @) one chsnpes
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the concomitant context of direct insirhts in terms of which the
Invarse insight repnrding constant velocity is exproesed.

1 Now the relevant differences in the concomitant cone
text are threefold. First, Specinl Relativity regards all physleal
princliples and laws, but Newtonlan dynnmice 1o concoerned primarily
with mechnnies, Secondly, Specinl Relativity Lo primarily a fleld
thoory, that 1la, 1t 1s concerned not with the efficlent, instrue
nental, matorial, or final cnuses of events, but with the 1ntollle
gibility immanont in data; hut Newtonlon dynamlces seems primarily
a thoory of efflclent ceuses, of forces, tholr actlon, and the
reaction evokad by action. 'Thtrdly,-Spooial » Rele'lvity 1s stated
as & methodologleal doctrine thet repards the mathematleal expresslon
of physleal princlples and laﬁn, bui Newtonlan dynanmics 1o stated
ag a doetrine about tho objocts sublect to lawus. |

| From these differences it followe that whet Elnstein
stoted for physice in tormo of the tranpformetlon proportles of
the mathomatlcal exprossion of principles and lawg, Newton stated
for mechanics in tormo of.tho'rorcou thot movo bodiles. In hoth
cagen viint Lo stntod 1o a négatlon of intellipinvility in constant
veloclty. Bub the Zlnstelnlan context makos the statepont an affire
nntlon of invarinonce degpite inertlal tranoformetions, wvhile the
Newtonlon context mnhes the statonont an affirmction of contlinued
wniform motion in a stralcht line deopite theo absonce of extornal
forees. Finnlly, ap tho Einstolnglan stateomont nmay bve reparded as
8 nothodolopdicel rule poverning tho oxpresslon of phyeslcal prine
¢iples omd laws, 8o the Howtonlan stotesont nny be reperded as a
rencral boundary condition complenanting tho lows that equante i)
forco with change of mouentum and 2) action with an equnl and

. opponite ronctlon,

. .
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226 Summary,

Our concern hae Yecn .the mothodlonl gonesis of
noight. Sclontlots achlove understanding, but they do so only
at the end of an lnnuiry. Horeover, thelr inauiry ls m~othodieal,
and method consiste in orderiip means to achlove an ond. But how
ecan means be ordered to an end whon the end is lnowledpe ard the
knovledrs is not yet acquireds? Tho onawer to0 this puzile 1s

the heurlstic structure. Namo the unitnowm, Work out its proépertlies.

Use the propertles to direct, order, gulde the innmuiry.

In presclentific thought wvhnt 1g to bs known inasmuch
a8 underatanding is ~chioved is nomed the "nature of ..." Decnuse
similare are understood similorly, the "nature of ..." 1s expocted
to be the same for all almilor data, and so it 1o apeci{!&}@d
ap the noture of light, tho nnture of heat, and so forth, by con-
strustling classificati~ns based on sonslhble simllarity.

Sclcontifie thought involves o nore exact antlolpation.
What 1o to be known innomuch as data ore underatood 1ls some correl=
ation or functlon that atates universally the relatlons of things
not to o aecnces but to one another. IHence, the sclontifle
anticipatlion 1o of some wnspeciflied corrolation to be spocified,
some indetorminate functlon to be detormined; and nov the taslk
of specifying or dslormlining 1s corrled out by measuring, by
tobulating moasursments, by reecching on insipght into the tabulated

measurement s, ond LY expressing that lnsirht through esome pencral

‘correlation or function that, Af verified, will define a limit

on which converge the relations between all subsequent approyricte
measurenent g,

| This baglo antlcipation and procedure may be
g;t#,anriched in two further mammers. Flrst, functlons are solutions

e

of differenticl equatlons; but in many cases relevant differential

o ) |
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@it  grounds are invokod to determine which crowp of toaneformation
~— '

tified by mentisning tho nnmes of Galileo, Newton, Clerke-laxwell,
- and Blnctoln. It Lo nnmed hourdetic boonuse 1t anticipntes Inoights

Houristic S p ture, _ 8T

equations oan be deduced from very goneral conglderations, Hence, |
the nciont;at noy anticipn{:e thnt the function, wilch is the oh_‘jeot‘ t
of hils 1nauiry, will be one of the golntione of the relevant |
difforentinl onunticns. Socondly, the functlons thnﬁ become known
in the meanurs that understonding is achioved ore, both in origln
and in appRleation, indoependent of tho differences of partionlar
placen ond partionlar times. In such a golenco of phyeics this
anticipation of indopondonce boconos formulaited ss the lnvariance

of principles and laws under groupa of transformatlons, and different

is to lenve the mnthonotlcal expression of lswe unchanged in form,.
g0 & Airoct insipht into the sipniflcance of momouroments ylelda

the anticipntions of General Rolstivity; an irwerse insight into

the insignificonce of constant veloclty ylelis tho nntlclpatlons
of Spocinl Reln ivity; and a restriction of this Lnverse insight
10 the context of Newtonlan dynanics ylolds the antlelpations that
sometimes aro namced Newtonlan rclatlvity.
Such in brief are the antlcipntions constitutive
of olassicnl hourlatic structure. The structwre L6 nened classieal

becanse 1%t le restrictod to insiphts of a type moot easlly lion=

of that type and, whille prescinding from tholy ap yot unknown
gontent,a, vorks out thelr goneral proportlee to pive @‘met.hodical
guidenco to investicntlons. It 1s noned o stracture bocause,
though operative, it is not mown explicitly untll oversight of
insight piven way to incipht into insight,

In partlenlar one ahoﬁld obeorve that classical

hourictle structu:e hns no suppositlions excopt the minlmal

0 i .
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supprositions thot inod nhts of a certain type occour and that Sunun.
inauiry alming at euch lneichte may be not hophezard but nethodlceal,
Furthor, advortonce 0 classical heurlatle stnmicture hop no
aﬁditiaml supposlitions excopt the poooihility of an inmnight that
gragps the set of rolntlons linkdng neciholienl inquiry with ontle
eipnted lnsichtp, datn, sinilerities in datn, monpuronents, ourves
fitting, lndotorminate frectlons, differenticl ecuntlova, the
principle of inertin, Spocinl Rolntivity, and Goneral Rolnbivity.
If there han born commmicated pome pracp of souch dlvexse objects
vlthin the unity of a single view, then there hap beon conmunlcated
an Innirht Inbo tho penesls of Llnolpht, Yo Goubt, tint 1o o very
amoll thing. An inoicht 1o no more thon an r.p.ct.:!:/ of wnderstanding,
It noy prove to ho timie or false or to hold somo intormoedinte
poplition of pronter or loso probobillity. Stlil it ip solely the
comaunicrtlon of that act of understonding thot hias teon ocur alm

it erything else,
ho has dono all thnt An necossary to miss the little wo have had

and, 1f the reader hns beon concorned vith aaghd

s

to offer in tho rresont context.,

A furthor observation is not without ite dmportance,
Precloely bocnuse our suprosltiona and owr obYcetlvo havo. boon so
rootricted, onr account of clomsical hourdistic atructure s
esgentiolly free from any opinlon about corpuscles, waves, causallty,
mechaniemn, deterniniem, tho uniformity of nature, truth, objectivity, '
appeorance, roality. It followa immedintoly that 17 we venture |
to use the ne, “elsosical," \-:e."i'xae 1% without being involved
“in any of the oxtro-sclentific vieows that historleally have been
asaoclatod with sclentific dlscoveries and, to o pronter or less
oxtent, have influonced their interprotatlonﬁ. This polnt 1s,

of courno, of conciderable importance at a time vhen a noew etatlpe

ticel heourlsile otruecture has growm enormously in prestige and 1t
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hag becomo o mattor of gome obgourity whothor the new approach
confllets with tho assumptlons of onrlier aciaﬁce or nmercly with
the extra-nclentific opinions of enrlier sclontists., Finally, if
we nay clope thio ocction on o otill more peneral note, it is not
perhapo rash to claim that nan annlysis of sclontlfiie procedures

in tormo of inolpht 1o nlso now and that the wvaluo of such analysis
connot, be tested oxcept by worklng out lis inplleatlons and cone
fronting them, not with opinlong on selonse based on other snalyses,

It golely with atrictly oclentific antleipetions, procedurea, and

roouiltes,

onaroto oyan om Clan 1

Bofore advancing 10 a conrideration of statistlcal
heuristic siructure, it will be vell to apk Just how far the full

realization of closclienl antlceipntions wonld bring the sclentlst

“towards an adequate underptoanding of data. Accordingly, ve nsk

about tho range of conerete iuf-rencos from clasnleal laws and we

4o 80 all tho more roadily because dincuaslong of thls tople seem

to have oufforod {rom an oversirht of insirht.

| For juoct as inolght la o nocoosary intermodiory
betweon aots of noapuroments ond the formmintion of laws, 50 algo
1t 1s needed in thoe reverns procesn thnt ap-lies knowm lowe o
conerate situntions, @?—W Honce, o concrete wim sclontifle
imfaronce hng nod twe hut threoe conditlonss it supnosos informatlon
on oome conerote situntién; 1t ouppeoos knovlodee of lawsy and it
sup;osent an inoicht into the glven situntlon, For 1% is only by
the inslght thﬁt one ean lmow 1) which laws are to be scloctod
for the 1nfor6nce, 2) how the sclected lows are to Ybe combined

to ropresont the spatinl and dynandce configurntion of the concrete
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situntlon, and 3) vhot dimensions in the situntion are to be
neasured to supply muerical vz;.lues that particularise theo solected
and combilned laws.

Furthor, such inferences can be carrled out in two
monnere. Whlle practical people walt for concrete situstionsg to
arise bofore atteapting to work oul thelr conaneauences, theoretical
minds are glven to antlclpating 1deal or typical cames and to deterw
mining how a deduction could be carried out in each case,

Now in thens antlclipntory concrete inmferencea a
different type of insicht comes Into play. For in the praoctical
inference tho nituation@ dotormines the relavont insight and the
insicht dotorminen thio seleotlon, combination, and partiocularization
of lowge But in the antleipntory inference 1lnsirht le creative and
conatructive. It is not hompered by any rivon sltuntion, Rather
1% tends to bo a froe 5 exploration of tho potentlalitles of known
lave, and 1ts principal frait la the formulation of idesl or typical
procepson that are dom.tﬁa.ted throughout by human intelligence., For
in such processes the basic altuatlion 1s any situntion thnt satige
fiep the renulrements of the congtructive ineirht axd, provided
the process 1g closed oIf agnlnst all extrancous influonce, overy
antecadent and consocuent situation must assume the dinensions
dotorained by the succosslve stages of the lmnginative model.

Morcoveor, it can hoppen that such 1dsal or typical
proéeas’oa can be vordfiod ln o soquence of conerete situstlons, and
then three vory notable conéequencaa follow, In tho Lirgd place,

goma insirht or come set of wnifiasd Ansalphts can praesp not only

the process ap o whole tut aloo overy cvont in the whole, Socondly,

this single insipht or single unified set con be expressod in a
sorresponiling combinntion of selected laws and any esltuntion can

be deduced from any other withdu_t any explicit oonsideration of

L
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intervening situations. Thirdly, vhen such procesnes exist and
thelr laws are as yot unknown, thelr invaes:irotion onjoys a mmber

of slngulnr advantoros. For the intollirible unity of tho whole

~ process lmplleos 1) thot dota on any oisuntion are equivalent to

data on the wholo process, 2) that 3L dnta aro found to be signi-
ficnpt in any siiuntlon, then pinllar data will bo sipnificant in
every other sliustion, and 3) thet tho acenracy agzbf roports on
any sltuntion can bo checked by inferencea from reports on other
altuntlons, Horeovoy, once initinl Alf{ficnlitlen rre ovnroeonme and
basic Lnolrhts nre maéhod, the inveatiratlon ap ronches & ouprene
moment wien all date ouddenly fnll into a single porspectlve,
sweoping yol nccurnte deductlons become popnlble, and subgsoquent
exact p@eg;ctiona regulnrly will prove to hinve been correct.
llovovor, 1 the naoture of mtntistical inauiry 3s to
bo understood, it 1o of conmsldernble importance to gropp thot & quite
dlfferent typo of procoss not only can bo conptructed btut also
probebly can be verlflied, Accordingly, leot ws Qlvide 1deslly
conpiructed processes into systematic and non-ayotemotic. Lot us
define nystenntic procesnaes by tho already onumornted ﬁropartiea
that, oth~r things bolng eaunl, 1) tho vhole of a syntenntic process
and 1o overy event possess but a sincle Antellipglbllity thot
correaponda to o single insipht or sincle set of wnifled insights,
2) sny aituntlon con be dednced fromg any other without an expliecit
consideration of intervoning sltuntions, and &) the ompirical
Investipation of such procepses in narked not only by a notable
facllity in g@g,aacertnining and c¢hoeking abundant and significant
dota but nloo Ly o su rene momont whon all data fall into a single

perspoctive, sweeping doduct.ions bocome posclble, and subsequent

-exnct nredictions rognlorly ore fulfilled.

Nowr whenover a group or serios is constructed on

o )
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detorminnte principles, it is always poepible to conetruct a
alfferont group or serics Ly tho nimplo expedient of violnting the
dsterninato principles. Dut the group of sysiematic procesnes is
conatructad on determinnte principles. Therofore, by vicloting |
tho principles one can conptruct other processcs thet are none
syotematlc. |

It 13 to be nuted thot the construction of none
gystomotlo proceooces rosts on the same knowvlodre of lawa and the
soame orective intellicence ap tho construction of syntomatlo pro-

ceongs., ilonce if one inclineg to enilarpe the rroup of pystematic

- procespes by, postulating full knovicdro of laws and nn unlinited

~progresplon or grouplng whatever, Finnlly, lot us say that & =

invontiveness, one munt grant thot the group of non-ayétematlo
prdoesaea also 1s consiructed from an enunlly fll knouledrs of -

lays and an equally wnlimiied (thonch perbaps porverse) invontlvenees
Finally, thourh we do not know all laws, none the loes ve cen

form the peneral notion of the systemntilc probesa; and similarly
desplte our ipnorance of many lawe we aloo can form the geonoral
notion of the none-gyntonsaile process.

For, in the {irst ploce, 1f nonepyotematlec proceoss
is unaeratood, the understonding will bo muitiple. Thore will be
no single insirht, or alogle set of unifiocd insights, that masters
at once tho whole mrocess ond nll 1%z ovents. Tho only corroct
undorstoanding wlll bo oliber o get of difforont inelphts or olse
a set of different unifled cets. In the former cope the dlfferent
inoiphte wlll not be unifled intelliplhly and so they will not be
roloted to one another In any orderly norloes or progrescion or
grouping whatever. In tho lntter case the different sets of
unified inoichts will have no bighor Antellicsible unity and so

hey will not bo rolnted to onme ancthor in any orderly series or

i
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series, rrogression, grouping is orderly if the rolations between
the elemonts of the sories, progression prouping either 1) can be
grospod by an Inoicht thet can be oxpresced in ronoral torme or 2)
can he concluded from nny oincle ineight or any eingle set of
unified insights.

Secondly, Tweaune dlfforent parts of tho procepss are
urlerstood dlfforently, thore can bo no slnrlo comdimation of
golocted laws thot holds for the whole procens. On the contrary,
for every different insight or diffarent got of wniflsd Ansights
thore wlll Lo a differ~nt combinaiion and porhars evon o dlfferont
selectlion of lows., Ageing jJuct se the different insichts or unifled
sets of inslphts, go the dlfferent selectlons and combinations
will not satisfy any orderly seorlos or progression or grouplng
vhotever,

Thirdly, such nonesyotoantlc rrocens may be deduclble
in all its evonta, Lot up suppone 1} the aboonce of extroneous
1n£eri‘emnoe. 2) full iaforantion on somo one sltuntiom, 3) come
plote hnowledge of all relovont laws, 4) correct insichis into the
baslc situntlon, 5) sufiflciont skill An tho monipalntion of mb.the-
matical expresplons, 6) correct insishits into deduced situntions,
and T) no roastriction on the nnount of time allowed for the deduction
Then from thoe rciven pltuntlon the ocouwrrence and the d%mensions
of the next oimificontly Ailfforent situntion enn be doduced.
Correct insighis into the deducod dsta on this situntlon male 1t
popaible to daduce the ocourrence and tho dlmenslons of the thlrd
Blenifleantiy Aifferont sltuatlion. Finally, slnce this procedure
gan be repcated ilndofinitely aud singe there are no restrictions
on the enount of time to he doveied to the doduction, it nakes no

gifforonce how many cipnl ficantly ‘aAfferent s% situetions there are.
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based on spatlal Juxtaposition or tomporal ouccession or both

' of insight or intellipible relntion,

_pam of nonenyatenctic process are wderntood form ancther coineide

~unity of thoe rocoes.

- which dAfforent stagos of nonesysltemntle process noy be deduced

 procems must ho & colncldontigl monlfeld. For it has unity by
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Pourthly, in a number of mannors nonepystonntio
yroceds oxhiblts colneldental aprregnten. For an apprerate is
coincldental 1T 1) the mombors of tho apgrocate have some unity

and 2) there is no ocorresponding unity on the lovel of ingight
and intollizibls relation.
For non-gyntemntle process fp & vhole ponsesces 8

spatio=tonporel unlty Lut hos no corresponding vnlty on tho leovel

Apnin, tho severnl insipghtes by vhich the scveral

antal aggrepnte, For they are n multipllcity on the lovel of
intelliplbllity but thoy poososs sone unlty {rom tlio spatlo=temporal

Simllorly, the successlon of diffovert proemises by

arg a third colncldentnl manifold. For they Ltoo ore a multipilolty
on the level of intollipibllity but thsy possess some wnity from
the spotio-tenporal miity of ithe procesc.

Turther, the nmsle situntlion of non-systemntlo

speticl juxtoposdifong but i1t connot e one on the level of insight
and intellieidble relintions If the basle.siiustion were intolilglbly
ong, t“hen the doductlon of tho nroceas from thnt 1nteli$.gib10

wity vorld econotituto an orderly grouping for the get of

difforent insirhts and for the anccession of Allforent combinatlions
of sniccted Lava., Dut both tho set of dlfforent lnslghtas and the
succesolon of Aiffcrent comblnations of gsolectod lnws are coincld-

ental agb;negntes thot contot be anlflcd vy any orderly series ox

mrogresslon oy prouping vhetever, Therefore, the basle sitwation

i
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can be no nore thon s nerely ng@mmm spratial wnifiention
of dlfforent intollisibilitios thot can be prospod only by a set

of differont and unrolnted incirhtao.

Bimllorly, Af nony dlffércnt. and unrelnted ineighte
are needod to wndorstond the nalce situntlon, the premlees for a ¢
deduction from thet gituciion connot be a sinrle, unifled combination
of seleoted lows. And oinco a colncidentsl aprrecnte of pmmlﬁea
will yigcld a colncldentnl argregate of concluslons, it follows
thet every dedveible sitvation, provided it 1o & total sliumtion,
alpo wlll be a colneldental aprrogntes Furthor, 1t follows that,
when o non-py-ionotie procens hapmns t0 pive ripe t0 a nyontenatlde
procons {as in recent thoorios on the origin of planatayy systens),
then the totnl situvetion nust divide into two parts of which one
hap eng ‘to fulfll tho pm oonditionn of syston-tic process and
tho othor fulfils the rocnirement of other tihings bolng equel.

Finally, thore omerces the rule for sonstructing
a :

POSRTY GO is
non-ayatesntic procosses. For,'randon” W "any

. A
vhntover provided spoclficd condlilons of intellipibility are not

fulfllled." But non~gystomntle procescs resulis from sny asie
sltuntlon provided 1t lacks intelllipgibdle urity from e definltlve
vicupoint., Therefore, tho mile for constructing non-systemstie
procasnen 1o 40 bapin from any random basic sltuntion,

Fifthly, if non-syntemntlc procesmoes exlst, then
the Alfficulty of investipntlng thelr noture incrsanes with the
myaber end dlverslty of thoir several dlstinet end uwnrelated
intellirAibilitics. Data on ono nituntion are not equivalent to H

anta on thoe whole proceso hut are relovent only to one of nany

mmn of the vhole. Agnin, the types of data sl-nificant in one | ' f
part will not be aipniflennt 1n dlsparate pnrte, and s0 soveral |

difforent lnaulrlea nmust bLe undertaken. Thirdly, reports on one .
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ordinardly crnnot bs choclke@ by comparing them with inferences from
reports on other situntionms. Fourthly, thore is no suprome moment
vhen all dnta fall into e single porspoctive, i‘o'r thiere 1o ymk ™
no sinrle perspective Lo be had, Fifthly, evon whon the lawva
involved in the process oro thoroughly undersiood, oven whon current
and aoccurate roporte from wsunlly esigniiloant centers of information
are avallable, otill ouch slicht Alfferences in aatters of faet can
rooult in guch lavge difforonces in the subseruont course of ovents
thot, doduetlons hove to bo rootrlcted to the phort rum and predic-
tlong have to bo content with Indicating probabilitles. 8o, perhape,
1t 1s thot astronomors can publish the exnot timos of tho eelipses
of pant ond fubure centurles but moteorologists need a constant
supply of £resh and mccurnte L:formation to tell us about tomorrow®s
veother,

| Lot um now paune to take owr boarings. We began
by notlng thoet oohorete inferences from c¢lasclceal laws suppose
not only lknowiodpe of lows and informetlon on gome besic S
sltuntion but also an Ansipht that medintes betwesn the situantion
‘anc‘l goneral Imouvledroe. Ve wont on to dlstlnmish botween practicsl
Inoichts thet apply daws to glvon situntlone and constructive
insiphts that lnvent typlcal of' ideal procosacs. Yo have been
engocod An ecxeplaining thet, just an conntructive insirht can devise
syatonetic processes with all thelr besutlful and convonient
propevrtics, 80 aleso 4t can Govise non-gyolematic processes vith a
complete sot of auite oprosite propertles. It remnins that a
few more poncral corollaries Lo added. |

First, syotomrtic yprocess is monotonous, tut none

syoteantio proeoss onn be tho vomb of fGrent novelty, For the
pospibility of leaplng deductively from any sltuction of a systomatic

process to any other situation rests on the fact t.m.;t a syastematlo
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process 1o 1ittle more than & perpetunl repotition of apspont inlly
the same story. On the othor hand, the unfolding of a nonw

syotonintlc proosce hog to be followed throuch its coquonce of

j
sitnations. 9ignificont chonpoes i oceur and, ap. thoy ocour, the %
relovant insichtes change. llence, as wili appear in Chaptor IV, B
vithin a large none~sycteonatic process thore c¢an be bullt a pyramid \ \]
of nchemos resting on achemes in a oplendld ascent of novelty and (g
oroativencon. |

Socondly, sysicnntle pocess would seemn to be

revorsible, thot 1s, 4t vould work equnliy well if, so to opesk,
the future were tho poot and the procens ran baclmrds, For a
pyossonctic procens 1o tho azprossion of o sincle idon. Bach

puccosnlve situation 18 reloted %0 tho noxt In nccord with the

dlotates of the 1den. Hence, to reverse tho guccesclon of dlctates
80 t_lmt the process beging from a last siiuntlon and moves beclvmrds
to o {irat involves no now idea but norely o &ifferont and, 1t
goens, onually workable application of tho samo idea, On the other ¢
hand, non~aystenrtle procens may enslly be irvoverolble, For At

Is not tho unfolding of 00O single ldea, and ouccessive situntions

are not related in nocord wilth the dletatos of any single insicht

or ony single seot of uwniifled innights. Whnt 1s in control e

not Intolligence but any rondom basle sitvation, and the rosuvitling
coincidental sequence of colnoldontnl pitustions enolly includes h
hoth the emerponce and tho desiruction of oystematic procosces. L
lience, t0 expect nonwnyntonntic process 10 be roverscible 1s to
expeet dectroyed aystomrilc proceonen Lo re-emerge {rom thoir
milnsg aralin, 1t 3o to expoct thet reversed myﬂtematie Rrocasses

will remolve into tholr ordglng ot the right noment and in the

right nanmer though no provision is made for thnt resolutlon.
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- Thirdly, the dlstinetl n hotwwmen gystomatic and none
syatonotic procosnes throws lirht on the »recise moaning of clooure.
For there is on externnl closure that excludes outaslde inteorference.
When 1t 1s applied to o oyobomntlc process, the vhole course of
events 1s mootered by Intellirence with relntive oase, Buit whon
1t 48 np:llod Lo a nonenystematlc procoss, thon it merely loaves
faternnl factors nll the freer to interfore witii ons another.

Fourthly, whetheor world procens 1s ey stenctic or
non~nyatonntle is a cuostion to bhe settled by the emplrleal method
of stnting both hypotheses, working out ms fully as ono oan the

‘totnllty of thoir implieations, and confromting the implications

with the obaerveble fmots,

Firthly, i€ world process proves to be non-pystonntlo,
thon 1t contelns coincldontsl apgrogetes sad the word, “random,"
has an objective nconing, In thnt ense, thore wonld be‘aome |
intorpretation of atotistleal acleonce as the sclonce of vhat exists,
In oth-r worde, in thnt ca.no 1t would bo {mlse to oy thnt
stotistlonl sclence must hs o mere clooak for lgnoranwe. MNoreover,
aven 1% world process proves o be synteomntic, stlll that will be
true only on ecmpirical crouwnds and g pogtexiopls 1t follows that
it connot be truo g prlord thot sintlotlenl oclonce oannot be .

On Chs prah shotsiay Ty,
the aclonce of whnt oxietsop m@m&mﬂmqm ean be no e
vniia theoretlon) argunonts thnt eptainlish thint atetlstienl
polonce in every posalble meaning of the term muat Lo & mere

cloak for ipnorance,

i
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4, Statistionl Heurlistio Strcture,

4,1 Elonontary Contrnpnte,

Clasoical and statistical investigntlons oxhidblt
norked dlfforonces thot provide a conveniont sterting-point for
the prosont section.

In the first place, vwhile clnuaicdl invostipntion
hoada towvards the determination of functions and their systeng-
tization, stntistical investipntion clingo to concrete situations.
Hence, vhille clanroicol conclusions ore concorned with vhat wonld
be 1if ggyfother things wore oqunl, stotlotlcal concluslons dlreotly
repard such agrrocates of events as the senuencos of occanlons on

which a coin is tossed or dice are cast, the sennoncos of sltuntions

cronted by the mobliliy of molecules 1n o pne, the seanences of
goenorations in which bobles nre horn, tho young marry, ond the\gg
ola dle.
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decondly, statistlcal in~uiry attonds not to theorot-

lical proceancs but to palpable rosulta., As Gallleo gonght the
intollleidllity imnanent in o free fall, so Clerk-ilaxvell conght
the intellisibility immancnt in the eleoctromopnotice field. But in
a phatisticnl investlpyntion such throrotleal annlyses and construce
tione nre sot nglde. The movement of Alce obnervos porfoctly

the laws of Qcchnnica, but the Jawn of nochandics ars not premises
1n tho dot-rmination of the probebility of cnsting a "seven.”
Doctors comionly succeod in dlapnosing the canges of death, tmt

snccenaful dlarnoaes are not studloed in fixing death rates. The

statintilcal pelontiod poons content to define events and areas,
to comnt the inotances of each deflined class within the defined
ares, and to offor some ponoral but rothor vague view of thinge as

a w10lo.
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Thirdly, statisticnl science 1s emplrical, btut it
does not ehdemror to neoosure and correlnte the apntial, temporal,
and other varinbles that no fnocinnte classleal investliontors. 1ts
attention 1o dlrecied to fronuencgloeg that are stralghtforward
namerical ansvers to tho stralphtforvard question, How ofton? Buch
frequonclos may be ldeal or petual but, whlle it 1 trme thot the
ldenl frenurncy or probabllity ralnoo debatable lssues, at leacst
the actunl frecuency ls a tronsparont report not of what shiould or
might ox wlll happren bubt of what in fact Al1d happen. Such actunl
froquenclos oxre abgolute when they nesipgn the sctunl nunber of events
of a glvon kind vithin a glven ares durlng o glvon intervel of time.
Howover, since diffevent oreas com:only aro vot compercble, it is
cunstomapry to procecd from abgolute anctunl {renuenciocs either to
rates, sny, per thousand of populnticn or, when clasoes of events
are alterantive possibLllitles, to pelative nctunl froouencieg which

aro sets of propor fractlons, say, Q/p_ » g_/g ’ ;/;1 peeee
wvhore N % D4 0 +XL * eoes '

Fourthly, bohind thoe forepolng rather superilcinl
dlfforences, thore ip o profound dlfforence in the mentality of
clannionl and utatiaticai inoulrers. Had astronomers boon content
to regoard the wandering of the planets as o nerely random affair,
the plonetary system never wonld haﬁe boen discoversd. Iad Joule
beeon contont to dlarernrd@ omell dlfferencen, tho mechanical equi-
valent of heat wonld hove rennlned unknown., But statlstiocnl
incndrors malo it tholyr buninesns to distinenlsh in thelr tables of
freaueonclos between ol nificont and nerely random dilfferences.
Hence, while thoy fo to preat ming to arrive at exact mumbers,
thoy do not pecem to attempt the obviouna next step of exact explan=
atlon. As 1on5 ap difforences In fronuency osclllate about some
averape, thoy ore estoemed of no account; only whon the avorape

ltoolf chnnges, is intolleotunl curlosity aroused and further .

o)
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inguiry deemed yelevont,

4,2  Tha Inverpe Ingieht.,l

The exlatence of thie radlonl difforence in nontolity
demonds an explanntion, and the obvlous explonstion 1s the ocour-
rence}:f gomethine 1like an inrerne insirht.. For an inverse insight
has three characteristics: At suppones a posltive object of Inauiry;
\t denles lntelllgiblility to tho objeect| and tho &g doninl rune
counter to spontoncous antlolpatlions of :.ntoillgance. But the
difforencos nomod rondon ore motterp of fact: thoy occur in fro-
quencies detormined hy counting tho ovonts ina givon closs in a
given area during o given intorvel of time. Further, random
dAfforances nro denied intelliribllity for, thouch statlotleal
inmuirers lmrdly vould nee suxoh an exprossion, at least thelr
deods geemn o sufflciont witncos to thelr thomrht. then differences
are not random, furtier lanulry is in order; but vhen differences
are reniom, not o.nly is no inouiry attompteod but alno the very
attompt wonld be promounced sllly. Fimlly, this denlel of
intolllipibility is in open conflict with tho entleipations of
clanslenl invaestipgation, For clnaslenl precept and example tire-
lesply inculcente the losson that no diiferonce 1s to bo simply
norleeted; and whilo one moy doubt thot thls classlenl attltude
is noro spontaneons thon lts opnosite, at lcast one can spoak of
a devalunted inverse insoight that divides clasolcenl and statistical
anticlpotliona. |

| Further, whlleo thls devalunted 1nv6raa insight
beara on tho fremuonclon o.f ovonte, it docn not follow nececsarily
thot the defoct of LntolligiMlity resides in sincle § events,
Indecd, 1t seong culto poosidle to aclnowledpe rrmdom differences

An freauoncies ond at tho nnme time to molntaln thoat single events

R 2]
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are detorminnté, that they mre not random, even that thoy are
dodvuelhlo. At least, tho évonts nmuost be detorminnte cnough to .
be counted for, 1f thoy apre not counted, there are no frequoncles '

snd 80 no random diff{eorences in frequoncles. Apoin, one can

aclmowvlodpe rendom differences in donth rates wlthout an@geétine

that single deatho were random ox that doctors wore unnble to

porform successful dinymoses, Finnlly, I olngle evonte need not

o argue :
be random, they mny be doduciblo. Tor if It in posﬂ#iblo,‘from : ‘
1y ‘
5

offoot to couce, {rom conpoauent to antacedont, it should be ’

onunlly posoible to nove from cauvee to effect; from dotorminlng

S i e

pntecedont o dotermined consognont.,

It pecms, then, thot L1 we are to discover a fully

:’. :-;m- : it

penoral account of the menning of rondom dlfforonces, we must look
not o slingle ovents it Lo evonts as nonbers of & group. 30 the

avestlon bocomes, How can tiere bo o defect in intel iplibvility :

in n group of events Af onch evemt eingly 1o aulte determinnte, If
none ore rondom, and if one by ome all may be deduced?
Fortunntely, 1€ not accldentally, our provious ‘

diccusoion of concrote Inf-rences from clonalcel lows offers a

1} to single events, 2) to ayoiemntic procesnos, and 3) to none
systeantic procesces. Moroover, n&} huwt as the aauertiqn of random
differences in fresuenclees need not lmply that sinple events are
indeternlinate or randoa or Lhot they are not dedueclble, so also
in a nonwpystenntic process ench event may Do dotorminnte, none

nead bo random and somotlimes at Zenst, 1{ time were not money, s8ll

|
could bo deduced. Agalin, Just aa the asscrtlon of random differw : Il
oncep sorings from o devaluated Aanverse inoight, oo too0 Aoes the 1
I notion of 8 non~systomntle rrocess. For a non-gyotonatic process

i

1o am ponitivo &n oblect of inquiry as any process; it ias
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. gyotenntic Inncmuch ao 4t lacks the intollligsibility that chorac=

torlzes syoisanilc procoss) and 4ts proportics nro vory curprising
indoed when they are compnred with whnt commonly laplnce Lo
supposed: to have meant, wheon ho olaimod that any situation in world

history could bo deducod {rom any othor,

Tho sinllarity of thone two devalunted ilnverse
Ansichte providos an obvlous olue and, to follow 4t up, lot us
consddor the four statomonts: 1) stoatlctical inouiry s coﬁcemad
with colncldentrl egcrecntos of eventey 2) statistical Snoulry
invostiratoo vhat clooaicnl dnnvlry neploctoy 3) ototiotleal
innuiry finds an intolﬁ.igibility in whnt closolcal Inaquiry neplectss
and 4) this intelilgibility 4c donlod whon randem Aifforemces are
affirmad, | }

Firet, statlotlcal inrtdry 1s concorned with
coincidental agrro-ntos of eventss For 1t ig not concerned with
tho intolliribly rouped cvento of nyntamn,tic rrocesst there are
no statintice on the rvhancs of the moon or on the transii of Venus,
and thore are no random dliferonces in ordinary actroenomlcenl t.ahlés.
Agnin, 1t 1z not concorned with ovents taven sintly. For oach
sincie ovent amounta 4o Just one more or less In tables of fre-
quoencles nand, in gone:;nl, 8 differonco of one more or one loss
nay be r%garaoa oo random. Further, 4t 1o ponsible to discern
rondon dlffercncon in eome croups of ovents in vhich each ovent
s doterninn’o and doduolble ond no event is random. It remalns,
thon, thnt the objeoct of stntlictleal lnaulry io tho colneidental
apgrornto of cvents, tiels thot ls, the agrrognbe of events that
has some wnity by _npn.tlni juxtaposition or by tomporal successlion
or by both but locko unlty on the level of insipht and of intel-

1iaible relotlon. In other words, statlotleal lnquiry is concerned
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with none=syntomntic procoecs.

Second.ly, statisticol incuiry investicntes what x
clanricenl inguiry nogloctsn. Tor even Af ono grante that classloal
innniry leads 40 the lawe that explnoln every event, 1t romeins
that cloonleal selonco raraly bothers to explndn the slngle ovents
of non~pyotomatic proceocs and, sbtill less, doos it offer any tech-
nique for the ordoerly study of ¥ groups of such ovents. lloreovor,
there aro ex¢ellcnt reagons for thils noploct. Thoe deduction of
onch =f tho events of m,ponyaystomntic procens beglno by denanding
more obundant and more exnct informntion than there 1s to be hnd.
It proecoode throush a sequence of oiagen dotermined;by the ooln-
eldontes of o random situation. It hng to pootulate unlimited
time to be nblé 10 naport the poonolbllity of compleling the deduc-
tion, If wonld ond up with a result thot lacks ponorality for,
whl ¢ tho reoouldt would hold for an exactly olmllar non-syoctenntle
procesn, it comnnonly would not provide n safe hania'for an approxie
motion to the course of another non-pyntonatle 'rocess with a
allshtly alfferent basle sltuntion, Finnlly, it vonld be prepoge
torong to atiempt to deduce the course of eﬁents for evory none
syotenatlic process. Hot only wonld the forepoing Alfflenlties
have to be surnmonnted an onormons nunber of tlmes but thie
Herculean 1labor ﬁould soem to be to no purposc. How could none
ayatenntic proceagson bo clnanifiépd? Howr could one llst in an

orderly fachilon the totnlity of situntlions of all non-syntenntie

procosses? Yot withont such & claspiflcntion and such a list,

how conld ono identify riven situntions with situntlicns contalned
in tho oxtremely long Qeductions of the oxtromoly largo set msk

of non=oyntenntle processes?
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airdly, stntint;cal inouiry finds on Antelllpgibility
in wint clannlieal inguiry neploots. S0 far {ro havo benn concerned
to stress the defoct of int~1liribllity in non-ayntanntlde procosa.
But a mere dofoct 1n Antellirihliity is not tho besis of & sclontlflo
tﬁet.hod. Thero 4s needod o complomentary direct inaipht that turne
tho. tablos of the defect. Just ao solentific ponoralization exploits
the fact that individuvality peortaing to an empirical rosldue, Just
an tﬁe vonl nunbors, tho theory of continucun functions, ond the
infinitosinnl calenlus explolt the defect of intellipibility in the
continum, Just oo selentifie collnboratlon ie fouaiblo bocaupe
porticnlar plecos and partienlar times perdtain to the ampiricgl
rosiduo, just as tho yrineinlo of inertin cond the basie postulate
of Special Relativity rest on ém onpirically reosidusl aspect of
congtont voloclty, oo also statistleel nclonce 1o the positlve
sdvence of gug intolliponce through the gap in intelligibliity in
coluncldental agororntes of oventa.

Accordingly, bonides tho devalusted invorse lnsight
thnt hag beoen our concern hitherto, there is to bo acknowledped
in atotipticol nclonce nnotheor basle moment that is positive and
crontive, Arintotle vas quite ownre oi‘ﬂlj whint we have namned none
pystenntic process, for ho contended that the vhole course of
torrestrial ovonts vos Just o nerios# of accldents. Dut to thils
devalunted inverse insight ho fu.ilcduto add the furthor ereatlive
monont. Instoad of dlscovering statlotleal method, hie attenpted
40 account for the manlisot contimiity of the terrcstrinl soriles
of nccidonts by involing the continucus Anfluence of the continuously
rototing celestlial sphoros. |

Fourthly, 1t 1o this further intellipibility that de
denicd when random difforences orc afflrmed. For if the statlstloeal

investicntor denls vith non-systomntic processes, he doem not find

;
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the intelilsibllity of pysteomstic procese elther in the Alffercnces
hn pronouncaes ol niflcemt or in tho diff~reaces lie pronounces random.
Agpin, to Gincover tho intolliribility thnt stetistleuld solence
finde in nonepysotem~tic procoss, wo must lool to the differencen
pronouncod ol nilficont, It follows thnt éilforonces In frequencles
of ovento anre rondom vion thay lnck not only the Lutelilglidllty

of ayctomatlc procegs Mt nlgo the intellipihiliity of ronesyetematlo

procesn,

4,3___The Meaninm of Probablldity,
8t111 the reader will W more interosted in hoaring

what ¥ :le intellii lbiliity 1o thon 1 belnpg told thot 1t is lncking

in random differences. Its nne, then, is probability but to grasp

the meaning of ths name is to roach an explonniory definition.

Lot up borin from the dnfinition and then try to understand 1t.
Gonolcer a aet of claspes of oventas, P, Qp Ryaes

and suppond thot in a8 psenruence of Intorvals or oocasions events

in oach clars ocour rearcctively Pys Qs Pysese Pos ay Torees

Pye Qg0 Pypees tinos. Then tho smonucnce of rolotive actunl

froquenclos of the ovento wlll bo the gorlos of sots of proper

froctions, p,.,.f‘"n,_, qi/ ng, ri/nﬁ,... whoreo L= 1, 2, Opeen

and in onch Ciﬁfmtn" ® M -9. g * 3 + +oee Now 1f thero oxists

a sivele sot of.proper fractlons, say p/n, q/ n, r/ Tpeea

puch thrt the difforonces '

P/n=py /My a/n=ay/n,T/nery/ngene

are alwoye random, then tho eonstant proper froactlone will be

the reopoctive probabilities of the clnooes of ovonta, tho assocd~

ation 6!‘ these probobliitles with tho clesses of avenle dofinos 8

state, and the set of ohonrved relstive actwnl frorusncles lp

a roprocontotive somple of the state,

e i s
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The forepoing Yr perspgraph outlines & procedure in
wvhich the contral momont 1s an 1nnicht.. By thot insicht the
innuirer abstracte from the randomnoss i; frecuoncics o disoover
regularitios that ore gxY expressed in constant proper fractlons
named probabili‘des. Thore reonits the soluticn of two outstanding
nothofologlicnl problemn. DBocmuase the prohabilities nre to hold
unliversally, thoreo 1o solved the problom of renching goneral knows
ledge of oronte _.‘m non-gysten tic processes. Decnune states are
defined by tho ascoclntion of cloones of ovents with corrosponding
probabllitios, there io Ly-passed tho problem of dletinpulshing
and Jinting nonesyatematic processon. However, both tho probablle
itioe ond the otatos thoy defirw are nerely the frultes of insight.
They aro hypothotlcal ontitlos wliose oxistonce hag to be vorifisd
and, in fact, bocomos vorified In tho seosurs that subsequent

froquencies of events conform to probeble expectntions. In turn,
this nood of vorifleation provides a simple formulntion for the
notion of & roprenrn' ative annple. For a sot of rolotlve nctual
frequoncles is o roproo-nintlive samaple 1f the probnblillties to
which thoy lood prove to bo correct. On the othor hnnd, a sot of
rolatlive actunl ﬁeéuonoioa is not n represontative sample i the

probabllit los to wilch thoy load mn counter to the facts. It

e T i o i r—— e e

follous that | tho selection of mnresentativo Bn.mploa) 191&1}0 bo.alo

pro.ct.icnl problem of stn.tluuical 1n”ulry‘\and, 1ndeod, that its

solutlon rautst. dcpend not rlor'nly on & full theorotical developnont

of statisticoal method Dut olso on the poncral knocwledre of
individual inveootirntors and on theolr insipghts into whotever -
spocAfic doones thoy hapren to be investipnting.

Such, thon, 1o the roncral context, bhut our concern
mipt center on the inoicht by which intelliponce lcaps fram

freaucncies to probabllitios and, by the samo stroke, abatraots
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from the randomness in froquencles. Novw ean insicht ie neither
& definition nor e pootulate nor an arpument but a proconceptual
event. lonce our aim must be $0 encournge in resders the conseious
ccounrronca of the intelleotual evonts that nnke 1t possible to
Imov what happens vhen probablility io grosped, First, thon,
ve shall conolder an enéiar insirht that b-ars some general resen=
blance to inei-lits into probability. Socondly, wo shnll conolder
an ‘mni(;ht thet oceurs whon & particulsr case of probabllity ls
understosd. Thirdly, ve ohnll move towards the renoral ?; héurdstic
structure within which the notion of protablliity 18 devoloped
and methods of detormining iis preclse content are porfectod.

In tho flret plooe, tho nathematical notlon of

1imit bears o general recemblence to the notlun of probabllity.
Agoordingly, lot us consider tho simplo snum, |
B = 1/2 + ];.-/4 4 :I,f'IB + enea [to n tems]
= 1 - 1/n
vhore, a8 n ineroases, 8 dlffors from unity by an ever amaller
fraction and so, by nsslening n  ovor larger wnluwos, the difference

betvaen the sum, 5 , and unity con ho mode as emall os one pleases.

- In the 1imit then, when thic mumber of terms in tho serles is

infinite, the oum, J , lo unity, [flowever, one cennot write out

an infinlto number of termsy one cammot cvan concelve oach of an

Infi-ite mmber of tepas. Ilorcover, vhlle it e contradlotory

to puppose that on unonding series 1o onded, otildl one can under-
ptond the prineiplo on which onch {raction in the serles s cone
structed, ono oan tell whether or not any fraction bolonge to the
sories, onc oon concelve as mony of tho fractlune as ono ploases,
and one onn groop thot tho more t-rme thore are to the series,

the nearer tho sum is to unity. Finally, there is no contradictlion

in thinking or spocking of pll the torame in tho serles, and one

s b L TR I £



9

Inpirht ipt A . | o

[Third 97 of four)

oan ges thnt thore 1s no polnt in bothering about oxpilcit 00N~
cortdon of the remninder bocause At contalns nothiing that 1s not
alrondy understocd, HNow ndvertence to thip absonce of further
Intoldlipihility in tho romainder io tho ahstrnctive anroet of the
Insloht thnt clalme the whole sories to bo understood suflficiently
in 1%e content and in ito proportien for 1t to be summed ardl for !
the sum to be equoted with unity.

Jut, liko & mathemntleal 1limit, a probebllity s
& number, like a 1init, a robnbllity is o mmber that cannot be
roachod from tho data of o problem without the interventlon of an
lnsieht. Apaln, Juot s the 1imit ve consiaemé:fun&emoqmaemtion o
Hes boyond more termo thon ean be concolved, 50 o probadllity |

llos conoraled viihin tho random omellliotions of relative actual
frenuencies. Finally, Junt as intelll once can reach o limie by

grasving thoat there lo nothing furthor t0 be understood in the

e b ekAem— - e e

unconcelved inTinite romcinder of further torme, s0 aloo Intelli-
gence onn maeh' rrobabilitlicg Ly ebstracting from the random
opollintlong of rolative actunl freauoncles to dlscover n mot oOf
wilvareally velld conntonte. |

In tho second place, to move cloper {0 our quarmry,
lot us amlyéze the toselng of o coin & in tho hope of genernting
tho insight tint proncunces the probabllity of "heads" to bo one-
half, The rcesult, thon, of a toss ls elthor of the alternntives,
"hoads" or "tails." In any plven inotnnee the result nicht have
boonr Aifferent 4f 1) tho initinl && pooition of the coin lnd boon
difforent or 2) dlffercnt linenr and anculnr momenta had boon
imported to it or 8) tho motion hnd been nrrosted at o different
oint, Lot us nnno these three the determinante of the result
and direct owr attentlon to the set of pomoible combinations of

detormlinants.

o ) =
A
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Firet, the set 1s vory large. For any of a vory
iaxge group of inltinl positions con bo conbined with any of a wvery
laype group of Anltlinl linecar and angnler momentm; and any of théra
théne combinations can be combined with any of a very lorpe group
of polnte of ar-ested movom~nt.

Bocondly, the sot of possible combi atlons dlvidos
Into two exactly counl parts. For vhenover "hende" resulta, "talls"
vonld hnve resnlied Af the coln had becn turned over and exactly
tho eame toss and catch had boon exccuted. BSimllarly, vhonover
"£811a" rosults, "hends" world have remiited AL the coin had been
turned ovor and oxactly tho seme tops and ¢ntch had beoon execéuted.
| Thirdly, overy sequonce of actunl conbinatlons le
a random selcotion fron thoe sot of popplble combinatlons. It 18
a peleetion innsnuch as 1% need not include all possible conblnations
M?L:: any vhntever provided
spocified conditl ne of intelliplbllity are not fulfllled., Now
int@lliipibility 1o to be exeluded not from einglo tosses Lut from
the senuonce of tosces as a sequonce. It 1o not to bo excluded
from sinrlo tospes for thcere in no reason to suppose that tossing
a coln lnvolves o susronsion of the laws of mechanica or of any
pinilor seclence. It in to be oxcluded from tho pecuence ap 8 _

a w1 Lrrane

germonce for vo hnvo ovory recson to assert thnt tméymia p X
not. o systonntic process. Hence, every seauence of netual conbin-
ations of determinnntp 48 a coincldental agrrognte. It will ponsess
the unlty of a temporal ouceosslon. Dub x—rhilol any slagle conbline
ation moy be doducible from prior events, ony nequarico of conblne-
ations is deducible =x only from some prior coinclidontal apcregates
forr thn secur~nce cannot he orderly in the senge that there s some

insirht or some set of unlfled Insirhts thnt can be expressed in

genernl torms and con detormino the exact content of the sequance.
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How the relative actunl fronusney of "hecds” 1s the -
fractlon obtnine@ by dlviding the number of times "hnads" ocours
on any given succesplon of tosses by the mmber of tosces in that
successlon, Clearly, thin fraction con ond often will differ from
ong=hnlf. For tho result of eaoh toos lm settled ly the sctunl
combinntlon of deterninonts, nnd thnt combincoilon nay be any
combination whatever, [Howovor, differonces botueon relative actunl
froquencies and ono~hnlf nust be 5. cotneidental agrrernte. For
1f they vore not, they would form on orderly serles; if the
dlfferences formed an orderly serlca, the results would hnve to form
an orderly serldcs; 10 tho reouits formed an orderly norles, the
soruonce of combinntiona of determinnnts wonld form an orderiy
perieg. [Ex hypothogl, thie concluslion is false; theorefore, the
supposltion Wé.a folse. lMoroover, relative actunl froquenclos
cannot holp osolllinting oboint one=half. For tho get of poosibtle
combinations dlvldes Into two exmnotly eaunl ports; and overy
serience of actual combimtlions 1s a rondom pelccotlion from the set
of posoible combinntlons. Now 4n o random sclectlon of & menuence
the soanonce 1o otrippod of all order, sll ropuiarity, all lawg
honce, while it can and WAl include rums of "heods" and runs of
¥ "toils,” 1t eannot possibly stick to one alternstive to the
oxclunion of tho other, ond so relintivo actunl frequency 1s bound
to oscillnte nbout ono=half,

It has beon showm thot the relative actual fro-
quoneles of "heads" 1) can and ofton 4o differ from one~half but

2) oniy at random and 3} in o nonner that ylelds an oscillntion

about ona=helf as o center. Intoilipcence, thon, can grasp &

rorularity in the fro-uenclos by abstracting from thiclr rendom
featnres nnd by settling i! om{n the gedp center sbout which they
onclllate, That abstractlve émap of intellilpibllity is the inslipht
thnt in expresped by snying thet tho probability of '"hoadq" 1a

Iyu - ) o
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However, it 1g only in gomes of chance thet there can
be digcorned an nntecodent oymmetry in tho get of poenible Ioombin-
of deterninnnts,

ationn,of evonts.” In othrr insinnces probabilitics have to be
roachod g poptordord and, to reach ihem, a statiscticel heurlstie
strirctire has to o doveloped. To thip foeue we turn in the next
subsection not, indeed, in the hopo of detormining whot procisely
probabllity must be in nll cases but rathor with the intentlon of

graoping tho underlying antlicipotions thnt Inform statistleal

and error, thwough theorctical dlscoverics oarxd develorins tecimiques,
to nono rounded mothiodolosleal poslitlon asuch ag nlready 1o enjoyed
in cleanical Anventloations. XIn odhior words, Looldes tho mothodieal
renogls of oclontitie insiphts, theve ip the gonesls of sclontlflde
motiod 1tnolf and, when a satinfactory acoomnt of the former le
atill a motior of obmonre debntes, a study of hunon understanding

can drav nd lees proflt from a conoldorntion of the lattor.

44 Annlogy in leurdstic Structure.

The prenont subnmection lo o protractod annlogy.
ndey ton succonolive hendings we shnll recell distinetive feoatires
of ¢clopelenl howirdiotio struotm*-o, note thnlyr roogon or grourd,
and 1n ooch eace procecd Lo an annlogous feoture in a stotistical
heurdstic structure.

Firot, thon, thore 1o the mmerccifled heuristioc
goncept. For the ponl of every inquiry 45 an not of under=
standing, ond tho banic devlice of mothodicnl inauiry 1s to

name tho unovn that w1ll booome lmown vhen the
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antiocirat~d act of underatrmiing ocours., Hence, Just ap tho
clnspical inaudror soqcs %0 know tho "nature of +«o" 80 the
statistical innuirer will nook to kiov tho "state of <ses”
Séconﬁlly’, thore 1o o sroclficatlzn of tho homrlstle
econcept by proscientific deseription. For nll omplrical inqulry !
prosuproscs some obhjoeh thet alroady io rivon but ao yet is not .
underntood; and omf,v puch obJjoct poocnesses iLs presciontifle
Asgeription that provides an AnZilal apeciﬁﬁg}tion for the houriastie

concept. llence, Juct map olossleal lnaniry comos to0 Inow natures

by unde-standing "datn of difforent inds," o statintical lnouiry
comos to lknow stntes by uncrstanding "ordlnary and excertional,

normnl and abnormel vinpg of ovonts.”

Thirdly, linking the open houriptlec concept with
the prescientifically Aesoribed objoct thore i1s tho heuplstle
thoorem. Docouse simllars ore understood oimilarly, natvroo are
Jinkod with dote classifled LY senclble oimllarity. 3o we spoak
of the nature of color or the notuye of sonnd. Simllerly, bocause

o notable ropvlarity 1o comprtible with randonm difforonces in

runs of ovents, statos aro lintod with runs that despile oconslonal

N lapsen ore ordinery or normsl or, apaln, wvith runs thot are
pronounced excorti-nol or nbnormel thoush they contalin a fow

© ordl ary or norral elerments, 80 we sponk of the ntato of & porson's
hnalth, brol:ei'ﬂ g.onk of tho stato of tho nmnrket, ond the Frosident
of the Unitod States dinconrsos on thoe stoto of the natlon,

G Fourthily, to offnot a troncformation of preoclentific

anticipations and deoeriptions, thore lna to be formulnted an

1aenl of sclontifie oxplonntion, Hence, Just ap the classlenl
inowirer plocos kowledre of natuve in the dlocovory ond verification

of dotorninotoe funchbicrwnl rolantio-s, 8o the statiptleal Inauirer

pleces knovledro of olotes in tho aosoclation of sote of closnes




7

| Insirht

Heurictls Structrre 101

of ovents with corresponddns sets of prdtnbilition. In other
vords, Just as tho myst-rious mture of gravity turno out to be

for tho scisntiﬂté n roly o conptant acceloratlion, 8o the mystorioue !

otate of so-and-so's honlth tirnae ouvt to bo for the sciontist
a schiodinde of probabilitlios attached to a schedvle of clauses of

ovent.s.

Fiftaly, from the formulntion of the rreclioe

aciontifle objective thoro follows the dlsplacen~nt of presciontific

by oclentific doserinption. Thuo, to dotermine functionnl rolations

noasuronent ie added to obsorvotlon and mero senslble sindllerity

gives way to similoritlesn of conjunotlon and soporation, of

rropoption and concomitont vorlation. In like nonner $0 deternins

sete of ;robabllitieos tho adJoctlives, ordinary and ezceitlonal,
normal and abnormal, ore replnced by nctunl commting of ovents
and the consemuent itabilntion of rates or of reloilve actuval
fre~noncles. Horocoveor, Lo juctify thils numerleal acenracy,

oxact classlfientiona are borrowed from clreelcal seclonce and

overy ropource in enployed to lollimlt, as for nos possible,

internnlly homogeonoons voline-intorvals of ovonts.

Sixthly, Just as clacslenl inquiry leridves o
goneral vicw of ito pocolililticp from the sathomnotical investie
gatlon of functlions and of grntlo~tomporal 1*:#3.&’010115, 0o otatipe
tlical innuiry £indn oimllar rmidance and oriontation in the
caleulua of probabllitlon,

3ovonthly, Jjust ag classical inquiry evolves
practionl technlouecs of curve-fltting to ald the trangition from
measurenomts to functional rolatio.na, 00 ptatistical inmuiry
develops pinmilar technid_uea 1o 2id the tranpitiorn from rolative

actual frocvencies to probabliitles,

Elehthly, jSuot as classical inrulry proceeds nob

Y pr—
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only from below upwnrds from measurcments through curve-fitting
but aleo from above dowvmwnrds from difforontianl equrtions to
tholr solutions, so nlso a comparableo departmont of stotistical
inquiry has dlecovered. that the solution of oporntor enuntions
yields olronfunciicns nud eleenvalues thrt serve both to nelect
cloepnos of ovents and 1o determine tho respective probabliitien
of the neloctod classos.

Finthly, Jjust as closoical dlocovory is a leap of

conptructlve 1:tellirence thnt pocs bHoyord ascortalned measurements

to poslt a funetlonal relation on which the relnatlonn between all
appropriate suwbsenuont neasurorzents shouwid converge ns on a limit,
80 nloo statlotical discovery (as dlstinet from atatistical infore
mation) is a lenp of constructive intellirence that goes boyond
asgontnined rolntive nctunl fremiwoncles to neoln probabllitlos
wharoe aifferonccu botwvoen protablliiles and rolative actunl
frequoncles 1) chould always be a colneldeninl asgrorate and
2) in ench cane should be oliminnble by extonding the investiration
of that caso.

Honce, just as cloonical laws nre universal and

conetant‘while naasureneonts are partleculiar and svbjoct to tho

variotions introdusod by oxtraneous influcnces, so statistlcal
atétea are uwalvarsal snd constant thourh relrtive acinnl frecuencles
are particular and oublect to random dlfferances,

MTowevor, while Loth typesm of dlscovery are univorsal
and so abstract, stlil they 1nvolve 'different typoo of abstractlon,
In both clanolcnl ond statistlcal constructe there in abstraction
fron the capirlceaily rosidual aspocte of Andividumlity, of tho
contlmum, of portlculor ploces and timeu, and of conptant velocity.
But clopslenl lows, ol least in the deltomiretion of cech law,

alno abpiract {rom colneldental apgrrocatos Lnasmuch as they demand

e e wameee e [P PP RS F—
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the qualificotion, "other thinge boing eaunl.” On the other hand,
otatinstical staton exprosn an intellirl11ity imnnont in coincide-
grw antal ampreratos nnd, to roach thlp Antelliribility, they
abotract from the rendom difforences in rointlive notual freanunncios.

Tonthly, no logn thn the claprleal 2aw, the stotipe

tlonl stnto hag to be verifiod, For knowledroe of stnies in dorived
from particnine froruoniclos by o loap of conotructive intellirence.
Thet loap 1o nelther tho recornition of a fact nor the prosp of }

a necesolty bhut slmply an lrpirht Into pospilbllity. Thoe known

i it S rn b e M e

frequonclos nre 3% ontlofled Ly the suprosdilon of a state tunt

univorenlly 1o nonifeotoed hy ovents of detorninate classesn occurring

with detorminnte probabilitlios, Bnt firthor investiration can
m compronine thie reanld in a vorioty of manners., It may ' _;

revenl on wnsctiofactory closaiflenticn of ovonts, an undeyxestlmation ;

of tho complexity of the gssmuence of situ.n,t.ion; a fallure to ronch
reprogontative sonples., Thon relativo actunl fro-uvencles have to
bo encortoined on a more oxoct or brorder buals, nnd the gonetructive
leoap has to b ropooted in & now nonnen,
3tiZ)l thovgh both cimssical) and ptatlstlceal hypotheses
"\1 noed verificotlon, veriflicetion l:ap not the sane nooning in both

cases. Decause the reletlonos ‘betweon measurenonto converge on the

© funotionnl relsticne thint oxprenn clopoienl lowsg, 1t 1o posalble
to pubstliinto the nmuaerleal vnlues dotornined Ly the neantronents
for the voriables thnt are functionnlly rolated by thoe lava, In
o  contrast, becouss relative nctnl freauoncles Aiffor at random

from proabiiltles, 1t ip rot possible to doduce tho probabilities

from any £uily doterminnte mathonatlieal formula by subatltuting Al

for the variablon of the formuls thoe fractions that correspond to

rolotive notunl Srenuonclos.
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Tho convorso to this difforenco in the menning of
verifleation appoars in tho difference botween classicnl and
statintlenl predictions. Claorleal prediciions can be axnot within |
asolpnnble limdts, hecauso ralatlons betwoon nmonrurenents converge
on tho funetlonnl relaticng that formilete clomoical lawe. Dut
é boowvine relat’ive actunl freauoncles 41ffer at random from
proiabllitiocs, statintical predicticne priuarily repard the
provabliltica of events and only oecondarily determine the
corraaponding frequonclop that differ at prnndom from tho probabe
1litiop. ilcneo, svon vheon mumbora are vory crect and probabilities
hig;h.:& as in the kinetlc thoory of pases, the ponsibilily of
exeol tlons hnp to be aclnovledred; and vhen prodictions rost on
& sintlntienl axiomatic simtctuove, as in oomntum mechnnics, the

stretnre 1ioolf vo-me o Anvolve a principie df indet.orninncy or

uneertninty.

445 _ Some Fyrther Quostionge

Porplblo furtiher cuestlons abonnd, But as the
shrouvd rerder will hewe strnmised, our purponse has bsen not to
work out definitive forndetiong for stntlntleal selcnco tut o
eroop in oome faohfon tho statinticrl hourlatic atructure that

not, omly tockles speclfic rrobloms but alro develops its own -

methiods ao it coos alang and thoreby sots up an exigenco for a

succonclon of now end hettor fowmdationa.

In porticulap there will bo notlced & certaln
loogoness 1n the notiong of sitnta and of probability. But it is
not indeliberate.  The intelltgent formulation of any notlon ie
tho fm_tit of an Inoicht, ernd Ansiphts graocp not o°ly neceasitlas

it alno meora posnibilitlese There 1o an insipht that loads

to the delfinition of the c-ircle, tut 1% does not proira that oircles

D D‘/w‘ A
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are
oxint. Thoro 1s a cluster of inasichts thnt, % formulnted in

Znelldoon pnometry, it they do not prove the exicienco of

Ewelidecn space, {imilinrly, there 1o o rath-r complex insicht

S AR i i, e m s am b e me e e e o e e

tint Jeads to e notlon of probability, and thore i a cluoter

of Ainslrhts exprossed in o colonlus of mrolabllitlos., But the
exoellenco of the inelchio and the Intelloctunl eotlofaction

tney yleld do not ectablish thelyr correspondeice wrikh tho speoific
contont of verifinihle nrobabliitles and vorifinble rolations

between proonbllitleas. At locet, 1 4o not seo my woy to

I

excluding on the gonoral lovel of this in~viry the poosiblllty
thot 8 renge of different {1elds of relatl:ns betwsen proimdilities
mny be formulnted and that statistical sclonce mwy have the task
of gelecting one of these fiolds of rolntions oxmd tho type of | : '1
rrobablilty thoy dofine lunlicitly.

Argin, I may be asked for tho opermtlonal meaning

of the hichly theorotical colncldontal egprepate, Tho anowver s
thint the aprropriate operaticn: ooccwrs on the nethodolorical lovel.
Either o ronge of @5@ obumjvzj\tiona aw‘:*ao ba subouned under
eleonical houristic sirtcturs ol;;wm 0 b pubsumed wndey

statirtical hemristle stincture. On the Tormer hypothesls it

will be posniblo to dlecover scne orderly sorles, rrogcresolon,

or grouping. On the lottor hypothesis no such sorles, progrescion,
or gronplne exists. Noth hypothoses ocan be formmlated; their
implications are 0 be worked outi nnd the {nets are to declde

wilzch hypothesis 1s, if not ultinnte truth, at least the bost

aveiisblo opinion at the rlven stape of oelentific develommont,
Finnliy, 4f probeblliti-e must bo worifled, it also
1 truo thnt there is o prokability of vorifications. But it is

of no littie importance thrt this o ocond probabillity shores the

e

Fania

nano tut not the nature of the first, For the first probebility
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apart from rrndom differonces, corrosponds o the roletive actwal
i‘mmioncy of ovonto. It 1o tho roaarity An the frenunncles and
1t 40 o bo iam by & lonp of consiructive intellirance thot
groopn the ropuiorlty by abstracting from the rnndomnosa. In
contrant, tho second probability 1o not some froctlon thot, apart
from rondom Aliferences, corrngopoadn to tho reintive actunl fre=-
auaney of verilleations. A propondertnee of favorble tosts de
not nalko a goucluslon almoot cortalng indeod, o vory four cone
trary tantﬁ gufiico to nako 1t higily inproinble. love funds-
montolly, tho pccond probeiliity i not mowm by A leap of come
struoblve Antellirencoe thnt abeatracts Crom randem differences,
for much loays never yield anyt ing but hypothoses. As will
ap:aoaf in Choptors IX and X, the opocond prouabDliity is hnown
throuwrh acts of roileetlive undernionding and Jjudrmenty 1t neans
that on nfi‘lmmt.ioﬁ or nogntlon lends townpds the wiconditionedsg
and 1% is ontinntod, not hy countlng vorlilentions nnd nbatracting
fron randon JLC~-onces, ™t by oritdcirci ¢ vorifications and Wy
tnking evorytulng b rolovent into ngooimt,

For these reccons, then, wo diptd rmilsh shoxrply

otween "probabiy ocowrring ond "probebly true." For tho some

‘ronnons ve roinpe o Ldentify "eertalnty” 1n the sonpe of unit

prohability vith "eortal -ty in tho scnte of "cortalnly verified,"”
Tt followe thnt ve £ind it nooningless to reprrecent Ww a {raction
tie probecility of m vorificntion, Slmilerly, we find Lt fallow
clons to arpue thet probablo evente are not certaln ovents becanse
probable judprnts are nob certnln hilmenta. Indeed, thet fallacy
Peck-ori ydIo dnalysis: for ve linve pronted.-that slncle
ranta m,v o dedelile nnd, in ot | CONQO, __cof?%.e.in yat tho aame

e}m’nm og & group moy form a colneliental z_:af;g';a’-c-zg:_zz.te sl 004 vhen

i:.fwéﬁtiﬁrité@.“ﬁ?iff;h' *he pondinalty r.iz_?},da----‘gmn’nlbleéf-by' ctatintienl
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vonld wrack ovr manlynilses Hot only are thore two nenningos 4o
pronbliity and two mronineo $o certainty but aloo thore are two
nonners in v.thlcg‘fgm avonts of non=aynton~tic rrocess onn bo
invontirntod. Clnhncicnl procodiures woild yield particuiar,
prohably vorlflad coaeluslons ubof:énggnm aonipned a tnit Moe
bability, vhero statistloal procedures wonld yield gonergl,
probably verliled coneluslons ebont ovonta oo nombors of coineide
ental oppreratos Ly noeirning thom fragtional mrobebllitlos.
Hefore cloping it nay be well to add a word on the
ugo of the Lorna, "elsanlcnl” and "etntistical.' In conienporary
phyoics 1t io cnwtonnry to oppose "elesnicnl” to "auwantwn" and
Yatotiotical 0 "nochanicnl.” o tinre aricos the CamAlior
divislon of cirs~lonl nochandes (fewton), cleossleel sintistics
(Boltzmenn), quantwn nochnics (9ehrddingor, ileloenbers), and
guentun etatlotles (Done-~Gingtolin, Fernl«lirac), Clearly, Lovover,
tggfggigy of hourletic gtructivwes domnnds nodt o fonrfold bt a
tuofold Alvislion, Dither intolllironce entlelpetos thic discovery
of functionel rolationa on which relntlicng botireon neasuronents
il convorge, or ¢ipo 1t antliclpotes the dlocovery of probnbilitiea
from which rolntive actunld frequencles uny diverre thourh only at
rardon,. The Intter nitermtbive na o Lnlply cleny clain to the
nano, "etatlistlcall!  The former nltornative 1o not limitod to
Nowtonion mechnles and, in the opinion of nany, docs not regard
quaniun nechanicese It 1o o mode of incndry comston to Galileo,
FNeviton, Clerk—-i--:amfoll, end Binotelny 1t io ag familior to the
chionint ap o the plyynielot; 1t long wno concicoered the unlaue
node of seientific invontipntlony it lins Desn the principal source
of thé high romte of aclences 1In such o work as the pronent
no ono, I trust, will be minled il gso clasolenl o procedure 1s
naned "oinsslicals" |
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nadrht.  Heurdiotic Siructu | - oYor

2. Survey, '
Perhnps onowh propreas has been mnde for the rather o

1 novel oriontntion of this inguiry to come into better foous. Ve
bepan from the deseription of o dlncovery to nroceed to Alntinguloh

Inoights, thelr cumilnsiion to hilrhier viewvoints, »nd the sirnificonce

AT T T e e 1

o of praoplng thnt ot tlnes $he poiat 1s that t:re 1s no voint, X

the frosont chasiter we Lovo moved rot Lorverd nnd ontwnyd to con-

cluslons nbout objects Imt ratior bnclamrd and inunrd to tho sub-

Joct's nntlelpationn of insichte thant “nve not seonrred and to tho
nothodical ozploliation of sueh antileipntinns. In 2ind 2 wnrd novae

ment tho rosder cnn foracse tho dirvetion in whleh tho vhole wvorlk

Rt e T ot U AR R S T L e

vill advonce. For our{ ronl ia 2ot any rel-atiflc obloct, sny anie

i L i ks A e ® A, ST

verpal and nocassary truth, any prinary propositicns. Our goal is
.thh coneroto, 1nividunl, eridoting nubloct that Intelilrently

geroreton and c1ﬁit,1cn,3.1y evelunleos and mrorreenively rovicon avory _
scicntific obloot, overy wenutlious ototencot, every riaoroxiely |
“logleel rootlse piace thot olfeors rromaturaly o hone {or the rostlese _ §
dynacion of hnoen understending. Our emblticn ls tc reach neithor
the loowm nor tho mounble but the lmower. Chorter I mrole of the

inal-hte ho ascka. Chopler II hne Introdiced the houriotie stractiures

thet inf{ rmm hic aeoir.ing. Choptors III to V will conmsollidate this
position, Chaptors VI and VII will tum to the cetivities of nore
or leps intolliront comaon somge. Chirpdor VIIT will brlac sclonce |
and conmon senge tog'cthnr. chxmamrn IN and X will tacklo the _. ?f

Mcﬁhb M
rrobloms of cri%ical Jur'lfr*ﬂnt t,o oxmiodn to larntient r-aders what

0 thoy have beon abont while we 1In tho firet oipht chaplexys were

attenpting to conmmlioento to thom tho noceponry yrior insichte, J

At
Chnptors X1, to XVII ondeavor to mroop within a. olnple view, the

totallty of views on Inovindre, objeotivity, rnd reaslltyjifer all H
i rrocood {rom tho enrdrienl, Intellectunl, and raticonl conselousness |

! of the conerote subjoct. -
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