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In th2 midst of that vast and profound stirring
of human minds, which »a name the Benalssance, Descurtas
w&as convineal that too many neonls falt it bencath them

to direct taelir »fforts to apparably trifling problems,

"é-*“'_"iilﬁlL ’

Again a nd aguln, in his Repulse »d dirsctdonenm 3nzonii, 3

he reverts to this theme. Intellectual mestery of methe-
matics, of the devartusnts of sele e, of philosonhy, is ; O
the fruit of a slow ondl stendy accunulation of little i~

sights, Great nroblems cre solved by beine brokén dovr Iato

little nroblems, Tha strokes of panius are but the nitcone

of a continunus habit of Inguiry that grasps clearly and f
distinetly &all tha«t 1s involved in tha simple things that E
anyone can understand, ‘L]
I thought it wall to begin by racmilin; this

comviction of & famous muthematiclan ani ohilesopher, for

our first task vill be to attain familierdiy vith het is

i meant by insigat, and the only way to achievs this and
is, 1t scoms, to attend very closely to a serios of ine

stances all of vilch are rather remarkeble for theldr

banality.,
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1:/ Our first 1llustratlve instance of inzignt will
ba the story of irechimedes rushing nassd from ths baths of
Syracuse with the eryotie cry, Yinraka®l King liiero, 1t
secms, had had a votive crovn fashioned by a smith of rare
skill and doubtful honecty, He wishel to kiov vhether or
not baser metnls hiad been added to the pold. Archimedes
was set the problem and In thz bath had hit upon the solne
tion, Velrh the crown la »atert Inplicit in thic Alrective
wvare tha nrinciples of digplacenent and of speeifice rravity,
vith those principles of hydrostaiics we aro not
dir :¢ctly coacerned, For our objretive 1: aa lnasirht {nto
insight, Archinedes had his inciyht by thinsdng about the
crovns: va shall navae ours by thinalng ebout Archiimedes,
fhat we have to gregp is that insight 1) comes as release
to the tension of inquiry, ») comaes suddnly and unegpuct-
edly, 3} 1ls a fuanctisn aot of auter cirenastances but
inner conditions, 4} pivots betusen the concrete and the
abstract, and 5) passes Into the habitnal texture of onots
mindf
First, then, insight comes as & releass to the
tension of inguiry. This festure 1s dramatized in the story
by Archimedes' pecullarly uninhiibited sxultation, But the
point I would make does not lie in this outbhurst of d;f?;ht'

but 1 the antecedent desire and effort that 1t betrays,

B /:,: - 'i_"" ’:"" f’_.{_. a1
For if the tgpic&l seientist!s satislaction in success 1s

radadone s
more sedate, hile earnestness in inguiry can stlll axceed

that of Archimales, Daep within us all, emergent vhen the

nolse of othar apnetites is stilled, there 18 a drive to
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Foot~note to Chapter I, 1, @ 1:;. 35.

A profusion of instancoes of inslght 1s
offared by E. D, Hutchinson in three nrticles orlginally

publishod@ in Pgychiatry and reprinted in A Study of Inter=
porgonnl Relatlonp [oditoed by P, Mullahy, New Yorkk 19497,
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Knov, to unisrstand, to see why, to discover the raason,
to find the cause, to explsin, Just what 10 wwated, has
many nemes, In hit nrecisely it eoasizts, 1s a mattor of
dis-ute, But the faect of in-uiry 1¢ bayon? all doubt, It

can absorb a man. It cxn keap him for hanrs, day cftar day,

year after year, in the narrov prison of nis study or his
laboratory. It can send him on dwuncerous voyuras of explora-?i
tion. It can withdrav him from othzr interssis, othar para- .
suits, other plaasures,other achiicvements. It cin £111 his
waking thoughts, hide from him tha world of ordinsry af-
fairs, invade the very rsbric of his draams, It cen Jdemant
s illess sacrifices that are meie vithout regret thourh
thers: is only the hop=, never a certain prorise, of nuccess.:?
Vhat better symbol could ons £ind for thle obgcure, =xi-
gent, imporloun irlve, than a men, naiked, runidlng, excited-
ly crying, "I've 4ot Lt*,
Seconily, insignt comes suddonly and unﬂxpwct@dly.=i
It did not occur vhen Archimedes »as in th: mood and pos-
ture that a sculptor would select to poriray "ae Thinkerv,
it céme in a flash, on & trivial occasion, in a moment of
rilaxation, Gucs more there is dramatlzed a aaiversal as-
pect of insight, For 1t is reached, in the last analysis,
not by learaing rules, not by folloving pracepts, not by
studying any methodology. Dizcovery 1s a new beginning,

It is the origin of new rules that supplenmsnt or even sup-

pnlant the old, Genins 1s creative, It 1s genius pracisely

¥

bacause it disregards established rontines, bacause it
ofiginates tite novelties that will be tiue routinss of the

future, Vera thers rnles for discovary, then discoveries
- 3_.
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would be mere coaclusions, Were thers precepts for genius,
then men of genius would ba hacks. Indeed, what L3 tra of
discovery, also nolis for the transmicsion of discoveries
by teaching., For a teacher cannot undertake to meks & pupil
understand. ALl he can do 1s present tie sensible elements
in the issue in a suggestive orler and with a proper Ais-
tribution of emphasis, It ds up to the nupils thonsalves
to reacn anderstanding, =nd they do so in varying maasuras
of ease andl rasidity, Uone vet the paliat befors the teachar
can findish his exnosition, Others just manses to ke9p paca
with him, Dthers see the lirht ouliy anan_théy g0 over the
matier by themselves, Conz finally navee cateh on at ally
for a while thay folle tha clisses bat, sooner or latar,
they droov by bhe ray.

hirdly, laslght is & function, not of outer
circumstancaes, bhut of inner condlitions,. :any frequsntad the
baths of Syrac:se vithout coming to grasp the prinecldnles
of hydrostatlics, But vho bathed thare without feellng the

water, or without fiuwdiing i1t hot or cold or tepid? Thera

1y, then, a strange differance betveen lasight and senﬂationgf
Unlass one 1is deafl, one cannot avold hearii~, Unless one
is blind, one has only to op2n one's eyes to see. The ovcur-j!
ronce and the content of sensation stand in some immedliste
correlation with outer clrcumstance, Bubt with insight, in-
ternel conditions are paramount., Thne, Insight depends unon
native andowment and so, with fair accuracy, onas can say
that insight 45 the act that ogcurs freguently la the in-
telligent and rarvely in the'stupid. Agaln, insight depends

upon a habltusl orientation, upon & verpatual alartnaess
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aver asking the little guestion,"¥hy?", Finally, insight
depends on the actirate prosentation of Aefinite proahlams,
Had Hiero not rmt his vroblem to Arenimedes, had Arohimedas
not thiought earnestly, perhaps desperately, upnn b, the

beths of Syrecuse would have beor no more foous than any

others,

Fourthly, insight piveote batveen the cmecerete and
;he abstract. Archimed=s! problem vas concreta, He had to
sattla whether a particular cron waz snde of nure sald,
Archimedest -olution was coneretz, It »uz to welgh iy crown §4
in water, Yet if we “SK what Vg the paint to that procedure?{
wa have to have raconrese to “hie abstract formmlutions of
P onrinelnles oi'. displacement and of spacilic provity, Vithd
out that point, welghing the crown fn vator v ld ba mars
gcernbriclity. Once tue solut 1o ¢resped, sin, idlavo and his
golden crov beeore minor nlstorlcal details of no sciantif-Qi
ic importaacs, Onve more the story dramutlizes a universsl
aapect of inziyht, For i insigits arlise from eancrete pro-
blems, 1f they reveal their value in concrate applic#tions,
none the less ther possess & significence greatar than thelrd
6rigins anst a relevance wider then their oxizinal amplica- !
tions., Bacause insigznts arlse with reference to the coneretel}
P sl ea sad
yar S8 Trdmuy mothematiclms Jwrvwesdsabals,
t#ﬁvnﬁfc navi black-boards, pupils have to perform axaperi-

ments for thnmselku, doctors have to see thelr patients,’

trouble-shooters heve to travel to thas spot, people vith a
mechanical bont teke thidngs apart to see hov thay work, But
hecausa the significance and relsvance of in-ilght goes be-

yond any concvete oaroblem or application, men formulate ab-
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stract sciences with their numbers and symbols, thelr tech-
nical terms and formulae, thelr definitions, postulates,
and deductions, Thus, by its very nature, Insight is the
medlator, the hinge,the pivot, It 1s insight inte the con-

crete world of sense and imaginetdon, Yot what 1s knonwm by

Insight, “hat Iasight adis to zansible and imarined praesen- f

tatlons, fiuis it alequate expression only in the abstract §

and recondlte formulations of the sclences,
Fifthly, insignt passes into the habltual texture
of one's mind, Before archimedes could solve his nrobtlsm,

he neoded an inctant of inspiration. Dut be neqded no furs

ther inspiration when he vwent to offer ths king his =olution ;
Once one has understood, one has crosced & divide., Yhet a
v« moment &ago was an insolnble protlem, now becomzs lacradibly _f
sinple and obvious, Moreover, it tonds to remain simnl=z and .g

obvious, Hovever laboriouns the [irst occurrence of sn in-

sight may be, subsccuent repesitions occur almost at will,
This, too, is a universal characteristic of insight end, .1}
indeed, 1t constitutes the possibility of leavning, For we

can learn inusiruch as we can add insipght to insight, fnas.

oieh g8s the aov 1oss not extrude fne old Wt comrlaments

and combincs with it, Inversely, inasmuch as the subiesct to :;
be learnt involves the acgnisition of a whole series of in-
sights, the process of lsarning is marked by an initial per- §

#?
;

10d of darkness in rhich one gropes about Insecurely, in

which one cannot see vhere one Is goling, in chich one can-

not grasp what &ll the fuss i¢ about: and only graduzlly,
g3 one begins to catceh on, does the initial darkness yleld

to a subsequent period of incraasing light, confldence,

R



interest, absorptinn, Then, the infinitesimal calculus or
theoretical physics or ths issues of ghilosonhy cease to
be the mysterious znd fogpy realms thay had zeemed, Impar-
ceptibvly we snift from tho helpless infancy of the beginnar ;
to the modest telf-confildence of the advinced student,
tventually we bacome capzble of taking over tha teacher's
role and comvlaiving of tha remarxshle obtusaness of nupils
that fail t» see vhet, of course, is perfactly simnle &nd
obvinus to tiwwsg that understend,

WS~
2.7 As every school#boy knows, & circle is a locus
of coplanar voints equldilstant from s center, Yhat avery
schoo%ipoy does not know is the difference betweer repsating
that definition, as a parrot might, and uttering it intelli-
gently. 5o, with a éidelong bovw to Descartes! Insistence on
the importance of unlerstending very siiaple thinge, lat us
Inguire into the genesis of the definition of the cireles,
2.1 Iﬁagiue a cart-vheel with 1ts bulky hub, its
stout spokeg, 1ts solid rin,

Ask & question, Yhy 1s it round?

Limit the gquestion, Vhet is vanted 1s the im-
menent ground of the roundness of the wheel, Hencs & cﬁrrect
answer »111 not introduce neg- data such &s carts, carting,
transportation, o vheelwrlghts, or their tools. It will
aggt;i simnly to the wheel,

| Consider a sugzestion, The wheel is round because
its spokes are equal. Cleerly, that will not do. The spokes
could be egual yet sink unequally into thie hub and rim,

Again, the rim conld be flat betveen successive spoxas,




§t111, we heve a clue, Let the hub dsecrease %o a

point; lot the rim and spokes thin out into lines: then, 17 1

theore were an infinity of snoites and all ware exactly aqual,i

the rim would have to be parfaeily ronnd; iaversely, wore
any of the spokes unegual, the rim could not avoid hurps
or dents, Heaes, ve can zay that tha whesl necessarily is
ro:idy, inasmuch as the distance from the center of the hubd i
to the outside of the rim is zlvays the sane,

A mrhzr of observations are now in order, Tha
foregoing btrings us close ensugn to the definition of the
clrcle, But o1r purvose is to sttain Insisht, not iato the
circle, but into th2 act i{llustrated by insicht into the
circle,.

The first observation, then, is that points and

lines cannot be imagined, One cen imegine an axtremely

small dot, But no matter hov small a dot may be, still 1t

has megnitude. To reach a point, all magnitude must vanish,lfg

and vith all qﬂggnitude there vanlcsiies th2 dot as uwell, One_;_

can ima:ine an extromely fine thread, But no matter how

fine a thresad may be, still it has breadth and dapth as walll

as length, lienove from tha imags 21l breadth and depth, and'iﬁ

thara venlishes all length as well.,
Re - The secon:l observation is that points and lines
are concepts. |

Just ux lmagination 1ig the playzround of our
desires and our {ewrs, so conception is the nlay gzround of
our intelligence. Just &as Imaginatlon can create objects
never seen or heard or felt, so too conception can ecreate

- 8 - \
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- dmegined 1iae bze broadth as w23l as lenzth, but the geome-

objects that cannot even ba {magined, How? By su nazing,

The imagined dot has maynltude as well as position, but

tha geometer szays, Let us sunvocz It Liss aaly pouition, The

Ler says, Lut a3 510038 L4 has only luagth, 3

5till, there 4s methol in this wadness. Our images
and gspecially our dreams sieen very ra.dom affairs, yet
psychologists offer to =xplain them, Cinilarly, tha suprosi-
tions underlying concests may appaar very fanciful, yst they{ |
too can be exnlained, Vihy Ald we recuirs the hub to decreasa
to & pnint and the snokes and rim to mere lines? Because

vwe had & cluz ~ the equality of thae spokas - and ve were

pushing it for all 1t was worth. As long as¢ the hudb had any
nagnitude, the saokes coull siak Inte 1t unequally. As long
as the snokes had any tinickne ssy the wheel cosld bs flat
&t tonglr ends. fo wa zupmosed a polnt vithout macaltade,

and lines without thicknoss to abtain a curve that wnuld be

perfectly, necessarily round.
doty, thau, two yroperties of concepts., In thas first

place, they ara coastitutad by the mere activity of suppos-

ing, thinking, concldering, formulating, defining., They may

or may not be more than that, But 1f tney are more, then
they are not merely concepts, ind if they are no more than
surposed or consldered or thought about, still that is g

gnough to constitute tiuem as concents. In the szecond place,

- _..l..._..__]..‘-.._... T

concepts do not occur et randon: they emerge in thinking,

sup.osing, considering, defining, formulating: and thet many'h

-named activity occurs, not at random, but in conjunction

-9 _
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with an wet of Incighsz,
o Th Smege.
é.ﬁ/ Saz third observetion s that the lmago 1s

neceqﬁyary for the insizht,

Points end Lines cnnnot be imspined, But nei-
ther can ngceoesity or Luporsibility de imsrInad, Yet in

approzching the definition of the circle, there sccurred

some apprehaasion of ascesslity and of lapossibility. As ye
remariked, 1f all the redil are equel, th» curve must beo per.
fectly rouad; and Lf any radil are aasqal, the curve can- | |

not avaold buups or dents,

furthar, thw nseaesity in question vas not
nacessity in general but a nucessity of roundness result-
ing from these ogual radil, Sindlarly, ths Impossihility ir
quastion war not lwpossibility in the shstract but an imnnss:t
bility of roundneds resalting from these unecuel redidi,
Eliwingts %he ivose of the eoatar, the radil, ths curve, &nd ;
by the ssg= stroks thers venishes sll graép ol nacassary or: ;
of impossible roundness,
Zut it 1 thet grasp that constitutes the 1n- 3
sights It 1: tha occurrence of that grasp that maken the
differance butween rupe%ting tha definitign of & circle, ax 5_
8 perrot might, and uttering it intelligently, uttering it
with the sbillity to make up a new definition Tor oneself,
t follovz that the image 1s necessary for th:*f
insight, Inversoly, 1t folIOuﬂ that the insight iz the wot
of catehiing on to & connectlion betvesn imagined equal rad11 

and, on the other hand, @ curve that 1s bound to look per-

- 10 =
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Tha Quuseion, .

Aoi// The fourth observation adverts to the question
There is tha question as expressed in vords, j
¥y 1s the rheel round? ;
bandnd the worvls there may be eoncepiual actsE
of meanlng, such &: YaheelM, "round", sie,
Rahind these concents thare may be Insights
in which one grasps hor to uge such words as "whesl",
"round¥, etc,
But_what we arg trylng to get at, 1is snme~ ;

?
thing dif{ferent, ¥here does the “th? conma {ron? Vhet does

it revesl or represent? Already we had occesion to speak of | ?

the psychologicel tension thet hod 1ts reluwase in the joy of?ii

dlscovary. It is that tension, thet drive, thet desire to

understand, that constitutes the srimordlel “Why?"& fame !??

it what you please, slertness of rdnd, intellectual curiosi;féj

the spirit of inculry, active intelligsnce, the Arivs to
know, Under any nsne, it remains the same an? is, I truct,
very famlliar to you,

This primordial drdve, then, Lg the surs
guestion, it lz prior to any insights, any concepts, any
vords, for insights, concepts, words, have to do wlth an-
swersy and bafore »e look for ansiers, we want them; such
wanting 45 the purs question, |

On the other hind, though the pure guestion

1s prior to lasignts, concents, and words, 1t nresup-oses

experiences and imugas, Just as insigat 4s into the concretel |

ly given or imagined, so the pure gquestion is ahout the con-

eretely glven or imapgined, It 15 the wonder* vileh Aristotle é

- 11 - ) | ‘
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has been releacad from othsr ceres, It 1s fres to cooparste

¢leimed to be tho beglaning of ell ccience &nd philosbﬂhy.

But ne one ot voanders, Ve woonder abait sazothing.
/gw.aw :

2,5 A Pifth obecorvation dilstiaguisnes moments in

th~ gzi3gis of a definitlion.

"hea an woileal hes notulny ta do, it zo:g to

glean, Vhein 8 wan has asthin, to do, he msy sk sasstions,
Tha £irst moatont 1o ga avakeninzg o one's {ntsliipance, It
Is relesss fraw ti= doninznce of bislogical drive ani fron
the routines of wverylay liviag. It 1z the elfaetive sasr-
gence of “ondery of the desire to umudorstana. |

Tha second momsat 1: the hiay, tho suﬁgastion;
the cloe, In.dight has bagaa. Ve oave got hﬁlﬁ of conething,
Theras is a chanee that w2 ara on sho risht track. Letts sae.

The third moyent 1z the orocess. Inaglnetion

vith Intellactual offort, snd its cooperation consdicts in

endoavoring to ru narallal 5o intellisent survositione wh%}
at the same time, ractrainlag supnosition vithin come ldmits):
of aﬁproximation to rhe imaginable [1ald,

Thz fourth rorent is achlevemant, By their
coaperation, by succescive adjusimants, question and ine

slght, imege an? emcept, prescat & soldd front, The an-

swear 1sfputtarned zat of concepts, Thae dmspe strains to
approximate to tha concepts, Tanae concepts, by added concep- :
tual deterninutions, can express thelr differences from the
merely approximate Imsge, The pivolt babieen luw;es and con-
cepts is the insizht, And sstting the standard which in-

slght, images, and concepts must meet Is th= guestion, the

desire to know, that could have kept the grocess in motion

- 12 -
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by further queries, hed its requirements not been satls-

fied, .
,VMQJ- Aol Eh/"l-o»@try, %ﬁm .
2.?,* £ sixth observation Jistingnishas dlfferent

kinde of dafi..ition, £5 Buelid dafined a str:dgnt line as
& line lying <venly betueen its axtremes, so he mizht have

defined a circle as & perfectly roand plans curva. 4s the

former definltion, so also the latter wo:ld serve to Aetar-
rine unequivocally tha sropsr usz of the names, stralght
line, c¢ircle, Bat, in fuct, £aclddls dafinition of the cir-
¢le does more then reveal the prover usa of the name, cir-
eles It includes the affirmation that ian any circlg&rall
radil are exactly eaual: and are that affirmation nont in-

cluded in the defiadtion, then Lt r2114d have had to be

added #: & »ostulate.
To view the same mattor from a.othar wunrle,

art. )
Brelid did postulate that all richt anglesﬁbe anual, Let

ns nams the sum of two adjacent right enisles & straight
angle. Than, 1f all right ensles are equel, neces:zarily all
straight an;las i1l be equal. Inversely, if all straight
A‘ﬁ anglez ara anaal, all right ancles must be equalif dow if
straizht lines are really gtralgnt, {9 thay never bead in
any direction, must not all straizht angles be equal? Could
not the postulate of the equality of straight angles be in-
cluded in the definition o7 *the straigpht line, as tha pos~
tnlate of tha a2quality »f radll 1s inelndad in the defini-

tion of tha erircla?

At any rate, thare 15 a diffarence between
namingl and aexplanatary dafinitlons, Noninal definttions

marely tell us about the eorraeh usaye of naWSS«Explanatory

~ 13 =
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definitions zlso include something 1r‘urti'wr that, vere {t
not included in the definitlon, vould have to be added as
a postulate,

vhat eastitotes the diflerence? It is not that ex-
planatory delinitisas supvosa an insipght while nominal defQ
initions do not. For & laaguaze 1s an enormously complicated
tool with an almost endless varisty of poarts that admit a
far grezter number of sirnificant combinations, If iasight
is needed to see hov other tools are to be usged proverly
and effuctively, Insight 1s similarly needsd to nuse a lan-
guage properly aai efluetively,

5till, this yields, I think, the answer to our

question. Both nominal ¢nd explanatory definitions suppﬁse
Insights. But a nowlnzl defialtlon suvnrosas no marse than an
insight into the proper use of lénguage, £n asxplanatory def-

inition, on the other hend, supposes & further Insight into

the objacts to which language vafers, The name, cirele, is | §

defined as a porfactly round plane curve, as the nama,
straight ling, is deflaed as a liae lyling evenly betweeon
its extrem=s. Bat vhen one goes on to affirm thet £11 radii
in a eircle are squal or that &£11 right engles are asqual,
one no longer is teludng merely of names, One is making
assertions ahout the objects which names denote,

?n.'m tve ooy
2.7 & seventh obrervation adds a note on the old

/
puzzle of prisitive terms,

Bvery definition presuppoczs other terms, If
these cen be defined, tasir derinitions will presuppose

atill other terms., But one cannot regress to infidty,

Hence, alther definition is based on undefined terms or
- 14 -
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else terms are le7finad in a circls so that such virtuslly
defines iisels,

Fortunatoly, we are under no necersity of accepting
the arpument's supnosition. Definitions do not occur in a
private vacuuw of thedr own, They energe in solidarity
with experiences, ima;es, guestions, and insights, It 4s
true enouph thst every dafinition involves sevaral terms,
but Lt 1s also true thet no insight cen be oxpressed by a
single term, and it Is 1ot true that every insipht pre-
sun=oses previons Insigints.

Lot us =ay, thsn, that {or avery basie ilusieght
there is & circle of terms and relatinns, such that the
tarms flx the relatiou:, the relations fix the terms, and
the Ilnzight filxes both, If one pgrasps the neceszsary and
sufficient eonditions for the norfact roundness of thnis
imugined plunc varve, then one yrasps not onuly thae circle
but also th: nolnt, the line, tha elrcumference, the radid,
the plane, and equality. ALl the concepts tumbls out togethg'
becausse 811 are necded to express adequately a single insig@:?*
All are coherent, for coherence baslcally means that sll
hang together from a single lasicht,

Agaln, there can ber a sof of basic Insights,

Such is the set uaderlying Buclidean geometry, Bzcause the
set of insights 1s coherent, thay generate a set of coherent
definitions, Bacause different obiects of definition ars

composed of similer a2lements, such t2rms as podnt, line,

surface, angle, kesp recurring in distinet definitions,
Thus, ifuclid begins his exnositisn from s set of imi;es, a

set of 1néights, and g sat of definitions:isome of his dafin
fea

tiong are marely nominal: come are explanatory; some are

1K :
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derived, nartly from noninzlly and partly from sxmplanator-
11y defined termrs.

Tmplicd Dufersdiow.
2.8 A finul obzervation lntroduces the notlion of
Implicit daetiaition,

' D, dllbert hos vorked ouat mn({at;nnf of
Geometry thet satisly contsamporary logiclans, On- of his
important devices 1s known as implicit d=finitdonz, Thus,
the mesning of both voint and strailpht line i: fEied by
the reletion that two ond only tvo nointcs deternine a
straight line,

In termz of the [oregoing analysls, one may
say thet implicit defi..ition,consists in explenstory defini- |
tion without nominzl delinition. It consists in explanatory
delinition, for the relutlon that two noints determine a
strafght lduc 1s & postnlutinaul element suclh &s the squal-
ity of 81l radii in & circlie, It onlty sovdeo? dafinition,

Hilbestt '
9 for ane cennot ?estric%‘ ;

. one .
ean meaning of position wiktaout masnitude. An or2ersd pair

M;;_;:;inlﬂ,f; p§int to tha fuelid-
_#ﬁ§ of nurbers sebtlisfles Hdilbert's implicit Jdefi ltion of a
point, for Wwo sacn nairs deteraine & straight line, Sim-
1larly, a fivch degree equation saticfiss lillbert's implicit
definition of.a stradght line, for such &n equation 1is
determined by two ordered pairs of nuabers,

The significance of iumplicit definltion is itqu

complete generality, The omission of nowinal definitions i

S

is the omission of & restriction to th2 objects which, in
the first instance, one happens to be thianking about, The
gxelusive use of axplenatory or postulational elements con-

centrates attantlon pon the6set of relationships in vhich

. . . R




the whole of sclentific significance is contained,
H;,ﬁ.-rf .

3.9/' The fext significant sten to be taken in working

out the nature of insight 1s to znalyze dsveloument, Single

Lisights occur either in isolanion or in related flelds,

In the lattor case, thney combine, cluster, coslesce, into

the mastery of 2 subject: they ground sats of d:linitlons,

postulates, daductions: ther sdmlt applications to snormous

. _ . j
ranges of dnstances, But the matter dose nnt end thera, 1
i1l further insights arise. The shorticomings 2f the pre- |

| iy

vious position bdecoms racognizad. How defiiitinns and pos- ?
tulates ara eviesd, & naw on’ larper 1214 of dedurtions
15 set up, Browler un? mors accuratz apnlications beeonme
possible. Luoen a4 complex sulft in the whole structare of
insights, definitions, postulurnss, &ad deductions, and
appllcations may be referced to vary hriefly as tha emergagg
of a hizher viewdoint, Our question is, Just what happens?

Takine our cluas from Dascartes! insistonce on
understunding simple talngs, we salaet as our pllot in-
étauée the transition f{rom arithmetle to elementary alzebra,
Hornover, %o guard apalnst possible alsinterpretations, let
us say that by azithmeiic 1s meant & subject studled in
grade schoal anl that by elemenhary-algebra is mzant &
subbjeet studled In high school,

70557::'- ; .

3.%7/ A Tivst stap is to offer some definition of the
positive Integers, 1, %y 3, 4y sececse

Leb-us suppose an indaficite multitude of {n-
stancas of Mouu'. Thay may he anything ainyone pleases, from

shegp to fuastancs: of tihe act of counting or ordering,

- 17 -




~thoy are an indefinitely graat multlitude: &nd it 1s only in
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Further, 1ot uz supnnsg as too familiar to be
def'inad, the nosions of Mone", M"plus®, and "egualsh,

Than, there le as 137iqiwe soriss of dafinltlons
for the inliqit. carles of positive intajers, and &t may

be Andicatal syubolicelly by tha following:

1l 0+ 1 = 2
2 + 1 = 3
3 * 1 = ji'

etc., ertc.,, eltCies.vse

This symbnlic i-dlecetion may ba interpreted in any of a
variety of monnars. It rmoans one plus sue equals two, or
two 1s one mare then one, or the sseond 1o the navr after
the flrst, or aven the relacsions betwseon classes of groups
escih wlth one, or two, or three, etec,, members, As the
acnte reader will zes, the one inrortent element in the
ahove scriar of definitions, 1s the etc., otcs, etC.,aas

Vithout i, the pagitive Integers cinnot te definad; for

s0 far av some such gestare a:. eftc,, ate,, ote., 1s really

significent, that an infinite weries of deflaltlons can

i B

, I ]
occur, Yhat, ilen, doss the stie,, ote,, moan? It msans that ;|

an Insight shoild hisve gecarrad, IT one hes had the relevent|:

Insight, 1 ane hes cancht oa, 17 aue soes how the Jdefining
cen go on Indefinitaly, ro rors nesd bo zaid, If ons has
not cauyht on, thean the poor tescher bdes o labor in his

apostalate of the obvinou:. For iu dofining the positive in-
Incidentslly, it may aot bo agiss to recall what
already has been remirkad, nerely, thet ¢ single insight

is expressed In meny concepts, In the prerent instance, a

- 18 -
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single fnsfious grounds an infinity of cnﬁhepts.

Mo Tebteo

vs 1 socad oty 411 on ciob i mendng enmewhot
wore preciza bl fosllicor nation of gcnality. Let s sov

thet viham eoqals ars olin bo oeosl y Mty veandts gre oo onnls

that one ic annul ka o=y bt that thew Pars, an ia0424te

\f’ Gl A
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The table for wdMap 2 is coantibrantal hy glia

- - R I [T 1 . o L I e -
S0 L3 aech olila of the anuisicns buots calllins ths nnela

integaras, Ty,

Fram the tobias M I A
Alding 1 2elel =3 ?1
Henea, o Ui tablo S ow s

In ke monnor he whnle Loble for wdling 2 ocan be construnt«
als From this table, once 1% is con ctructed, thore eoo be

e ntructad @ table Tor uddlln 4, Fro: that tablae 1t #3111

e goucible Lo coawmstraet & tebie far adding 4, ﬁtc.,.J

DL, f)
#iQe}y vlaich wgain me il bhat an el b shinald have acenrred,
o _

Thar, from tho del v itians of th noritiva

Intopers aad than nact 3 be shaot adiing e iale

f‘ﬂ nr‘ la»‘-u,
thers follows a: Indafinitidy rrowt leluctiva 2apenieion,

T H“"“’J"“M Eo panisan,

},;/ ralrl sben will be Lo ventura into ¢ homa-
ganénus prpan Ind. The fapiliar natian ar ad tion is ta
be complovantzd by - seh Murkinor antdans an mulhiﬂlica*inn,
pdvnzﬂ, rubtraction, divisina, an | roota. ™hie davelnpment,
hbwgvgr, is Lo be hormoponswme are by hit 13 moasnt that ne
ciwnge {8 ko he'invnlvud in tha nations alracdy ony! Lawad,

Thn_, sualtivlientisn is t

Y mesn adilnr s opams

bar to ityell o puny times, oo thad five by thﬂﬁﬁ will
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aubtractlyg, 3 inn- Lo, ant roots 2431 newn the inaverys
aperetions that bring ode beck to the sturting-point,.

By o e dnuigatsy tiet noel nod Lo Lillcotad,
it vwiil Yo sewn thet tetles for naltioliecatlon and fap
povers cwi Bo canstruct=sd Ceow the add Lios Satlion, Clpie
larldy, tolles for anbbrecl] 1o, divizion, and rasts ¢nn be
et tractod feon Cher tabler for edditi , anitiniication
and povars,

The haroganeous axnenszion eonstitutos & vist

axeension of the initiul daductive caxpencinne It coigists

in dabtrodueing new op orntianz, Lt

L]

charcehoristic 4 that

Lan new a2eretion Domoiye o nodiltia cian off th eld
o Nead o A treghon Ciarpinnt

3.%/’ A Faspth evep <111 be the -iiscovary of the nesd

of & bigh-r vin snint, Thiv avises when o Lwarce apara-

tione are allove! 11l ganarality, when thay ars not rece

tricted Lo Loiping one book to oaat s steetingrennint,
1. o

Then, sabtraction reveels the oossibilisy of awotive niuse

pers, division rovaels tus oossibility of Tractions, rootg
fﬂveal ther possibility of rurds, Further, ther: arire guose
tlo,is shoat the meening of oporetions, Vhet - u]tip‘ieu—
Bion when v walbdndios nevetiva manbers or froctisagg ar
surds? Vhet is ﬁubt?.ctiny AL orte gut herebs 4 oaorkbive
nirbher? stc., ote., etu.i‘Inﬁecﬂ, Bwran bthae m}ﬁging-of Panat

end of Mequalsh becomas oosfured, for thers are raeurring
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decimals and &£t can b2 chowm that point nine recurring 1s

equal to one, |

!
- Let X : 0.9
then 10X : 9.9 ?
hence oX : b ;
and s0 X = 1 5

3.§/f A fifth stey will be to formulate a hipanr view-
point, Disnlagaiah 1) rulas, 2) operations, zni 3) numbers,
Let mwbers be def'iaed implicitly by op.rations, so that
the result of any operatiom *#11ll be & number axd any number
can be the rasult of an op=ration.

Let operations be defined Implicitly by rules, so
that whet ia dons in accord with rules §= an aperation,

The trick =111 be to obtaln the rilas that fix
the operetlons which [ix tiie numbers,
| The exergence of thz hipher vierpoint is ths 4 1:2 2

formance of this trieck, It conzists in'an insight that 1)

arisas upon the oneratlons performed according to the old

rules and 2) Ls oiprecsed In tha formulation of tha new rules, )

Let me explain, From thie irare of a cart-vheel
we proceadad by dnclght to the dnfinition of tho cirela,
But, =hile the cart-vnecl vas imegirced, the cirele congists
of:bointa_nnd:liqag,nfither of «high can b2 imagined, Be-
tween the carbt-wvnzel wid the clrele there is an aporoxima-
tion but only an aporoximation, #ow, th> transition from
arithmetlic to elementary alg=bra Ls the same sort of thing,

For an imagze of thu cart-vireel one substitutes the image of

-2] -
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iy
vhat may be named Mdolng arithmertic®; it is a large,
dynamde, virtual image that inclades writdng down, adling,

gl

multiplying, subtracting,pdiviaing nambers Iin accord with
the praceptsz of the homo-eiesous oxvension, Hot all of this
image will be precent at once, but any part of 1t can be
presant an'l, whea one is on th- alert, any vart that happens

to be relavant will pop Into view, In this large and vir-

tual inmuge, then, thucre 1s to Lo grasped o ngy sat ol rules

governlng operations., The new rulas vill not be axactly the

-

Same &

I

tha old rales. Thoy ¢ill be more gymmorrical, They
will be more exact. They will b2 more teneral. In bLrief,
they will differ frowm th o1d mich as the highldy axuot and
gyimmetrlcal cirols ALLTers fyou: thne carb-shaal,

hat erae bibe nes rales? In ndgn schoal tho
rules For fructlionys ware generatilzedy mles for cligns wera
introduced; rules for eqiatinons g for inlicas wers vorked

out, Thelr effect was to rederiae th» uotinas of adilitlon,

maltinlicabion, powers, subtractios, divisioq,uni roots;

and the effect of the radefinitions of thn oparations was
that numbers were generatsd, not marely by addition, it

by any of the onerations,

Aecission Psgfos Vorapoc .
B.é/f/ The roader femillar with group theory will be
avare that the definition of opurations by rulaes and of :
numbars or, move ganerally, symbols by oparations f: a pro-
cadure that penstrates de:ovly into tho nature of m:thamaties,
But there 1s a further aspact to the matter, ant it ha: to
do with the gradnal develodmont by whileh. ane advances through |

intermediats stages from elementary to higher mathematics,

. L T e e
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The logical analyst can leap £ra: th. vasitiva Lrtar arg to
I th&nvr,'but oy rhaant liara Aotasmetles {0 thar lmpla
fa nion, % " ssireiry, one b ta o riorm, vy and aver,
b came type of Lransition & ascears In wivaneliy foom
arithanetic tn elayentafy “lrohra,

At aren stooa ol o aroeass Lhoro aviets . siil
of rules thab sovern aperationy v.iien pesult in rernboras,
To each stuge thera corragsonds & syebolic lmeoa o Ialng
aritnmatic, dolax nlﬁsb?u; deviag weloulue, Lo aueh suecnng
ive Image there 15 the poteaticlity o mruenins b Lo feht

.
!

a bigher st of sulag that <111 ov oy Bh copsral ione aoul

by them ollczlt tae wbars or syubols o he naxt GRuga,
Jaly dn 8o fur as @ san nedas Riy oiow proprsss Do QRN {HE
suorlator dass by become o technieally eomratont mebiomatics
lams vidhory 14, he may sequire o gt Lden off it g thiow
metieos Lo obost: bab he »111 nover bo o seobar, parfoctly
arapy of Ui oroecdse mesaing 8 the axacet taplieations of
2V Ty svminl Dl apsedLion,

e Ligmipiconns § Fyom bl

hE]

ﬂz/ oo rnalysis alwo roveal: the dmpartince: of sn

L% }

apt sfmboliﬁu.

Thera i3 no doubt that, thoah aynbels wren rdpnsg
chosen by coavention, still some cholces are hignly Crslte
ful wnile others ere not, It 1s oasy =uough to taike the
squars root of 1764, It i+ s athaer petior to taxs thg'gquape
raot of MICCLXLV, Th: davelapmout o rha eolonlns io agsily
desipnsted 10 uring Leibniz! svmbal ﬂy/gg, Tar the 1iffer.
gntisl coaliciont: Aewtonts aviabol, on Hn- othor and, cad

he uzed oaly dn & few cases end, vhat 1s worss, 1t loes not
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» for thy syobols, nanie
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clues, the poscivlilitiasy aad the efféct'nf th: apt syrm-
volisa 1g %o radacs, LI nob aatirely ellnmin.te, this sle-
mant of eace, oy of eourso, tha classicul azawplae 1s
analytic gensabey, To solve 4 problen by caelidzan matands,
one nas b stioble wapon the eorraset ecoastriction, To

golve o problem anevlytle:r lly, one hies only to manipalats
tng syubols,

In the foirta place, there {3 the highly
significant notion of Ivariance, An ¢t symbolism will
andov the pakrarn of & methematical etarsszism with the
totality of its mesning. Thethor or not one uss3 tine Latin,
Greek, or Haebrew alphabet, is s matter of 1o luportsice,
The mathemeticél meandng of sn »xncasslon reslides in the
Alstinctian betwesn constanty and verlables and fu the
sigias or collocations that dictute operations of cosbining,
multinlying, samadng, aiffarentiating, Latagrating, snd
so forth. It follows that, a3 long as the symbolle nattarn
of a matiiamatlcel aaprsssion s unchanged, its mothemas
tical mecnin, 1o anchazared, Further, It follows that if
a symbolic pattarn ds unch n-ed by any subctitatlions of
g determinare groug, i tiven the methematical wmoaning of the
pattern is initependent o7 tho mouning of the substitutions

In ths fifth pleca, a3 hau élready hee2n wen-
tioned, the symboliam appropricte to any stape of mathe-

natleal devalooment, provides the Imape in which may be

grasped by iasleld th rules for the next stage.
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&, Inverse Insicht, _
Besides Uirect inaiphts, their clustering, and

higher viewpgiﬂfa, thoro exiote the manll but signifloant class
of invcraélinsighta. As direct, no also Inverse insirhts pre-

suppose a pooltive object thint 1s prosented by pense or repre=~

gsented by imeginantion. But while direct insicht nmecots the spon~
tanoous effort of Intellirence to understand, inverse insight
res'onds to s more subtle end oritlicel attltude that distinpulshen
different degrrees or levels or Lklnds of Intelligibility. While
direct inoirht grasps the polnt, or sces the solutlon, or comes

t6 know the reason, inverse Insight apprehonds thnt in some
-fashion the point 1la that there 1o no point, or that the solutlon

1o to dony a solution, or that the recson is that the ratlonality

of the real admits distlnctlons ond quolificntions. Finally,

while the concortunl foimulation of direct Insipht afilirs 8

positive intelliplbllity thourh it may deny oxpocted cmpirical

eloments, the conceptunl formulation of an lnverse inpicht affirms
empiricgl alomonts only to deny an oxnpected Intellicibllity.

Since the last phrase 1s cruclal, let np attenpt
to elavorate 1t, By Aintelllplbullity 1o meant the content of a
direct insight, It 1s the component thet 1o absent from our

knowlodga vhen we do not umderstand and added to our knowledge
innomuch as we are understending in the simples and strairhtforwerd
manner described in the enrlier scoctions of this chopter. Now
such an intellicidblility noy be alrendy reached or it may be
nerely expocted. To deny intelliplbliity already reached 1s not
the result of laverse insicht; it 1o merely the corrcction of a
previous direct insicht, the aclmovledgoment of 1ts shortecomings,

the recognition thot it leaves problems unsolved. But to deny

an exnectod intelliglbllity 1o to run counter to the spontansous

B o Rt
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antlcipations of human intellipgence; it is to find fault not with
angwors tul with quostlona. In a demonstrativo sclence 1t is to
prove thot a question of a piven type cannot Le anpwered. In an
ompirlical sclence 1t 1s to put forwnrd a ouccessful hypothesis ox
theoory that assunos thot certaln nunstions mistalkenly are supposed
to roquire an answor. Finally, the occurrence of an inverse ingight
is not eostablished by the mere rrecence of ne{ﬁntivo conceptat thus,
"not-red," "position without magnitude,” "non-occurrence” oxclude
respectively "rod," "mognitude," "ocourronce”; hut the lattor teams
refor to empirical components in our knowledpe and not to the
ponglbllitien and necessitles, the wniflentionn and rolationg, that
conptitute the intellipibility known in direct insight,.

| Whllo tho renoral notion of Anvorse innipht is fairly
slmple and obvious, I have oen & at como paine in proseonting 1ts'
characterlatics becauso 1t 16 not too engy to set forth 1llug~-
trotions to the satisfactlon of different groupe of readers. lore-
over,' comamnlention and dlsecuselon take place through concepts, but
0ll Insight lics behind the conceptual scene. Ifence, while there
ip alwaye the danger thoat & reeder wlll ationd to tho concepts
b rether thon the underlying iusicht, this danper 1s aurmented oone
sldornbly wvhen the point to be praspod by inslcht ls merely that
there 10 no point. To melke mottors worse, Anverss insiphts occour
only in tho context of far lerper developmeonts of hwuman thought.
A stntomont of thelr contont has o call upon the later systems that
positively e::plo!!,ted't.hoir nopative conbrimition. The very succeas
of much loter eyntemé tends to enrénder a routine that eliminntee
the more apontanoou:: antlcipntions of intellipence and then, to
ostablish a key fecturc of on lnvarse lnsipht, it noy be necomsary
to appoal to the often ambiguous witness of history. In the midst

of such comulexity it very eamslly can happen thot o reader's

. ’Lhﬂ'.
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apontanoous expeotation of an intellipibility to be reached
shonld ontwelrh more verbal adnonitions to tho contrary and,
whon thot Wapyens occurs, Llluntrationn of inverse Insicht can
booome very obscure indeod. Accordingly, vhile there is nothing
difficenlt about the oxamples to follow, I have thonght 1t vwilse
to Induipe in an apostolate of tho obvious.

As o firnt examplo of inverse insipht we shell take
vhnt tho anclents nonod incommensurnizle mocnitudes and the modorns
call irraticnal mwmbers. In both ecasos thore 1o a positlve object
indionted by the torns, "megnitode," "number.® In both cases thore
is a norative olamontt indlented by the eplthets, "incommonmmable,”
"irratd nal.” Finglly, in both cases the negation bears on the
srontancons anticlpations of hunan intellionce. "Incommensurable™
deniece the poscibillity of ~pplying to certein napgnitudes some type
of mensuroinent and Arlstotle viewed this denlal as prima focle a
matter of hish swrprise. Even more emphnticnlly "irrational"
donico o corroopondence hetwesn cortolin mumbors and human reagon.

To Indlento tho relevnnt innight, 1ot us ask why
a surd 1s a surd. Eesentinlly the nuoption 1o pesrallel to the
earlier aquestion, Why 1s & cart-vheel round? But vhile g the
earller answer rovooled an intelliplbility immanont in the wheel,

the present anpwor conolste In chowing thnt a ourd cannot possess

the 1intolligibllity one would expect it to have,

Thues, the sauare root of twe is some magnitude

greater than unity end less than two, One wonuld expect it to be

some improyper f{raction, say tg/g y Where 1 and n are positive
intepeors and, by the removal of nll common factors, m may alwnys

be noade rimo to npn . Horeover, wore thle oxpoctation correct, then

the diagone'l and the slde of a sauare would be respoctlvely n

times and- n tlmos some common unit of longth. However, so far

o) o
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from belng correct, the expcctation lecads to a contradiction. For
1t /2 = m/n, then 2 = g2/p?, But AT @ 4o prime to 7,
then p? 40 primo to p2 ; and in that case p2/n2 cannot be

w

oqual to 2 or, indeed, to any integer. Tho nrruwient 1s onslly
genornliged and so it aproars thot a curd 1 o surd becauss 1t is
not the ratlonal fraction that W intelllponce antielipntes
it to be.

A second exomple of Lnverse ineight 1p the none

countoble multitude, Thore is a positiveo objoot, "multitude.”

There is a nepotive dotexuinniion, "nonecountable." lHoreover, |
vhen "econntable" 1s takon so broedly thrt all intogers, all rational
nunbors, even all roal slgobrgnic mubera (#) demonstrably are I
_count.nblo multitudes, when fnrther Lt ean be showm that to remove
8 cotable multitude from a non~countable multitude loaves s non-
countable nultitude, one spontancously antielp~tea thnt the numbers
betuween zero and unity must be s countable multitude., In fact,
1t con bo shown thot the infinite deolanls ore A noneconntable

| O alothorbic,
multitude, so thot the«mmmaab-m&h n-mmm f;:ggtiions from
zoro to unity muct be a negliglble portion of the nunbers in that

interval, (%)

(*) Alpevralc mmbers are the roots of algewralo equations
with interrnl coefficlonta. For a generous expooltlon of the tople
w/ana its paradoxes oee A. Fraenkel, Abptract Sot Theory,
Amsterdam 1953, pps 43 = T5. For applientions to tho continuum,
goe pp. 212 L1,

For o third example wo turn to empirlical sclence
and consider the surprising port of Newton's first law of motion,
nanoly, thot a body contines in 1ts oxlatinp state of uniform
motdon in & streirht line unless thet state 1s changed by

»
_ _ [

oxtornal force.
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In thias stetement and its context it is not too
dii‘i‘icult to disenrn the throe chnractoristics of the formulation
of an invorma Insirht. For thoro ip tho poeltlve objlect: a body
coriti-.mea Lo move at a wniform rete in a strairht line, There 1s
6 negation: tho continunnco of the constnnt voloolty dopends not
on the action of externnl foroce but on the absence of such action;
for only as long ap there ls no ncceleration, doen tho volocity
remain constonty ond { tho moannt the oum of tho oxtornnl forces
d1ffors from zero, theore ariscs en acceleration. Flanlly, thils
negetion of oxtornl force rung countor to tho spontancous antle
cd:etlong of huwien Intellipence, for apontancously ono thinks of
unlforn motion not aaiﬁ atoto 11ko rest bt m“gfclmnga that
requires an oxtornal cauco.

However, some rondors moy wish to reflne on the isgue.
They will aproe thnt the nocesnity of an eoxternnl coanse hnd been
ntrossed by the Ardstotellon thoory of celostinl movounents, of
pro Jectlleg, ond of motlon in a vacuum., Du% thoy will add that
the Arlatotolion view }io.d baon oontradicted at loast from the
time of John Thiloponus. Oﬁ this contrary view projoctllos viere
kept in motdon not by any oxternal force Dut by some internal prine
¢iplo or powor or property or aunlity or othoer Llmmanent pround.
Finanlly, thoy vllil ask whether 1t ie ouite cerinin that Newton
dia not appeal to some innnte ﬁox-ror of 5‘9 natter to account for
the coatinunnce of lnertinl states.

Now, clearly, lewtonlan exepools lo not ocur presont
busineas. All we hovo to sny 1s thet Anverse insicht is not 1lluge
tratod when exnlenatlion Ly external foree is renlaced by oxplanation
In tormes of some lmmenent powoy or property. For in that case there
1s nerely the correction of an carlior direct insipht by a latter

diroed innipht and, whlle the spentoneous antliclpeiions of human

0 ) ;‘ __‘* T .
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intellirence are blocked in one dir;ection, they are plven an
outlet in anciher.
9t111 for purponcs of 1llustraticn 1t %nay be pore

niosible to Lloek this necond outlel without reoponing tho firet.

No doubt, when an external mover or {orce ir)f}enied, one nay npon-
} _ tuneéuely think that thoro must bo oome innate quallity that proe
vides the real oxplonntlion. - Dut whille tho ﬁn:"ertlon of oan external
movor or forece c¢an bo teshted experlacntally, the seoertlon of some
innote quelity, £ of oome yls nmatorine ingita, con hnordly be |

roporded ne o ncieontific statement, If oue afilrms thoi, vhen

sccelerntion 1o zoro, thon the o of the reolevent extornal forces
is 0lso zero, one's nffirmetion rdnite the ordinory tents. But Aif
one goes oOn to ad‘&ﬁhe innate aunlitles of mabior render the action
of externnl foroces suporfluous, one la very likely to beo reminded
that oclontints Ao not apporl to oscult causoes.

How 1f this remona'rance 1s regordod as poremphory,

we arrive at an example of inverge inoirht. Thors 1s thoe poslitlve

objoct of Inquiry: bodles continue An thelr oxiotlng etates of

uniform motions Thore in the negntlon: the continusnce of unt forn

motion is not to be explv,iﬁad by ony opteal to oxternnl forces.

N | - Flmlly, this nopntion 1s roparded os definitive for scionce,
for scionce refunos to extrapolate from Imovm laws to ulterlior
° explanntiona in terms of voguo qunlities, propertlies, povers,
and the like. |
A fonrth exanple of inverso insight may bo derived
0 from the bosle postulate of the Speclal Theory of Relativity. The
Y ' postulats 1taslf 1s thnt the mothonatienl éxpmseiori of physlceal

principles ond lowe lg invarlant under inertial transformations,

To reach our Alluniration we have only to granp the conerete neaning
of tho postulate vhonever At ls invokod by a physlelst engaged in

| .

‘ understanding any set of physical data.
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“the IntolllciDility thrt 1s crproesed mathenntieslly. thon thore

For then the posiiive ob)-et of inamiry conslote in
the data inacmuch ap they ore concldered 1) as referrod to initial
axos of coordinmtes, nay K, and 2} as referred to other axes, oay
K', moving with o constant velocity relative to tho axes, K.

The nopative eloment in tho conception of the positive
object 1o indicoted by tho word, "invnriant," It means that the |
transTorartion from one get of axen to enocthor doos not lead to any
modification An the form of tho nathemntical exrresplon of the
aprroprinte phynicel principles and lews, But when the form of the

mathenctlcel expresslon underpoes no chenre, there 1s no choange in

is no change in the intellipibility, thoro 1s nc chhnge in the act
of underata.ﬁding thot praospe tho intelilpiiillity and exprecses 1t
mathenetlenlly. Accordingly, the concrete meaning of the postulate
1g that, though there is a differonce in the spntlo~-tomporal
gtandpolint from which ths date cre considered, stlll thefa is no
difference in the act of undorstending the data, no dlfference in
the gencrnl intellipiLillty graoped in the data, nnd no difference
in the form of tho mtlxnmatlcdl oxprossion of the intelliplvillty.

Finally, 1t 1o rudlto common for there to exiot
differonces olihor in data or in spntlo=toniorsl stondpolnt without
any corrosponding difforcnce in tho ccet of unlerstonding. But in
moot of puch cnses tiere lo no ocoaslon for an inverse insicht fsxy

intelligible

since, whilo the eaplrical dlfference is assirned no countorport,
gt11l o one oxpocts that really thero must be an intellirible
oountorpart, Thus, thrre is o notable enphrleal difference between
lerge and sncll ciroles, yot no one expocts different definitlons
of lerpe circlos and of smoll circles or dlfferent theorems to

establish the difforent propertiocs of large and small clroles.

lovover, while similor insiances arce vory nunerous, tho inverlance
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egnek postulated by Spoclnl ﬁelativity is not among them. For
thnt 1nvn§1ance impliecs a drastic revision of ordinnry notions
of orace and of time, and npeinst any such rovidslon the spon=
tancous anticlpations of hunnn intellironce vigorously rebel.

Hence, to rocapltulato tho mein point, when the
basic Lostulnte of Speclal Relntlvity is Interpreted concretely
in torms of 1) the data physicists conolder, 2) tho incichta they
enjoy, and 3) the form of tho mathaonatical ex:xossion of the
principlen and laws reached by the ineipghts, there arises the
following explanntory sylloglomi ,

When thore ls no difference in a physiclet's incights,
thoro should be no difference in the forn of the mathematlcal
exrrossion of phycioeal prineiplos and lawe.

But when an inertinsl transformation occurs, there is no
difforence in & physicist's Ansiphts.

Théroi‘om, when an inortlel transformation ocours, there
ghould bo no dAlfferonce in tho form of the mathenntical exrresalon
of physicel principlees and lavs,

The mejor premise postulntes a corroopondence between the insichts

of vhynilclots and tho form of tho mothenntlcal expression of

physlenl principlos and laws) in othor words, it requires that

the content of sets of wdorstanding bo reflected falthfully by

tne form of mathemntlonl expressions. The ninor prqmiae containg
our Luverse Insipht? it denlioes n difforonee An insight thnt corros-
ponds to the difforence of an inertinl transformationy in other
vords, it aesgerts for the whole of physics tho defect of intcllie
gibility in constant velocity thnt Newton asserted for mechanics

iﬁ&n hls first low of motion., The conclusion, finnlly, is true If
the prémlses are true but, while the major premlse mny be regarded

&b B more methodologlenl rule, the minor promise 1n an ascertion
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of empAiricel seclence and can be establishod only throush the
mataod of hypothosle and verificotion.

In conclusion, lot us rocall o point alroady none
tloned. An lnverse insicht £ints ils oxpresslon only in nomne oon-
oomi:go.nt. positive context, So the dofeet of intelligidllity in
hggggé?‘mgtvoloclty hns hoon formulatoed in a whole merles of dlfferent
contextp., In the contoxt of Elsatic philocophy Zemo's paradoxes fad—
13{\;1 to o denlal 6:{' the fact of motlon. In the contoxt of his
phllonophy of beinpg Aristotle pronounced moilon resl yot repporded
it &x as an inconmpleote ontlity, an infra-catecorial objoot. In the
contoxt of mathomatleal nechanica Howton assorted a prineiple of
inortla, In tho context of Clork-iaxwoll's onunsl ng for the
electromagnetic fiold Lorentz worlked out tho condltlons under
whlch the enuntions would remnin invorlont undor inortinl trange
formntlons, Fitagerald exploinod Lorentz'£ svecens by supposing
that bodles contracted along thoe direction of rmo%lon, Elnsteln
found aTmé;;‘ii general explanntion in z}robldmn of synclironization
and raicod tho issue to tho mothodological level of the transe
fornatlon sf proportlies of tho aathenatical expreuaion of physical
principlos rmd'lm-ra, £inally linkouwskd synteonntized Ednstoin's
pooltion by Antrodueing the fouredlmonslional manifold. No douit,
it would bo a nmlotnke to suppose that the same Imverse lneipht
wap oporative from Zeno 1o Spoclal Relativity. Dut throushout
thore 1s o denlal of intelllplbility to loerl motlon and, vhile
thie succomnlve contoxts dlffer notably In conteont and in walue,
at least t.hé:,r polnd in the some directlon and they Liilustrate

the dojendence of inverse ineicht on concomitent direct insights,




5. The Bapirical Renidue.

IT invoroe insirhte are relatively rore, they are
far from being mnimportent, Not only do thoy eliminate mistaken:
questicons but also thoy secm regnlarly to o connectod with ideas
or princlples or mothods or techninues of aulte exece;tional sipgnie
ficance. From the odditliecs of the mathemntlical continuum through

the notlions of correlatlion and limlt there crines the brilliance

of continuoun fanctlions and of the Anfinitesimal calculus. Sinllarly z
the lack of intellipsibility in constent veloclty is linked with .
sclentific nohlovoments of the firat order: the ppiﬂciplo of insrtia
made it possible to concelvo dynmmice not as a theory of motions
but ng an onormously mora compact and more powerful thoory of
sccolerations; and the invarlance of physical princdplos and laws
under inertlial tranaformntlons not only is an extremely neat idea
but nlso has lkept revoaling lts {rultfulnéss for the poot fifty yoars
To explore thig sipnlficnnce, then, lot uo introduce
tho notion of an empirienl resldus that 1) consists in poaitive
empirical data, 2{ ias to e dan;ed any lmmanent intelliglbllity of
lts owm, and ?) 1o connooted vk with aone com;ﬂnnatinglhigher
Antellipibility of Afgspm notnblo importance, In clardfication
of the firet echaracteristlc oﬁe may note that, insomuch as a vecuunm
1s merely an absence of data, At cannot be rart of the enpirical
rosldune. In clarificatlion of the so;ond it is to bo remembored
that & denial of lmmanent intoelllglbillity le not & denial of

exporionce or desoription. Not only are eleomnnts in the ompirical

resldne plven popltively but alno thoy are pointod out, concelved,

o

nomed, conoldered, dlscussed, and aflirmed or denied. But though -
thoy are no less glven than color or gsound or heat, though they

may bhe thought about no leas accurately and talked about no lens
fluently, stlll thoy are n it oblocte of ony direct insight and o

thoy cannot be explnined by transverse waves or lonsltndinal umvaep,;--ﬂ
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or molesculer motion or any othor theooretical construct that might

ba thoucht more apposite, Finnlly, in clarificatlon of the third
cheractoristlc 1t 1s to be noted that inverge insight ond the
emplricol resldue are not exnet correlatives. For inverse inoight
was not chnractorized by s connectlon with idonm, principles,
mettwda?fteohniquoa of exce.tionnl sipnificance. Araln, the emplr-icaf-
resldue hos not been characterdzed by tho spontancity of the
quostlong for intellipénee thnt are to be nmot by a denlald of
intolligibility,

This difforence not only mnkes the enpirical recslidue
a broader catogory than inverse lnsight but nleo renders & dige
cusolon of it more Aiificnlt. For a preat port of the difficulty
in discovering the furthor poslilve § aspects of oxpordonce that
are 10 ho denled intellipgdbllity is thoat no one oupposes them to
possess intellipginbllilty.

Thus, particular places and rertioular tlmes pertaln

to the empiricnl resliune. Thoy nre positive aspeets f exporience.

Each dAiffera from evzry other-.‘ But beocause no one ever asks why
one ploge 1s not another or why one tlme is not another, poople are
apt to be puzzled when tho n_uéati:;n is put, to Imepine that some-
hing difi‘orent from such obvious foollshness must bo memnt, and
t.o experionce & varlety of fictitlious Alfficulties before arriving
at the sinpleo conclusion that 1) particulnr places and particular
times dlffor as a mottor »f fact ond 2) thero As no innasnent intelw
1ipiblility to be pgrasped by diroct_ insight into that faotk,

For oxaaple, one will bogin by oayling thot obviously
tho poaition, A, differe from the positlon, B, bocause of tho dlg-
tance, AB, thnt 5 soparates them, But take three equidlistant
posltlons, A, B, C. Vhy are the distances, AB, BC, CA, different?
One would be in a viclous olrele if ono doubled back arM oxplained

» o
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the dlfference of tho dlstances by the aifference of the positions.
Ono connot oay that the dlstances dA{for in longth for they are
oqual in longth. But one nny say that the distances diffor Leonnse
the directions dlffer? 3t111, vhy do tho directlons dlifer? And
why are equnl and prrallel dlsotancos alfforont distances? Now,
rerhaps, 1t w11l bo urpged that ve are polng too far, that oomo ﬁﬁ'fg!
differeonce muot be acknovlodrod ags zrimltive, thot everyt.hingl cannot
be explninod. CQuite so, tmt thore s a corollary to be added. For

what 1o primitive lo not the contend of eome prinitlve insifht btut
the contend of somo primitiv~. exporifonce to which no inslght corres=

onds. Yore 1% tho content of some prinitlve inairht, theore would

not. be thoe ccnoplenous ahbsencoe of & olesr-=honded oxplonation, Dut
becaune tho difforonce of particulsr places ond the difforence of ﬁ
pertiouler tines are rlven prior vo mny questicning and prior to

any insight, because these given difforences cannot be mntched
by any insirhitn that. explain vhy plrces 41~y and tiron t, dlffer,
thore has to be introduced the caterory of the empirical rasldue,
Howvevor, onc may not enrrender yet. For pertlculaxr
places and porticnler tines con bo unided by relforence frames; the
frames con be empioycd to distingiich and deaiémta avery place and
overy time; and ovidently ouch constructlons ore cnminently intel-
1lipont and

ominently lntelligible. How, no doubt,
reforence frames cro objoctn of direct l‘nnight, ut what e srasped

by thet insisht is on ordering of dlffcrences that cre not explained

by the order but_moroiy rrepupposed, So 1t le thot Aiffecrent
coometries proopod by Alfferont inaolghte offor different intellie
Fible ordora for the dliferences in plnce or time that all equally
prosuppose and, aquite correctly, nono attempt to explelin,

Thors 1s a furthor aspect to the mattor. Because
pot ouiney Jertloilor places_sat-particular tines Yorsess 1o Lmanamnt

&=
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- in a slngle ploce, thore wonld be no physles, no chenmistry, and no
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the dlfferences of particular places and particular times involve ;

no lmaanent intellipibility of their own, they do not involve any %
modlfieation in the Intelliribility of anything okeg olse, It ip ﬂ

not mobe dilfferonce of place but pomething difforent in the places i
that glves rise to difforont observations or diffeorent experi-
mental rosulte in alff-rent ploces. Simii~rly, it ls not mere
difforonce in time but something different at tho times that plvos

rise to dlffcront observntiong and Aiffeoront experimental results

ot dlf{foront tinem. Moreover, wore that not oo, overy place and
every time wonld heove ite own physice, its owvn chonmiotry, its own

bloiogy; and siuce o ocionco connot hoe worked out ingtontancouply

. the difforences of
biolory. Conversely, b@canaehpnrticular plecen ond partlenler

tines portaln to the empirical residue, thore oxlsts the poverful

tochnlaque of mcientific colleboratlion. Selentiste of every place
end every time can pool thelr resulte in a common fund, and there
Ao no discriminatlon apgpinot any resuvli merely bocnuce of the
p&ace.of ~oroly bocause of the time of its origln,

Even more fundnnontal EE&? than sclentific collabore-
ation is solentiflie concorallizatlon. Whon chomists have masterscd
all of the elenconts, thelr 1ﬂotopes,%fanﬂ thelr compounds, they
mey forgot So be groateful thnt they do not have to disscover
dlfferent oxplanntions for each of the hydrogen atoms which, it
seems, mae up about fifty-five per cont of the antter of our
wmiverse. DBut abt leant the fact that sueh a myried of explanations
18 not needed 1s very relovant to our purpose. Lvory chemical
oloment and overy compound differs from every other kind of ‘
eloment or compound and all the dlffsrences have to be éxplainod.

Every hydro;en stom aiffers from overy oth~r hydroren atom and

no evplanitlon is needed. Clearly, we hnve to do with ancthor 7
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aspect of the empirical residue and, no less clearly, this aspect
is conpled with the mont powerful of all sclentific techniques,
gonarallzation.

Hovever, this lmsus haso been bootad mbout by philoe
pophers evor since the;g Platonists explained the universallity of
mothenntlical end selontifls knowledge by postulating eternal and
immatablo Forms or Ideas only to find thomsslves enbarrassed by

the fact thot a single, ectermnl, lmmutable Ome could hardly pround
the wuniversal statenent thalt one and one are tvo or, & araln, that -

a single, etornnl, immuteble Efimim Trlangle would not suffice

for theorerms on triangles simdllor in all respects. 950 thore orose,
it asoms, tho philopophic wroblem of morsly numorical difference ﬁ
and, connocted with 1t, thore hnwve been formuleted cognitional

theorlos based on a doctrine of ahbstraction., Accordingly, we are

conatrained to say something on th~oe issues and, lest we appear
1o be attomrting to dllute water, we nohall do so as briefly as
rossible.

The agsertion, then, of nercly mmorical dlfforence
involves two olementss On tho theoretlcal side It Lo the gggﬁgg,f
clodim that, when ony oot of date have beeon oxpellined completely,
another oot of data similor in all renpects wonld not eall for
8 difforent explanntion. On the factusl side it 1o the claim that,

oxplalned
vhen any set of data hns bﬁenhnxiatnaa comnletely, only an

exhaunative tour of inspection conld cstablish that thoroe dces not

exlot another set of dota plailsr in all respocts.

The basis of the theoretleal contentlon 1s that,

C

Jjust ap the same act of understending is repeated vhen the same
got of dnia ls npprohicnded a seocnd time, 80 also the same aoct of

understonding ls ropeated whon one anvrehonds o second et of dnta

that 1a similar to & first in all respocts. Thus, tho physleist ’ji‘
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offers different explanations for "red" and "blue"§ hie offors
dlfferent explanations for difforent ghndes of "red"; and he
would dilscern no songe in the mep:mnl thnt he ghould try to
find as nany Aiff{erent explamt;}.ona ag thero are differant
lnstances of exactly the mane shade of exactly tho same color,
The factunl contentlon 1s more complex. It 1o
not nn assortlon that thore exist dliferent sets of data simllar
In all respocts., It 18 not a denial of wniaue instances, 1.9.,
of inptances thnt are to be explained in o monner in vhich no
other instance in tho unlverge s ‘bo'bo oxplained, It ip not
even a donlal thot evory lndividmal in tho unlverse lg & unloue
ingstance, On the contrary, the rolevant fact lles in the nature
of the explanntiong that aro applicable to owr universe. It is
to the offect thot nll euch explonstlons nre made up of goneral
or univorsnl eloments and that, vhile those general or unlversel
olenents mny be combined 1in such a mannor that every ;ndivi.dual
10 explained by a dlfferent combinaticn of elemonts, still such
_ sinpulap com:Ion
& combinatlon 1s an explanation of a combination of mupirkowi
propert.iea and not an explanation of Individuwslity. For 1if the
Indlviduality of the individual were oxplained, it would be
monﬁlng;leaa to suprose that some othor individuel might be under-
stood in oxeotly the same fashion. On the otheor hond, because the
individunlity of itho indlvidual is not explained, 1t is only an
exhaustive tour of inspection that can settle vhother or not
there exiots another 1ndiﬁdual pinliry in all reppects. Hence,
even if thore wore reached o single comprohensive thoory of evolue
tilon that explalned and oxplalned differently every instance of
1ife on thip planet, ptill in strict logle we should have to
inmopect all othar planets before we conldd bDe absolintely certain

thet in Tfact thore Alg ndt oxlast another inatance of avolutlion
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gdmllar in all respocts.

In rlef, 1nd1v1duﬁls differ, but the ultinmate
difforonee In onr wnivorse 1s a matter of fact to which thore
sorreaponds nothing %o e grasred Ly direct inelght. lHoreover,
08 sclontifle collaboration resto on theo ompirlcally rosldual
dilfforente of pnrticular niacen and of partlceular tinos, 80
sclentific pencrnllzation rocts on thoe ggg-ompiricalxy reoldual
differonce bhetween individunls of tho seme eloss. Just vhnt the
lovent clops 1p, has to b~ Aiscovored by sclentifle advance in
dlroct inpipht. Iven if 1% shonld prove thnt in ecomo sense
thore are as mony clnsnes o lndlvidunls, etill we enn know at
onee thot thnt nenso o not thot the Indlvidunlity of Individuale
is understood but meroly thot giwgZ singulnr combinations of
wmivaraal explanatory olomonts may he set in corrospondence with
pinenlar combinotions of common properties or aspects in each
individual, For the content pracped in insisht con bo onbodioed
no loos in imnpinotion then in sense: and vhother there is morel
thon one instance in sence, com be setiled only Ly an empirical

tour of lnopection,

Iater we phall diroct attentlion to further aspects

of the empirical resldus, for thore oxlote o atatisileal nethod

thet rests on the ompiricnlly residual choractor of colncldontal

. argregnton of ovonts, ond thore 1o a dlnloctical method that

i nocensitated by tho lack of intellipibllity in man'e wnintele’

1lipont opinlons, cholceens, and conduct. DBut perhaps cnough hag been

sald for tho general notlon to be clear, and so we turn to the
alllied tople of abstractlon.

Properly, then, abstraction is not & matter of
apprehonding o sonoible or lmasinative Gostalt; it 2o not a

mattor of employing comion names Just as it 1s not & matter of
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uelng other toole; finally, it 1e not oven a matter of attending

to ono ouostion at a time and, meanvhile, holding other questions

in abeyance. Froperly, to abstrnet in to pgrasp tho essontial mnd
to disregard tho incldentel, to mee whot 1o sirnificnnt and !ESY

set aslde the irrelovant, to rocognize the important as important
and thoe n@gliélble as negligible. Moreover, when it as asked what
is essentinl or‘siﬁnificant or importnnt and whnt is incidental,
irrelevant, negliglble, the answer must be twofold. For abstraoction
1a the seloctlvity of intelligence, nand Qﬁﬁggggggp,intalligence

may be conoldered elthlwr in como glven atape of developaent or

at tho torm of developuent when somo soience or group of golences
hee beon nastered completely, *
| Honce, rolative to any glven insipht or cluster of
insichts, the omsentinl, olcniflcant, important consists 1) in the
sot of oopects in the data necesnary for the oceurrence of the
insight or insights or 2) in tho set of related concepts necessaxy
for the expression of tho fmeate inglcht or insichte. On the other
hond, the incldental, irrclevant, negligible consists 1) in other
conconltiant aspects of the date that do not £all under the insirht
or inscichts or 2) Ain tho set of concepts thnt correscond to the
marely concomltant aspecte of the data. Again, relative to the
full development of a sclonce or group of nllled sclences, the
eopentlianl, significant, lmportant conniatalin the aspects of the
data that are necessary for the oocurr@nceﬁéf all insichte in the
appropriste range or 2) in tho set of relsated concepts that express
all the insighte of the sclence or sclences, On the other hand,
the incldental, irrelevant, negligible conslsts in the empirical
resldue that, since 1t possesses no immanent intellipiblliity of Ats

own, 1s loft over withoul explanntion even vhon a sclence or group
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of sclonces reaches full development.

Pinally, to conclude this chapter on the Elements
of Inticht, lot us lndicate brilefly vhat is ossential, significant,

dnportant in its contents and, on the othar hand, what is incidental,

irrelovant, nogliglble. Vhat alono is osgontinl 1 insircht into
inaight. Hence, tho incidental includes 1) the particular insights
chosen as oxamples, 2) the formulation of theﬁe innights, and 3)
the inmnges evoked by the formulation. It follows that for the
story of Archimedes the ronder will profitadbly ocubstitute pome lese
regounding yot more helpful experlonce of his own. Instead of the
deflnitlon of the circle he can itake any other intelligently pere
formed occt of d~fining nnd spk why the porformnnco ig, not safe,
not accurate, not the accepted torminolopy, mt a creative stroke
of insirht., Inotead of the transiition from clemontary arithmetic
to elemontary algobra one may roview the process from Euclidean

t0 Riemonnion geometry. Instend of aslhing why surds are surde,

ono can apk why transcondental nunbers are transcondental.
Simllarly, one con ask vhothor the principle of inortia implles
thot Newton's laws are invariant under inertial transformations,
whrt ingpired Lorentz to BUppOSe that this olectromnpnaetice equntions
ahould bo lnverlant under inertlel transformatlions, whether an
lnverse lnslight acconnts for the baslc postulate of Goneral
Rolativity, vwhother thic differences of particular places or prti-
culnr times are the pame aspret of the enpirical rosldaue as the
differonces of completely olamllar hydroren atoms. For juat ds

in any subject one comes to master the essentlnls by varying the
incifentnls, so one reachos famlliarity with the notlon of lnslight
bw.modifying the illustratlons and discovering for oneself and in
ono's oun torms the point that another attenpts to put in terms

ho hoppens to think Eg,will convey the don to a_gf?@u@& probably
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