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JNTRODUCTION

Ths alm of the present work may be bracketed by
a soeries of disjunctions, In the first place, tha question
13 not whether kuowledge exists but what precisely 1s its
natﬁre. Secondly, while the content of the kuown cannot be
disregarded, still it is to be treated only in the schematic
and incomplete fashion needed to provide a discrimihant or
determinant of cognitiéa acts, Thirdly, the atm 1s not to
set forth a 1list of fhe abstract properties of human know-
ledge but to assist the reader in effecting a personal
appropriation of tne concrete, dynamie structure immanent
and recurrently onerative in hils ovn cognitional activities,
Fourthly, such an appropriation can occur only gradiuslly,
and so there will be offered, not a sudden account of the
whole of the structure, but a slow assembly of 1ts elements,
relations, alternatives, and linplications, Fifthly, the
order of ti.» assenuly is governed, not by abstract considera-

tions of logical ox metaphysical priority, but by concrete

motives of pedagogical efflicacy. |
The program, then, 1s both concrete and practical;
and the motives for undertaking its execution reside, not |
in the realm of easy generalities, but in the difficult
domain of matters of fact, If, at tho end of the courss, the .

reader will be convinced of those facts, much will te achievé
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but at thv: pres:mt moment all I cant do 1is to clarify nmy
Intentions tv stating my bellefs, I ask, acesrdingly, cbout

the nature rather than gbout the existearce of knovledre be-

cause in each of us there exist two different kinds of kiow-

ledge. They are Juxtaposed in Cartesian duslism with its
rational "Cogito, ergo sumﬂézand with 1ts ungquestioning
extroversion to subuztantial extausion. They are separated
and alienated in tihe subsequent rationalist and empiricist
philosophies. They are brought together again to cancel each
othar in Kantian eriticism, If thess stateoments anoroxinate
Q&g the facts, tiien the question ol numan kiowledgo 1s not
whether it axists but what preciscly are 1lts two diverse
forms and vwhat are the relations between them, If that is
the relevant question, then any departure from it is, in
the same measure, the misfortune of missing the point, But
whether or not thet 15 the relevant question, cam be settled
only by uncervtaklay an arduous exploratery journey through
the many flelds in which m=sn succeed in kuowlng or asttempt
the task but fail, |
Secondly, an account of Knowing cannot dlsregard
its content, and its content 1s so extensive that it mocks
encyclopedias and ovarsflows librarles; 1ts content 1s so
difficult that a man does well devoting his life tn master~
ing some part of it} yat aven so, its content is incomplete
and subject to further additions, inadeguate and snhject to
repented, future revislions, Does it not follow that the
proposed exploratory Journcy is, not merely arduous, but
impossible? Certainly it would be impossible, at least for

th> writer, if an acquaintance with the wibole range of
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knowledge wor? a requisite in the presant inquiry, But, in
fact, our orimery conceorn is not the kaown but the knowing,
The known i: azteasive, but the knoving is a recurrent
structure that caa be Investipated sufficiently in a serles
of strategically chosen instences. The gnown is difficult to
master, but in our day competent spaciulists heve labored

to selact for serious readers ani to nrasant to them in an
sdaquate fashion the basic components of the various depart-
ments of knowledygee Flnally, the inovn is incomplete and
subject to revision, but our conicern 1s the knowﬁr that will
be the source of ths future additions and revicions,

It will not be amiss to add a few corollaries,
Tyt

for nothingxggjdisorientates a readeqﬁthan a failure to state

cinarly what a book is not about., Basically, thom, this is not

& book on mathematics, nor a book on sclence, nor a hook on
common sense, nor & book on metaphysics: indead, in 2 sense,
it 1s not aven & book about kinowledge. On a}sg&mﬁey level,
the book conitains sontences on muthematics, on sclsnce, on
: ' LA

common saease, on netaphvslcs, On a*gecaadawy level, the
meaning of all thwese ssntences, thelr intention end signifi-
canca, are to be grasped only by going beyond the scraps of
mathematlcs or sclence or common senss or metapnysics to

the dynamlic, cognitional structure that is exemplified in
knowing them., On & third level, the dynamiec, cognitlional
structure to be reached ic not ths transcendental ggg of
Fichtean speculation, nor the ahstract pattern of relations
verifiable in Tom and Dick and Harry, but the personally

appropriated structure of one's own experiencing, one's own

intellipsent inguiry and insignts, one's own critical reflec~




tion and judging and deciding. The crucial issue is an
experimental issus, and the expsriment will be performed not
pablicly but orivately, It will consist in ons's o:m rational
self-conscliousness clearly and distinctly takin: possession
of itself as rational sell~consciousasss. Up to that Jacisive
achievemant, all leads, From it, all follows, ifo one slse,

no matter “hat.his kuovledige or his gloguence, no matter what
his logical rijor or his persuasiveness, can do it for you.
But though tii» act is nrivate, both its antecedents and its
consequents have thair pablic manilestation. Ther: cant bhe
long series of marks on paper that comuniicute ai iavitation
to know oneself in the tension of the duallty of onel's o

knowing; and among such series of marks with an invitatory

't'\-‘\\"i\ {% weed £ e
meaning the present boolk wnuldAbe nubered, HogkiSpit/anp,h

secret whether such invitations are helpful or, when helpful,
accepted, ?Ef‘%@ntor tvilignt cunnot be mistasken for the
summer nooqigay SN,
In the third place, thon, more than all else,
the aim of the book is to Lssue an invitation to & personal,
dacisive act, But tha very neturve of the act demands that
it be understood in itselfl and in its impiiecations. Vhat on
garth 1s meant by rational self-consciousness? Yhat 1g¢ meant
by invitim it to take possession of itself? Vhy 1s such
gelf-possession suld to be so declsive and momentoua? The
questions are pérfectly leglitimate, but the answer cannot be
brief, |
However, it is not the answer itself that counts
so puch as the manner in which 1t 1s read, For tho answer

cannot but be written in vordsi the words cannot but procesd

s,
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from definitions and correlations, enalyses and inferences
Yet the whole point of the present anuwer woiuld be migsed
if & reader insisted on coacluding tihat I must be engaced in
setting forth lists of abstrect properties of human knowing,
The present work is not to bs read as tnough it deseribed
some distant re;ion of tine globe, which the reader never

visited, or some strange and mystical experile.ce, which the

reader naver shared, It 1s an account of knowledge, Though
1 caunot recall to each rsader his personal experionce), he

e

can do so for himself and thereb{ ﬁiﬁf%@?y gaonaral chrases
Trom the dim world of tuiought tqﬁgue malsing flow of 1life,
Again, In such fields as methametles and netural science,
it is posalble to delincate viti: somes accuracy the precise
content of & procise Insight; but the point g ?tua delinea-
tion is not *o nrovide thz2 reader wlth a sftream of words
that he can reprat to others or with a set of terms and
relations from whicih he can procead to draw i1farsances and
prove conclusions, On tiac contrary, the point here,as else-
where, i1 appropriation; the point is to discover, to identify,%-
to become familiar with the activities of one's own.iqtelli- !
gence: the point 1z to bocome able to discriminate with ease
and from personal conviction batween ona's purely intellectual ;
activities and the manifold of other, "exlstential® concaorns
that invade and wix and blend with the operations of in-
tellect to render it ambivalent and its pronouncenents an-
biguous,

| At this Juncture, hnwever; many & potentlal

reader will expostulate, The illustrations offered in the
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first five chuapters Ao not lle within the ordit of his

interasts, Intellipmce an? reasonableness are marks common
to all instances of fgag gopleng, But my initlisl concentra- 5
tion on matnemstics and natural science seems unduly to i
narrov the effective rasge of the Invitation that I issue |
to an appropristion of one's ovn rational self-conscilousnsss, '
Perhaps an explanation of the motives that gnided

my decision In thias metter will serve, not only to explain

my procedurs, but also to enable each rzader to estimate for
himself the measure in which the esrlier chapters have to

be understood 1if he ds to be in a position to profit from
the book as a whole, Im the first place, it 1s essential
that the notion of insight, of the aceunmulation of insights,
of higher viewpointsy and of thelr heuristlic significance
and implications, not only should be grasped clearly and
distinctly but alse, in so far as possible, shpuld ba 1den-
tified in one's ovm personal intellectual experience, The
precise nature of such an ldentification will be clarified
in the chepter on Self-affirmation for, as seems clear, it
1s both easy and comzon to concelve introspection and in-
tollectual experlence in a fashion that, when submitted to
serutiny, proves to be meaningless, 5till, 47 that account
of our awarcnass of the levels of consclousness is to be .
intelligible, it has to be preceded by a grasp, both precise
and firm, of the successive types of activity that serve to
mark and to deline the successive levels of consciousness,
In turn, if one's apprehension of those activities is to Dbe
clear and distinct, than one must prefer the fields of in-

tellectual endeavor in which the greatest care is devoted to
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exactitude and, in fact, the greatest 2xactitude is attained,
For this reason, theu, I have f2lt obliged to begin my

accomt of insiynt and Lts expansion vith methematical and

scientific {llustrations and, while I would grant that
essentlally the same activities can he illustvatad from the

ordlnary use of intelligence that is naued common sense, I

glso must submlit thet 1t vould be imposzible for conmon gsense
to grasp and say vhat pracissly common sernize happens to
iligsgtrate,

But further considerations are no less operative,
For the present enterprise 1z coacernad to unravel &n ave
blguity anl to 21iminate an swbivalence, St. Augustine of
Hippo narratas thet 1t took him yeurs to meke the discovaery
that the name, real, might have a different connotation from
the name, body. Or, to bring the point nearer home, one
mifnt say that it has taken modera sclence four centuries
to make the discovery that the objects of its inguiry noad
not be im=aginable entitles moving through imsyinable pro-
cesses in an imegineble space~time, The lact that a Plato
attempted to communlcate through hic dialoguss, the fact
that an Augustine eventually leoarnt from the writers whom,
rother gensrally, he reflers to as Platonists, has lost its
antique flavor and lts apparent irrelevance to the modern
miad. Sven before iinstein and lielsenborg it was clear
snough that the world deseribed by sclentists was strangely
different from the world depicted by artists and inhabited
by men of comim: s=2nse, But 1t was left to twentiasth century

physicists to envisape the possibillty that the objects of

b e o
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thelr sciznca wars to be reachad only by sevaring the
umbilical cord thet tied them to the maternal imarpination
of man,

Ag the reader will have divined, thz relevance
of methematies and mathematical physics to the present in-
vestigation is not only the transference of thelr clarity

and precision to the account of lusi;ht but &lso the signifi-

cance of the transitlon from the old mechanism to rslativity
and from the old determinism to statistical lavs. In eariier
pariods the thinker thet would come to srips vith his tnink-
1ng could be 4ided by the dialoguas of Plato and, on & more
recondite level, nhe could appeal to vhat M, Gilson would
call the experiment of hlstory in snecient, redieval, and
modern philosophy. But today there are at his disposal both
the exactitude and the impressive scale of & complemantary
historical «gporimant that bepan with the bleanling of scien-
tifie priaciplaes and philosonhide asswuptions in Galileo and
has ended with their sharp segregation in our own day., Yhat
a Pleto lahored to commnicste through the effort in appro-
priation of his artistic dialogues, what the intelligsnce of
an Augustine only slowly mastered in the throes of a
religious conversion, whuat led a Descartes to a method of
universal doubt end prompteq:Kant to undertake a critiqus

of Pure Reason, has cast & shadow, no less momentous but

far more sharply defined, in the r?alm of exact science.
ClaarlyLu‘&\tb-'kmmm&mihw%m;z contempor&zﬂf affort

Ko
to regolve the duality in man's knowledge’\to ignore, if

not the most striking, at least the most precise element in |
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the evidance avallable on the issue,
But there is also a third purpose that I hope E

to schieve through an appropriation of the modes of scien- |

tific thouaght, For such thought is methodical and the

sciontist pins nis fatth, not on this or that sclentific

system or conclusion, but on the validity of sclisntific

method Itsell. But what ultimately 1s the nature and ground

of method tut & rellective grasp and speclalized applica-

tion of the ou]act of our inguiry, namely, of the dynamic

structure immanent and recurrently operative in human cogni- .
tional activity? It follows that empirical sclence as é;
methodical not merely offers a clue for tne discovery but

81350 exhiblts concrete instances for the examination of

the larger, multiform dynamism that we are seeking to explore, £
dccordingly, 1t will be from the structural and dynamie
features of sclentific method that we shall approach and
attempt to cast into tho unity of a single perspective
such apparently diverse olements as 1) Plato's point in
asking how the Inguirer recognizes truth when he rsaches
whét, as &n inquirer, he did not know, 2) the intellectual-
ist (though not the conceptualist) meaning of the abstrac-
'tion of form from materlal conditions, 3) the psychological’
manifestat ion of Aquinas! natural desire to kaow God by his
assence, 4) wiat Descartes was struggling to convey in his
inéomplete Kepulae ad directionem ingenii, 5) vwhat Kant cen- !
ceived as & priord synthesis, and 6) vhat is named the final-
ity of intellect in J. Mardchall's vast labor on Le Point

d m ”» -
de Répart de la Nétaohysigue.

I have beon insisting on the gravity of the

T e
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motives that led me to begin this essay in aid of salf-
appropriation with & scrutiny of mathomatical phy:ziecs, But
1 T am to avold oversstatement, I must hasten to add that
tie significance of the scrutiny is, so to speak, psycho-
Joglcal rather than lorinsel, For ths present work £alls into
two partyg, In the flrst part, insiht is studled as an
actlvity, 4s wi »wont thet occurs within various patterns

of other relatad avents, In the second part, Insisht is
studied as xnowlasdge, as an event that, under detersinate
comditions, reveals a universe of being, Thae first part
deals with the question, Vhat 1s hap.ening when ve are
Knoving®? The second part moves to the question, Vhat is
knowm when that is happening? Vere there no psychological
problem, the flrst part could be reduced to sets of defini-
tions and clarifications for, from a logical viewpoint, the
first judgmentlthat occurs in the whole work is the Judsment
of self-affirmetion in the eleventh chapter, Lut the hard
fact is that tae poychologlceal problem exists, that there
erist in man ﬁwo diverse kinds of knowing, that they exist
witliout differentiation and In an embivalent confusion until
they are distingulshed explieitly and the implications of
the: disticeblion are drawn explicltly, The hard fact is thaet
the personal psrehologlcal problem cannot be solved by the
ordinary procedurs of afflrming the propositions that are
true and denying the propositions that are false, [or the
truoe meaning of the true propositions always tendsto he mis-
apprehended by & consciousness that has not yet discovered

its need of discoverdng what an Augustine took ysars and




modern science centuries to discover,

It remains that someti:ing be said on the last

two of the five disjunctions by which we proposed t» bracket
nolad

the aim of this book. As has beenAnaid, wa yre concernad not

with the existence of luowledge but with Lts nature, not

with what 1s kiown but with the structure of the kaowing, |

not with the abstract properties of cognitional process but
with & personsl aporonriation of onets own dynamic and re-
currently'operafive structure of coraltional zcetivity. There
1s now to ke oxplelnad the fourth disjunctlon, for the labor
of self-ap:ronriution cunnot occur at a single leap, Essent-
1ally, 1t i5 a devslopment of the subject and in iz sabject
and, like all develonment, it can be solid and fruitful only
by being painqﬁ;akina and slov.

How 1t would be absurd to offer to ald a pracess
of developmant and yet write as though the whole development
were already an accomwvlished fact, A t2acher of geometry may
be convinced that the whole of Buelid is conteained 1In the
theofy of the pn-dimensional manifold of any curvature. But
he does not conclude that ¥uelid is to be omitted from the
High School program ani that his pupils should begin from

the tensor calculus, For even though Fuclid is a partienlar

case, still 1t is the particular case that alone gives access
to the general case, An! even though Ffuclidean propositions
call for quatlfication when the nore gensral eountext 1s
reached, 5till an effective teacher does not dictract his

pupils with qualifications they will understend only vapguely,

wnen it is his business to herd them, as hest he can, across

the pons asinorum.
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In sinilar fashion this book is written, not

from above downrards, but from below upwards, Any cohaerent

gset of statements can be divided into definitions, postulates,i

end conciusions, But it doss not follow that between the
covers of a single book there mucst be a single conerent set
of statements., For the single book may be written from &
moving viewpoint, and then 1t will contain, not a single set
of coherent statements, but a sequence of reluted sets of
eoherent statements, Moreover, as is clear, a book deslyned
to aid a developmant must be written from a moving viewpoint,
It cannot begin hy vresupposing that & reader can assimilate
at & stroke what can be attained only at thza term of a pro-
longed and arduous effort, On the contrary, it must basin
from a minimal viewooint and a minimal context; it will ex-
ploit that cinlmum to ralse a further gquestion that enlarges
the viewpoint and tue context: it will proceed with the
enlarged viewooint and context only &s long as is necessary
to raise still deasper issues that again transform the basis
and the terms of reference of the Inquiry: and clearly, this
device cen be repected not merely once or twice but as often
a= may he requirad to reach tho universal viewpolnt and the
completely concrete context that embraces every aspesct of
reallty.

Howaver, if this procedurs alone is adapted to.
the aim of the present work, I must beg to stress, once and
for all, that its ifuplications are not to be ovarlooked,

I1f Spinoza wrote his Lthics in what, in his day, was thought
to ba the geometric style, it is not to be inferred that |

I am endeavoring to walk in his footsteps, that I never

L
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heard of Godel's theorem, that I am not operating from a
moving viewpoint that successively sets up contexts only

to go veyond them, If thie Inference is not to be made, the

- Turther implications of such an inferonce a&re not to be
assumed., The premi&ses fron which ny own position can be
deduced are nnt complete in the first section of the first
chapter when a brief description endeavors to fix the mean-
ing of the name, insight, The context is 2alurped but not
completed when & study of mathonatical development makes the

notion of insigcht more nrecise, There 1s th: broader con-

text of a mu%hemati%ed world of events that has avpeared by
the end o7 the Iifth chzpter, but it has to be included
within the still fuller context of the world of common sense
to be depicted in chiepters six and seven, The eighth chapter
adds things, which, though previously disregarded, naver were
denled. The ninth and tenth chavters add reflection and
Judgment, which neither were excluded from earlisr considera-
tlons nor, on the other hand, were they capable of making a

systematic entry. In tha eleventh chapter there occurs the

first jJudpgment of self-affirmetion but only in the twelfth
chapter is 1t sdvanced that that judpment 1s knowlerdge and
only.in the thirteesnth 1is it sxplained in what sense such
knowledge 18 to be naned objective., The four chapters on
metanhysics follow to-sweep all that has besn seen into the
unity of e larger perspactive, only to undergo a similar
fete, first, in the account of general transcendent know-
ledge ang, amaiu, i{n the approach to special transcendent
knowledge,

Clearly, then, if anyone were to offer to express

) .




my meaning within a briefer compass than ¥ have been able to
attein, ho must bear in mind thet earlier statenents are to
be qualified an. interproted In tihe light of later statements,
lioir is tuils all, For alreedy 1t has boen pointed
out that the presont work is concernaed with the knovn only
in the schematie znd Iincomplete fashion that is neaded to
clarify the nature and affirm the existence of different
departments of nowing, This extremely general qualification
has to be combined with the qualiflcation of eariier state-
ments by later and, 1 sug-est, thz combination can be effected
systematically in the following manner,

Godel!'s tneiwrem is to the effect thot any set
oﬂﬂdefimitions and poxtulates gives rise to furthor coastions
that cannot be answered on tho basis of the dzfinitions and
postulutes, Consider, then, a series of sets of definitions
and postulates, say P, (, Ryese. such that, 1f P 1s assumed,
there arlse ~uestions that ceoe be snsvered only by assusing
Q, if ¢ is assumed, tizere arise questions that can be answer-
ed only by assuming R, and so forth. Then besidas the succesé«
ive lower contexts, P, ¢, R, ... there also ic the upper
context in which Godel's tieorem is expressed, Moreover, in-
asmuch a5 the theorem is quite general, the upper context 1s
indapendent of the content of any particular contexts such
as, P, Q, Rysss Finully, since there is no last, lower con-
text that ls definitive, since R will demand a context 8,
and 5 a context T, and T & context U, and so on indefinitely,
the really significant context is the upper context; all
lowar contexts, Py, G, By 8, T, Uyesss 8re provisional: and

they attain a definitive significance only in the measure

P . ...-I
o ) "
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that they glve accass to the upper context,

How let us go beyond Godlel!s theoram, not in the
diroction of greater abstrectness, but in the direction of
groutar emceretensss, and not to prester concretensass on the
side of the object (vhich 15 vast and difficult and onen to
furthar ad’itisns snl revislons) but to groater e nereteness
on the gida o7 t.:2 subject, Besidas tho ggégg or intentle
intenta or persde ponsée, illustrated by the lower econtaxts,

P, Q Ryees and by the upper context that is CGodelts theorem,
there also is the 5935;3 or Intentio intendans or pensde
pensante that 1s constituted by the very activity ol inculr~
ing and reflecting, understanding and affirming, acking fur-
ther questions and rezchine further answers, Let us saov that
this noetic activity Lls =ngaped in a lowsr context when 1t
is doing mathamatices or following scientific method or exer~
c¢lsing common sense, Them it will be moving towards an upper
context when 1t scrutinizes matiemstics or scianice or common
senga in ordar *o srasp the nature of noastic activipy. And

,AA/M
1T it comes to understand and affirm vhat $e-ds-towundar—

MWW

&2&Hdﬂ&ﬂ&~difi?ﬂ, then i+ has ro2ached an upper context that
logically is isievandent of the scaffolding of mathematics,
sclence, anl com on senss, Moreover, 1f it can he shown that
the upper context 1s invariant, that any attempt to revise
it can be legitimate only Lf the hypothetical reviser refutes
his omm attempt by invokdng experience, understanding, and
reflection in:;&e already prescribad mamner, then it will
appear thet, vhile the.ggﬁgg or intentipo intenta or pengég

ggnség may alvays be expresced with greater accuracy and

H
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completeness, still the immuneat and recurrently operative
stTucture of the nodsig or iatentio intendens or pensée
Jengante must always be one snd the same,

In other vords, not only are we writing from a
moving vievpoint but also w2 are writing about & moving
viewpoint. Hot only are earlier statements to be qualifled
by later statenents, but also the later qualification 1s to
the effect that carlier statements tund to be more scaffold-
ing thst can be subjzcted to endless revision without inply-
dng the necessity of any revisinn of onc's appropristion of
ona's own irt=llsctual an:d retional self-consciousrness,

In the fifth place, to turn to the final disjunc-
tion, the order in wnich the moving viewpoint sssembles the
olements for an appropriztion of one's own intellectual and
rational self-consciousness is governed, not by considera-
tions of logical or metanhysical priority, buit by considera-
tiong of pedagoglical efficacy,

Now this fifth dis}unctlon would be superfluous
if I could not anticipate that among potential readers there
might be men already in possession of a logical or a meta-
physical scheme of things, Accordingly, thoupzh 1t will bde
the constant ruls of the present work to deal with 1lssues
in their proper genserality and at their proper place and time,
it scems necessary to depart for a moment from that rule to
envisage some of the pointe on which logiclans or metaphysic-

ians are going to find it obvious that, on their already

establishzd eritaria, I must be utterly on the wrong track,
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- From a loirical viewpoint 1t mipght seem that enough
hao beon ealdd, but two points morit spoclal attention, In the
course of Chajtor XIV or, at loast, by Chaptor XVII i.‘;x:f:{ll bo
able to hwold in a singlo cotiorent view the totmllity of contradlictory
positiongs on knowloedro, ohjrotlivity, nnd ronllty. But such & per-
srective is dlaloctleal or motcsglocical. It oconnot be produced Yy
tho locicel arts of definition, posinintion, rmd lnferonce. It con
Lo nadintod by & ook only in so far no thore s & communication of
inniphts thant in some roamote fashlon 3o annlogone to tho avoeatlon
of innpos or to tho sugrostion of foollngs. Heoneo, partieulorly

in oier £irst ton chaptors wihleh denl with tho ponools of concophs

and Judrments, of torms and propositions, the only possible vehlole

for ho encontinl contont: of ouwr nnnlysie 1o a prelorlcal and even.

rroconcopLunl note of comminiection,

Secondly, our gonl 1o insirht Lnto insicht ond that

gonl in ronchod inmnamnch as tho Inolrht that Lo sought risoes upon

< o differontliatod sorios of 1llustrative Insifhats,. But the 1ilus-

trative inolghte hove to be olenontery. %Yo cannot roproduce whole
trontines and, if we counld and 4id, we phonld delent onr purpose.
llonce, our 1linstr-tions hinve to bo slnmple inmﬁ.f;_‘raﬁa ptrippod fron
tuoir conbext of furthor conplementary inolrhts thnt correct, quallfy
adjush, and reflne. Nov ouch atrippling wlil pein spocinlist recderss
If thoy mlso our point ent.ﬂ.rely,' it nmay ovon convince them that
insirht 1~601f 1o ao suporficiel as our 4llustrations. Howover,
spoclnlinsta hove in tholr oym werstanding thwe remcdy for thelr

paln, Sor thoy olwayoc can bring to licht the complencntary insichts

1

by aoklng thenoelveso yhy our 1lilustratlons are wnentlcfactory. More- _

ovoy, LT they do so, thoy can advance rapidly touvards an inclrht
into inal-ht white, Af thoy movely grumble that thils ool of words
1g wrong and thot set ninloading, thoy rislk cnconraglng an overaight

of inoirht nnd ovon & flipht from unlerstandinge
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To turn from logicol to metarhysical consideratlions
is to envisnpge n quite AlfTerent circle of wnoseible readors.
Among contenyorary Ceiolectles there in o biond agreoment on
rotoephynleal losues and, at the gone time, a shan strongly
contreating: diverronece on eplotomoloricnl quesilions. Thia
dlcpardty noy lond my work an aprecrance of wvrong-hordodnoss
for inplend of aprwoeching whnt Lo dowdhiul from vhot is
aocurod I hegin from knovledse and rooch motaphyoles only as
r conelundon,

St11l, 1 aprecrances are agalnet me, the faots
ke ﬁoﬁ. In the three contnrios since Zosonrbes and, parbionlarly,
In the contury ond a half since Ront, noither time nox effort
hes been loclhiing to work out a motaphyoleally inspired oplotem
olorys ond Af the vosults of nll that loLor hoave not beon
makk entirely oatlafechory, one does not have to po far 0
£ind the reagon, Forr thy 'wond cprocment of Scholanties wlthin
g T1210 o motnphyrics Ll deesrtlves. One hing only to scratoh

he ourfoen to Delng to 114t not only betwesen schoole et oleo
withln then numovous,.profovnd, aud for-reachlss dlfferences.
Such differoncaa pertly oye aglmowledrod oponly in rances of
diaputed mentions that dowm the conburles hrve reveeled

thelr intractablenesp; ond hoyond such overt issoues there are
tho covert ones that cry for Investipetion yvet cannot be
attacked sudoosefully wntll the dlnruted questions are cleared
eway:s In brlef, the scandel of hopolesr dloaryrcenent among
Phi‘osophers gonerslly 1o mircomed nirrcred on a smaller scale
amony Sco¥amdx Scholestles and, even Lf one in not rondy to
grant thnt a detnched and peonctrating study of cornitional

innues alone offers the irosprot of a systemotie solution




Inalight L '
Introduction , ' 27

ot lonst one oan hardly maintain that no attenpt whaiever is
to be nmode in thot direction.

To conelnde, our nim rognids L) not the fact of
knowledpe Dut o discriminntion between two facts of Imouladge,
2) not the dotalln of the Ymown Wt tho strictire of Lhe
knowlng, 3) not the Imowirg nc an object choracterised by
cotalopuen of abstract pronortios bui the epprorrintion of
one's own intellecinnl and rotionnl gelf-conocionsnoss,

4) not & snddon leap to appropriation but a slov and pelnstaking
develormont, aAnd B) not o devoloment lnclenied by appeeling
Lorthe-logia

elther to the loglec of the ap yot unknown gonl or

[Note for printer: Follow on page 29 (ink top rightehand corner)
Page 28 should hove been deloted,]
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to a presupposed and as yet unexplained ontologlcally
structured metaphysics, but a developmant that can hegin
in any sufliclently cultured consclousness, that expands in
virtue of the dynamic tendencles ef that coirsciousness 1t-
self, and that heads through an understanding of all under-
standing to a basic understanding of all that can be under-
stood,

The last phirase has the ring of a slogan and,
happily enough, 1t sums up thz posltive coutunt of this

work, Tiigroaenty unierstand what it is to understand, and

net only will you nagerstand tag broad lines of all thare

is Yo be understood but also you will nossess & fixed hase,

an inveriont pattern, opening udon all furfhzsr developments
of uncerstanding,

For the appropriction of one'ec ovn rational selfl-
consciousness, which has been so stressed in this Intro-
duction, is not au end in itself but rather a beginning. It
is & necessary bagloning, {or unless one breaks the duslity
in one's kaowing, one doubts tnat understandiing correctly is
knowing, Under tne pressure of that doubt, either one will
sink into the bog of a kiowlng tnat is without understanding,
or else ong will cling to understanding but sacrifice knowing
ox tne altar of an lmmanentism, an idealism, & relativism,
From the hoins of that dilemma one escapas only through the
discovery (and one has not uade it yet if one has no clear
memory of its startling strangeness) that there are two quite
different realisms, that there is an iacolierent realism,
half apimal and half human, that poses as a half-way house

between materiallsm and idesallsm and, on thse other hand,
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that there is au intellipent and reasonable realism between
which and materizlism the half-way house is idealisw,
The boginning, tien, not only is self-knowledge
and self-appropriation ut &lso & eriterion of ths real,
If to convince oneself that knowing is understanding, one
ascertains thut knowing mathematics is unders:anding and
knowing science 1s understanding and the xnowledgs of common
sense is understanding, one ends up not oniy with a detailed
account of understanding but also with a pluin of what there
13 to be xnovn, The many sciences losa thelr iseolation from
one another: the chasm retween science and common sense is
bridged; the structure of the universe proportionate to
nan's intellect is revealed; and as that revealed structure
provides an objsct for a metaphysies, so the initial self-
criticism proviides a method for explaining how metashysiecal
and anti-matanuysiczal affirmations arise, for selecting those
that are corrct, «id for eliminating those that patently
spring from a lack ol accurate self-imowledge, Farther, as
a metarhysics Ls derived from tha koown structure of onets
knowing, so an ethies results from knowledge of the com-
nound structure of one's xnowing and doings and as the meta-
physics, so too the sthics prolongs the initlal self-
Ceriticism into an explanation of the origin of z2ll sthical
positions and into a criterion for pasring judgment on each

of them, Nor is bthig all, Ltlll further questions press upon

one, They might be iznored if kuowing were not understunding
or if understanding were commstible with the obscurantism

that arbitrarily brushes questions aside, But knoving is

_ —
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" the ancwers offered there will be more intelligible in an

understanding, and understanding is incompatible with the
obscurantism that arbitrarily brushes questions aside. The
issue of trenscendent knowledge has to La faced, Can man
know more than the intelliyibility immanent 1in the world
of possible experience? If he can, how can he coniceive 1t?
If he can conceive it, how can ne affirm it? If he can
affirm it, how can he reconcile tnat affirmation with the
evil that tortures too many humen bhodies, darkens ton many
human minds, hardens too many human hearts? Such are the

questions of tha last two chapters, but further comment on

Epilogua than in an Introduction.

As the reader stortly will discovaer, this is not
an erudite work, Prior to all wrltiag of history, prior to
8ll interaratation of otuer minds, there iz ths self-scrutiny
Ef tha nistorlan, tho self-knovledge of the interpreter,
That prior task is my concern, It is a concarn that has its
origins and background, its dependences and affiliations;
they might be worth recounting; but they would be worth
racounting only bacause of the vorth of the prisr conceint
and they would be interpreted correctly only if the prior
concern were successful in accomplishing thie prior task,

8o it is that my references are few and une-
essential, In the analysis of empirical sclence I thonght
that it would be helpful to selact & single book in which
a readsr could find an account of topics that arases for
tiils reason, then, and without any intention of suggesting

gsome unigue authoritativeness I regularly refer to Liandsay

and Margenan's fraquently reprinted Fgoundations of Phvsics,.
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Again, scattered turoughout the work, there occur bold
stateneats oun tha views of varlous thinksrs, May 1 express
the hope that thicy will not cause ton much annoyance, As
the lengthy discussion of the truth of internrotation in
Chapter XVII will reveal, they can hardly pretend to be
verdicts issued by the court of hiutery, vhose processes
labor under nmuch longer delays than the vorst of the courts
of law, Thelr primary significance 1s simply that of an @ 8
abbreviazted mode of ﬁpéech that has a falr chance of communi-
cating rapidly what otharwise could hardly be saildl a+ all,
And, perhaps, to that »nrimary meanin:s there could bs added

a sugoestion that, in the weasure that the principles of

tuls worlc ara accented, the signiPficance that we happen to
have underlined may provide a starting-roint for furthsr
inguiry,

fa
In tue introduction of his Treatise on Human

Nature, David lwne wrote that one does rnot conquer & terri-
tory by taking here an outspost and there a tovn or village
but by marching directly upon the cauital and assawnlting

its citadel, ©till, correct strategy is onc thing: success-
ful execution is another; and even after the most succassful
campaign there renains a prolonged task of wopwping up, of
orzanization, and of consolidation, If I may ba sanrsuine
enough to balisve that I have hit upon a set of ideas of
fundamental importances, I cannot but aciknowledge that I do
not possess thn resources to give a faultless display of

thedr Lmplicutions in the vide vaviety of fields in which

tiiey are relevant, I can but make the contribution of a

single men and then hope that otners, sensitive to the

o) R
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same problems, will find that my elforts shorten their
own labor and thet my ¢onclusions provide & base for

further developments,

o - LR R LR L i o w
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In €he midst of that vast and profound stirring
of human minds, which we name the Renaissance, Descarbtes was
convinced that too many people felt it beneath them to direct
thelr efforts to apparently trifling vroblems, Acain and again,
In his Répulase ‘ad Airectionem inzenil, he revurbs to this theme,
Intellectual mqstpry of mathenatics, of the departments of science,
of philosorhy, is the sfealslutewmudetsfe fruit of a slow and
steady accumul:ition of 1ittle insichts., Great problems are
solved by being broken down into Little problems, The stroked
of genlus are but the outcome of a continuous habit of inqguiry
that zrasps clearly and distinetly all thet is involved in auax
the simple things that anyone can underssand,

I thoaght it well to he2aln by recalllng this
convictlon of a famous mathematician and nhilosorher for our
first task will be to attaln femilisrity with & vhet 1s mcant
by Insight and the only way to achieve thils snd is, it seems,
to atsend very closzely to = serlies of instances all of which
are rather remarkable for their banality.

Terpoyenelosical resonance of the oceurranc
bf an insisht aprepsfs,vith the over-emphnsis th-t nids clarit
the story of Afchimedes runnips from the hathr’with the cry
Lureka. He had been zet the prbblem of detamining . .ether a
rown, fashldned by a amith T dosbtful hopesty, contained.on
old, He Xad ~rasped, sugdenly and unexpgctedly, what we wounl
ame the rrinciples of manr huoveney and of specific pravity.
{t111 #e did nobt ~rsas mese nrineinlgs in =ome abstrqct formuldtion.
Rhther, he had under#tood thet he yould solve his
wB&ehing the crown/ln water.

the story
d joy. I do
other instanc

Archimedasgt
t su 0 ,e the
of sweh

s delight

-ﬂm c-ntains

Ca

f,
A

L. Alth the over-emphag®s that aids clariiy
paychologlcal/resononee of the ogdurrence of an Insiy

n the story of Archimedes ruskineg naked from the

yracuse w¥ith the cryptic cpy, ggreka. 4 smith 4f doubtful

votive/ Honesty Mad fashioned a/cpetm for King Hiero./The king sct

Achiptcdes the problem pf determinine whell it "ad been mdde

of pfire mold., Archinefies hed hitv upon g folvution, ieish €

- f there have been rr.oier discoveries in the
history o lopeer—t—exa 1o nok » more uninhibited expressign
R gy the delight qnd joy that the sclubtidirofa providam drings
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len Our first illustrative instance of insight will
be the story of Archimedes rushine neked from the baths of
Syracuse with the cryptic cry, Eureka! Xing Hiero, it seems,
had had a votiwe crown fashiocned by a smith of rave skill and
doubtful honesty, He ished to lmow whether or not baser metals
had been added to the sold. Archimedes was set the problem

and in the bath hnd hit upoa the solution, eigh the crown in
water! TImplicilt in this cirective vere the principles of
displacement and of specific gravity,

With those principles of hydrostatics we are not
directly concerned, For our objective 1s an inaight into insight.
Archimedes had his insight by thinking about the crowms we shall
have ours by thinking about trchimedes., What we h-ve to grasp
i1s that Insipht 1) comes as a release to the Lension of inguiry,
2) comes suddenly and unexpectedly, 3) 1ls a funchtion not of outer
cilrcumstance but inner conditions, 4) plvots between the concrete
and the abstract, and B) passes into the habitual texture of
one's mind,

Firat, then, insisht comes as a release to the
tension of inocviry. This festure 1s dramatized In the stomy
by A?chimedes' pecullarly 3 A5

But the point I would malte doses not 1lie in this outburst of
delight but In the sntecedent desire and effort that it betrays..
For if the typical scientist's sabisfaction in success 1s more
sedete, hls sarnestness in in-uiry can still exceed that of
Archimedes, Deep within us all, emerrent vhen them nolse of
other apret-tes is stilled, there Is a drive to lmow, to under-
stand, to see why, to discover the rerson, to find the cause,

tc explain., Just what is wanted, hes meny names. In what
precisely 1t consists, is a matter of dispubte, But the Tact

of inquiry is beyond all doubt. It csn absorb a man., It can
keep him for hours, dey after day, year sfter year, in the
narrow prison of his study or his laboratory, It csn send him
on dangerous voyages of exzploration. It can withdraw him

from oth.r interests, otlwer porsuits, otler pleasures, other
achievements, It can fI11 his waklng thoughts, hide from him
the world of amwmry ordinary affairs, invade the very fabrie of
his dreams., It can demand endless sacrifices that are made without
regret thourgh tliere is only the hove, never a certain promise,
of success, ‘hat betler symbol could one find for this obscure,
exigentf imperious drive than a man, naked, rumning, excitedly
crying "I've got 1t,"

Secondly, Insicht comes sucdenly and unexpectedly.
It did not occur when Archimedes waas in the mood and posture
that a seculptor would select to porbray "The Thinker." It came
in a flash, on a trivial occzsion, in a2 moment of relaxation.
Once more there i3 dramatized a2 universal asvect of insisht,
For it 1s reached, in the last analysis, not by learning rules,
not by following precevts, not by studying any methodologye
Discovery 1ls a new begiming, It is the oririn of new rules
that supplement or ewen supplant the old, Genlus is creative,
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It 1s genius preclsely because it disrersrds esbtablished routines,
because 1t originstes the noveltles that will be the routines of
the future, iere there rules for discovery, then discoveries
would Dbe mere concluslons. ‘lere there rrecepts for rgenlius,

then men of renlus would be hocks., Indeed, what is true of
discovery, al#io holds for the transmission of discoveriss by
teaching, PFor a teacher conrot undertale to make a pupil under-
stand, All he can do 1g 'vesent the % n-ible elements in the
lssue In a sucgestive order and with a proper distribution of
emphasis, It iz np to the puplls Lhemselves to reach wnderstanding,
and they do so with varying mensures of ease oné rapldity, Some
got ti:e point before the teacher con finish his exvosition.

Others just manage to keep pace with him, Others see the 1ight
only when they so over the metter by themselves, Some finally
never catch on at 2l1l; for ¥ a vwhile they follow the classes but,
sooner or later, they drop by the way.

Thirdly, insirht 1s a functlon not of outer

cilrcumstances dut of inner conditions. MWany frequented the
baths of Syracuse without coming to rrasp the principles of
hydroatatics, But vho hathed theme without feslins the water
or with.ut finding it hot or cold or tepid? There 1ls, then,
a stran~e difference betwaen Insicht and gensation, Unless one
is deaf, ove cannot avoid hearing, Unless one iz blind, ons
has only co open one's eyas to see. The occurrence and Ghe
content ¢f sensation staznd in some Immedinte correlation with
outer eircumstance. Bub with insicht Internal conditions are
paramount. Thus, insighi derends upon native endowment& sogykRuky
with fair accuracy, one can say that Insight is the act that
occurs freouently in the intelli-~ent and rarely in the stupid,
Apain, insieht depends uvpon a hablbual orienta.ion, upon a perpetual
alertness ever asking the 1ittle cquestlon, ¥Why? Finally, dnsisht
depends on the accurate vresentation of definite problems, Had
Hiero not put his problem to Archimedss, hed Archimedes mot

- thought earnestly, verhnps desperately,m upon 1t, the hatha of
Syracuse mixhi would have been no more femous than any others,

Fourthly, insl~ht pivots betwsen the concrete and
the abstract, Archimedes' problem was concrete. He had to settle
whether a partlicular crowm was made of »ure rolds Archimedss
golution was concrete. It wos Lo weirh the ¢rown in watere
Yet if we ask what %3 was the point to that procedure, e have
to have reconrse to the abstract formulsations of the principles
of displacement and of specific gravity. ‘ithout that point,
veighing the erown in water wonuld be mere mm eccontricity.

Once the vo.nt 1s grasped, King Hiero end his polden crovm bhecome
minor histocical details of no sclentifle Importance., Once more
the story drametizes a utniversal sspect of insisht, For if
insights arise from concrete problems, if they reveal thelr value
in concrste apnlicetions, none the less they possess a simni-
ficance cgreater than thelr origins and a relevance wider than

4 their oriminal apnlicetions, Because)@h&y arise ith reference

sk o the concrebe, reometers use diacranms, mathematicians invent
hiﬂ ﬁﬁﬁmmala,HLe_pnﬁns~neﬁ_,b;aek%eer&e*ﬂéaet\rﬁ—bﬁxeﬂﬁe*“ba’fheiy
3 -shivoters-hnye—~ber

ayrbols, tenchers need black~b0ards, pupils have to nerform
experiments for themselves, doctors have to see their patients,
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trouble~sghooters have to travel Lo the spot, people ulth a
mechanical bent take things apart to see how they work,

But because the girnificance and relevance of insicht goes

beyond any concrete problem or aprlication, men formulate
abstract sclences with their numhers and symbols, thelr technical
terms and formulas, thelr deflnitions, postulntes, and deductionas,
Thus, by its very nature, ingisht 1s the mediator, the hinge, the
pivot. It 1s insight into the concrete world of sense and
Imaginations Yet what is ¥mown by insi~ht, what issight adds

to gensible and imaglned presentaticns, finds 1ts adequate
expression only in the ebstreet and recon’ite formulabions of

the sclences.

Fifthly, insight passes into the habvitual texture
of one's mind, Before Archimedes kad conld solve his problem,
he needed an instant of inapiration, But he needed no further
inspiration when he vient to offer the king hlis solution, Once
one has understood, one has crossed a divide. hat a moment
ago was an insoluble problem, now becomes incredibly simple and
obvious, Morsover, it tends to remaln simole and obvious.
However lahoriocus the first oceurrence of an insi~ht may be,
Subseunent repetitions occur almost at will, This, too, is
a universal characieristic of insirht and, indeed, it constloutes

T -Gasébé%é%ymaﬁhlaarningL_;Eanﬂin—%&4rn1nﬁ“&'ﬁ 0 12
i perlod of darlmess in 'hiq%/ene FYope nnont ecurely
, 1S one berins ngcntch On.y~ There ;a/ﬁ/g;bsqpﬂ@nt popidd -
rensing xﬁﬁt, confidence, Ant~rest; absorptitn. liprgover,
§ rnle hoi justin uhe,;eﬂree/;hnu o 8 bmé’%ﬁcn%ls’ not
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the poss¢bility of lnqrnlng. For we can learn innssmuch as we
can add inslsht to insicht, incsmuch as the new does not extrude
the old but complaments and comhines with 1t., Inversely, inasmnch
as the subjlect meuvbieet tobe lesrnt Involves the accuimition of
a whole series of insichts, the process of learning 1s marked
by an initinl perliod of darimess in which one groives aboud
insecurely, in which one cannot see where one is moing, in which
one cannot grasp what s1l1 the fuss is aboub; and only -~radually,
as one begins to catch on, does the initial darlness yield to &
subsequent perlod im of increasing li~ht, confidence, interest,

absorptilon, Then, the Infinibesimal calenlus or theorstical
phjSlOB o the issues of philo: onhy cease to be Lbe mvuterious

o %15 A - o1
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ind obuions Je 506 berln/%ﬁ flnd‘hhﬂﬁﬂlesq incredible ouw

-egphﬁrs' % cYaims that really. siuch matters are, not at a
ossible, bub siiiple aﬂé’bﬁviou&-as s imple—end _oiviaTs—ds

any%hancﬂe&ae-aﬁﬂ—onca ms—umdenatoodd

and foggy realms they had seemad. Imperceptibly we shift from

The helpless infancy of ths beginner to the modest self-confidence

of the advanced student. Eventually we become capable of taking

over the teachsr's role and complaining of the remarkable obtuseness

of pupils that fail Lo see what, of course, iz perfectly simple

and obviousg to those that understand.
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2.%- As every school-boy knows, a clrele 1s & locus

of coplanar points equidistant from a center, What every school-
boy doss not know 1s the difference between repsating that
definlition, as a parrot might, and uttering it intellirrently'.

S0, with a sidelongz bow to Descartes' Insistence on the importance
of understanding very simple things, let us inqguire into the
genesis of the definitilon of the circle.

¥

—*——i-‘&s—ﬂe{ﬂ o -

—
d a questiom. ihy ls 4t r?a—d/ﬂore precisely,
&ﬁ out of whsideration .atich 4wt rinsic 52 unds of thé’/]:.eel‘
oufidne sy - S
// Linit the auestion. 0fie mirfh.t explaﬂn "the roundness:

f 6 wheal by appealing to its. maker, sheoxnasInrighk because

wheelwrlﬂht proceeded in such and such_a- f‘as}rion, his product
ad %o be of ﬁmh a kind, Afain, ons miﬂ"/

heeluright's tools orF

A meﬁ‘"‘ Imagine o cart-wheel with iis bulky hub, 1t
stout spol spokes, its solid rinm.

Ask a questlon, vhy is it round?

Limit the questlion. “hat i1s wanted is t he Immanent
ground of the poundness of the wheel, Hence a corrsct ansuer
will not introduce new daba such as carts, carting, transportation,
or wheelwrights, or their tools, It will spreal simply to the
wheel.

Conslder a surizestion, The wheel i3 rougd because
its spokes are egual, Clequy, that wlll not do., The spoles
could be equal yet sink unecually into the hub and rim, Again,
the rim could be flat betwsen successive spyoke s,

SLil"L, we have a clue., Let the hub decrease to
a point; let the rim and spokes thin out into lines; then, if
there were an infinity of spokes and all were exnctly equal
the r»im would have to be perfectly round; inversely, were any of
the spokes unequal, the rim could not vo:Ld bumps or dents,

Hence, we can say that the wheel necessarily is round, inzsmuch
as the distance from Ehe cenier of the hub te the outc:ide of
the rim is always the me.

o=t 16 "c 4c‘J.e
J“hat-ve de‘uﬂe s gg,/in" "h’s
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A nurmar of obgervaetions are nov in order, The
foregoing brims us ¢lose enourh to the definition of the c¢ircle,
¢
Bui our purpose ls te attain insight, “not into the circle, bub
Into the aet illustrated by inslsht into the circle,

The first observatlon, then, i1s that pointsyxikmaxy
and lines cannot be Imegined, One can imn: rine an extremely small
dot. But no matter hov small & dot may be, still it has mmnitudae.
To reach a point, all magnitude must vanish, and with 21l namiltude
there vanishes the dot as well., One can imap'ina an extremely
fine thread. But no matter how fine a thread may be, still it
has breadth and depth as well as length. Remove from ths Image
all breadth and depth, and there vanishes all length as well.
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are concepts,

The second observation 1s that points and lines

Just as Imasinacion 1s the playsround of our
desires and our fears, so ¥vrends conception is the playground
of our intelligence, Just o8 imagination can cweate ohlects
never geen nor heard nor feolt, so too concertlion con crercte
oblects that cannot even bhe imagined., How? By suprosing.

The ima-ined dot has merniltude as - ell as position, but the
geometer says, Let us supnose it hns only position. The Imagined
line has breadth as well =g length, but the «eometer says, Let us
suppose it has only length. ‘

Still, tiwere is method In thils modness. Our
imeges and esneclqlly our dreams seem very random affalrs, yet
psychologlsts offer to explaln them. Simllarly, the suprositions
underlying concepts may appear very fanciful, yet they too can
be explained., hy did we require the hub to decrsase to a po.nt
and the spokes and rim to mere lines? Because we had a clue «-

&b the equallty of the spokes -- ané we were pushing it forait as
~ worth, As long as the hub had any marnitude, the spokes could
sink into it wnedqually., As lonr as the spokes had any thimlmess,
the wheel could be flat at their ends, So we supposed a polint
without marsnituvde and lines withoubt thiclmess to obtaln a curve
: that would be perfectly, necessarily round,
| Note, then, two properties of concepts., In the
first place they nre constituted by the mere activity of supnosing,
thinking, considering, formulrting, defining., They may or may
not be more than that. But if they sre more, then they are not
: merely concepis. And if they are no more then supposed or
; considered or thousht about, still thot is enoush to comstitute
them as concerts, the second place, concerts do not occur
at random; they emerse in thinking, supnosing, considering,
defining, formulatings ond that manransmed 1Ctlvity occurs, not
at rqndom. but in conjunction with an act of inslight.

: 'Lh 1121224%- The t:ird observation 1ls that the lmase 1is

[ necegsary for the inslght.

i Points and lines canmot he Imagined. But neither
a cen necessity or Impossibility be imarined., Vet in approaching
the definition of the circle tiere occurred some apprehension
of necessgity and of lmpossibility, As we remarled, if all the
radil are e-uapl, the curve must be perfectly round; and if any
radil are umerual, the curve cannot avoid bumps or dents.

Purther, the necessity In ~uestion was not
necesslty In seneral but a necesaiby of rowndness res:lting from
these equal radil, Similorly, the Impossibvility in cuestion was
not Impossibility in the abstract but en impossibility of vawntezs
roundness resulting from these unecual radii, Eliminate the
lmage of the center, the radii, th. curve, and by the same stroke
there vonishes 2ll grasp of necessary or of impossible roundness,

But it is that grasp tiwt constitutes the insight.
It is the occurrence of thot grasp thot nnkes the difference
between repsating the definition of a circle, as a parrot might,
and uttering 1t Intellirently, uttering it with the ablility to
make up & nevw definition for oneself,

It follows thet the Image 1is necessary for the
insight, Inversely, it follows that the insirht is the act of
cabching on to a connectlon between imer~ined equal radil and,
on the otn r hand, a curve thet is bound to look merfectly round.
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24-711 wolim . The fourth chservetlon adverts to the gquestlon,
There 1s the quastion as expressed In words.
¥hy 13 the wheel round?
Benind the words th.ore may be conceptual ects
of mcaning, such as "wheel", "round," etc,
Behind theae concepts Lhere mey be Insights
in whach one grasps how to use such words as 'wheel," "round," etc,
But vhnt .e are trying to ret at, ls something
dif'ferent, ‘here does the "Uhy?" come from? vhat does it
reveal or represent? Alrcady we had occaesion to speak of the
psychological tension that had its relesse in the joy of discovery.
It 1s that tension, that drive, that desire to understand, that
constitutes the primordial "ihy?" Name it whoat you please,
alertness of mind, intellectunl curlosity, the spirit of inquiry,
actlve Intelligence, the drive to know, Under any nome it
vemaing the same and is, I trust, very familier to you. Buk
This prrimorcdial drive, then, is the pure cuestlon.
It 1s prlor to any insiphts, any concepts, any words, for
Insichts, concepts, words have to do with answers; and bofore we
look for answers, we want them; such wanting le the pure question,
On the other hand, thoush the nure ruestion 1is
prior to insichtsy concents, and vords, it presuproses experiences
anc imaces. Juat as insight 1s into the coneretely ~iven or
imagined, so the pure questlion ls about the concretely given
or imogined, It is the wonder, which Aristotle clailmed to be
the beginning of all science and phllosophy. But no one just
wonders. We wonder about something.

}f gkﬂﬁfzi' A £ifth obhservebion distinguishes moments in the
genesis of a definition.

@When an animal has nothing to do, it gaees to sleep.
Jhen a man has nothing to do, he may ask questions, The first
moment ls ¥, awakening to one's intellirence. It 1s relesnse
from the dominance of blolopical drive end from the routines of
everyday living. It is the effective emersence of wonder, of
the des.re %o understand,

The second moment is The hint, the surgostion,
the clue, Insicht has begun. e have rob hod of something.
There 1s a change that we are on the rirht track, ILetts see,

The third moment is the process, Inagination
hag been released from other cares, It is free to coonverate
with intellectunl eoffort, and its cooperation runz:mzraiklal
consiabs in encdeavoring to run narallel to intellirent suppositions
while, at the same time, restraining supposition within some
limits of approximation to the imarinable field,

The fourth moment is achievement, By their
cocperatvion, by successive adjusbtments, cuesstion and iInsight,
Image and concepts, present a solid front, The answer is
a pettterned set of concepts. The imace strsins o approximate
to the concepts. The concepts, by added conceptual determinations,
can exvress thelir difference from the merely approximate image.
The pivot vetween images and concepts 1s the Insight., And setting
the standard which insight, images, and conce:ts must meet is the
question, the desire to know, that could have kept the vrocess
In motlon by further querisa, had its requirements not been satisfied,
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do not, For a lanmuage 1s an enormously complicated tool with
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A sizth observation dlstinguishes different
kinus of definition, As Buclid defined a stralsht line as a
line lylng evenly between its extremes, so he mlrht have defined :
a circle as a psrfectly round plane curve, As the former definition, gl
so also the latter wounld serve to determine unequivocally the 2N
proper use of the names, strairht line, sircle. But, in faect,
Buclid's definition of the circle X3 does more then reveal the
prover use of the name, circle. It includes uvheboSharrise
WO~ e~ o be—ndded~as a-posbrinte, the affirmation that
in any circle all rndii are exactly eaqual; and were that affirmatlon
not incluled in the definition, then it wonld have had to be
hdded as o postulate.

Po vicw the same matier from another angle, Euclid
did postulate that all right angles be equal. Let us name the
sum of two adjacknt right ancles a straicht ansle. Then, if
all right angles =sre equalk, necessqrmly all straicht anrles will
be enual. Inversely, if 211 stre.cht ancles are equal, all
right angles must be equal. Now if straisht lines are really
straicht, 1f they never bend in any direction, must not all
Eixhk qtrai“rw angles be e~ual? Covld not the postulnte of the
aquality of stral rrlt anrles be included in ~he definition of
the straieht line, as the rostulate of the eguallity of radil
ig included in ﬁhﬂ definition of the circle?

At any rate, there is a difference between nomiral
and explanatory definitions, Nominal definitlons merely tell us
sbout the correct usage of names. IExplanatory definltlons also
Inclnde somethins, further that, were it not included in the
definition, would have to De sdded as a postulate,

thet constitutes the difference? Tt 1s not that
explanatory deTinitions suppose an inslght vhile nomlnal definitions

an/endless variety of parts thet admit a far greater number of
sirmificent combinations. If insicht 1s needed to see how other
tools are to be used properly and effectively, insichi is similarly
needed to use a langvare nroperly and effectively.

Still, this yields, I think, the answer to our
question, Both nominal and explanstory definitions surpose
inslghts., Bubt 2 nominal definition supposes no more than an
insight into the rroper use of lanesnare. An explanatory definition,
on the other hand, supnoses a furtier insi-ht into the objects
to which langusge refers., The name, circle, 1s defined as
a perfectly round plsne curve, as the neme, stralpght line, 1s
defined as a line lying evenly between its expremes., DBut znmm
when one coes on to affirm that all radli in 2 cirele are egual
or that all richt angles are e~ual, one no lonser 1s talklng
merely of names, One is making assertions about the objects
which names dancte.

1qui£ﬁiEEJEEtQA geventh observatlion adds a note on the old
puzzle of primitive terms,

Every definition presurposes other terms., If
these can be defined, their definitions will presuppose still
other terms, But one cannot remress to infinity. Hence, either
definition is based on undefined terms or else terms are defined
in a cirele so that each virt ally defines itself,
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Fortunately, we are under no necessity of accepting
the argument's suppositilon, Definitlons do not occur in a »rivate
vactum of thelr own, They emerme In eolidarity ith exr-eriences,
Imoges, cuestions, and Inslrhts. It dis trne enough that every
deflnition involves sewveral terms, but it is also true that no
Insicht cen be expressed by s sinple term, and 1t i3 not true
that every insisht presuproses previons inai~hts,

Lot us say, then, thet for every basie insight
there is n clrcle of terms and relstions, such that the Terms
fix the relatlons, the relaizions fix the terms, and the inaight
Tixes both., If one grasps the necessary and sufficlent conditions
Tor the p.rfect roundness of this ilmugrined plane curve, then
one grasps not only the circle but alaso the poirnt, the line,

the plane,/ the circumference, the rodii,/ond e uality, All tba concepts
tumble out together, hecause all are needed to exyress adeguately
a sinpgle 1nsisht., A1l are cohe: ent, for coherence bkazx basically
means that all hang torether from a single insichba

Arzain, tiers con be a set of basie insirhts,

Such is the set underlying Eueclidesn ~eomelry, RBhayxzenazraka
Beceuse the set of Insirhts 1= coherent, they penerabte a set

of coherent definitions, Beconse d¢ffewent obiects of definition
are composed of similar elsments, svch terms as point, line,
surface, angle keen recurving in distinet derfi- itions. Thus,
Euclld berins hias evposition from a set of images, a set of
Insirhts, and a set of definitions; some of his dsfinitions are
merely nominal; some are exmlanatory; some ore derived, partly
from nominally and partly from explanstorily defined terms,

bitk*&“t;04“£ak'final ohsexyntion Introduces the notion of

Implicit definition,.
D, Hilbert has vorked out Foundstions of Geomebry
that satisfy contemporary loricisns. One of his important
defices is lmown as dmpliclt definition., Thus, the meaning
of both po.nt and strsisht Jine is fixed by the relantion that
#m&ﬁ two*points determine a straicht line,
In terns of the foregoing analysls, one may sey
{pﬂ that implicit definitlon comsists in exnlenntory definition withoutb
N nominal derinition. It consists in explanatory definition, for
the relation that two po.nts determine a strai~ht 1inse is a
postulational element such ss the egquallty of all ryadil in a
circle, Tt omlts nominel definition, for one cannot restrict
the meaning of point to the Buclidean meening of position without
nagnitude. An ordered poir of numbers satisnfies Hilbertts implicit
definivion of a point, for two such pairs determine a straicht line,
Sinmilarly, a first derroe s anation setisfies Hilbert!s implicit
definition of a streicht line, for such an enuntion 1z dete:mined
by two ordered palrs of numbexrd,
The sign ficance of implicit definitlon 1s 1ts
gonplete generality. The omission of nominal definitions 1s
the omission of a restriciion to the ob’ects which, in the first
instance, one hanpens %o b thinlking ebout, The exclusive use
of explanatory miaments or postulatlonal elements concentrates
attention upon the ¥ set of relstionships In which the whole of
sclentific significance is contained.
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S.makiiﬁﬁﬁﬂﬂ?-The next significant step to be taken in working
out the nsture of Inslght is to snalyze development. Single
Insights occur either In isolation or in related flelds. In
the latber case they combine, veakeéses cluster, coaleasce, into L
the masteryof a subject; they pground sets of definitions, postulates, §E
deductions; they admit applications to enormous renges of Instances. Ji
But the matter does not end there., Still further insichts arise,
The short-comings of the previous position bvecomem recognlzed.
New definltions and postulsates sre devised. A new snd larger
field of deductions is set up, Broader and more accurate
applications become possible, Such a complex shift in the whole
structure of insichts, definitions, postulates, znmd deduetions,
and applications may be referred to very briefly as the emergence
of a hlgher viewpoint, Our gquestion 1s, Just what happens?

Taking our clue from Descartes! Inslstence on
understanding simple things, wo select ns our pilot instance the
transition from arithmetic to elementary algebra. MNoreover,
Yovb-sono-molhemrédodun swprioge~bhas.
to guard against possible misinberpretations, let us say that
by drluhmetic 13 meant a subject stucdied in grade school and
that by elementary algebra is meant a subject studied in high
gchool.

B T e e T T

E-%) ‘ﬁ“k;*kdﬁ‘“ ‘A first step is to offer some definition of
the positlve Integers, 1, 2, 3, 4,¢00e
Let nus suppose an Indefinlte multitude of
instances of "one." They may be anythins anyone pleases from
sheep to instances of thegpt of counting or ordering,.
Furthsr, let us supnose ag too fqmillar to bhe
deflned the notions of "one," "plug," wnd "eanala,'

;g/;a/b
m

Then, there is an infinite series of definiflions
for the Infinite serles of positive inteo-ers, and 1t may be
Indicated symbolically by the following.

thefi:nflm.te"ﬁéries -of pogibive intege¥s, nimely,
ne norg tqgnlane,fﬂhnee is onaunowe thpn tgof’fqur is

1l % 1 = 2
2 & 1 = 3
3 4 1 = 4
fc., &., &,

This symbolic indicetion may be interpreted in any of a variety
of manners, It means one plus one eguals two, or two 1ls one moxe
than one, or the second is the next after the flrst or even

the relations between classes of groups each with one, or twvo,

or three, &c., membirs, As the acube reader will see, thes

one important element in the aboveadeflnitlions is the &c,, &ec.,
&co ilthout it, the positive inbterers cannot be defined; for
they are an indefinltely great multitude; nnd it is only in so
far as some such gesture as &c., &c., &c.,, 1ls really sirnificant,
that an infinite series of definitions can occur. 1hat, then,
does the &c., &C., mecn? It means that an insicht sh01ld have
occurred, If one has had the relevant Insirht, 1f one has caught
on, il one sees how the defining can po on indefinitely, no nore
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need he salde. If one has not caurht om, then the poor teacher
has to labor in his apostolate of the obvious. For in defining
the positive intepers there 1s no alternative to lnsight,

Incidentnlly, 1t may not ve amlss to recall what
already has been remarked, nomely, that a sinzle insight is
expressed In many concepts. In the preseat instance, a single
Insight pgrounds an infinity of concenta,

Dol w A second step will consi ¥ in making somewhat more
precise the familiar notlon of equality., Iet us say that when
equals are added to eguals, the results are equaly that one l1s
equal to one; and that therefore an mAdkiinn Infinite serles of
addition tables can be constructed.

The table for adding 2 1s constructed by zdding
one to each side of the equations that define the positive
integerss Thus,

From the table 2+1 = 3
Adding 1 2+1+1 = 341
Hence, from the %table 2+ = 4

In 1lke manner the whole table for addlng 2 can be consbructed,
Prom this table, once 1t is constructed, tliere can be constructed
a table for adding 3, From that table it will be possible to
construet a2 table for addling 4, &te, &C., &c., which again means
thet an In«ight should have occurved,

Thus, from the definitions of the messdwel posltive.
integers and the postulate about =dding ecumls to ecuals, there
follows an indeflinitely srent dedustive expansion.

T H n_wi:‘mmfo euﬂw-l‘fm-
Se3 A third step will be to venture Into a homoseneous

gxpansion, The familiar notion of a«ddition 1la to he complemented

by such further nobions as multiplication, powers, subtrasction,
division, and roots., fThis development, however, is to be homogensous
and by that is mpant that no change 1s to be Involved in the

notions already employed.

Thus, multiplicntion 1is to wpan adding a number
to itself so meny times, so that five by three will mean the addition
of three five's, Similarly, powers are to mean that a number 1s
multiplimed by itself so many times, so thet five to the third
will mean five multiplied by five with The result multiplied again
by five. On bhe other hand, subbtraction, divislon, and roots will
mean the inverse operations that bring one hack to the starting
point.

By a few insirhts, that need not be indlcated,
it will be seen that tables for multiplication and for powers
can be constructed from the addltion tables., Similarly, tables
for subtraction, division, and roots can be constructed from the
tables for addition, multiplicrtion, and powers.

The homoseneous expanslon constisutes a vast
extension of the initisl deductive expansion, It conslists in
introdueing new operetions., Its characteristic ls that the new
operations involve no modification of the old.

Lo . . e e - - " o T e w
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K A A fourth step wlll be the discovery of the need

of a higher §iewpoints, This arises when the inverse om ratlions

are allowed full generality, when they are not restricted to

bringing one back to one's starting point, Then, subtraction

reveals the possibllity of nerptive numbers, division reveals 114

the possivllity of fractlons, roots reveal the possibility of s

surds, Further, there arise questions abvout the meaning of i w
|

operations, hat 1ls multivlicetion when one multiplies negative
nambers or fractlons or surds? What is subbtraction when one
subtracts a nevatlive number? &c., &c., &, Indeed, sven the
meaning of "one" and of "equals" becomes confused, for there 3
are recurring decimals snd it can be shown that point nine recurring 1;
ls equal to one. 11

————

Let X = Oo-g

then 10X = 9,9

hence 9 = 9
and s0 X = 1
" Femadation ) the Higbu Vigwpind.
3eb © 4 £ifth step will be to formulate a higher vlewpo nt.
A Distinguish 1)} rules, 2) operations, and 3) numbers.

Let numbers he defined implleitly by operations,
30 bthat the result of any operation will be a number and any
number can be the result of an op ration.

Let operatlons be defined Implicltly by rules,
s0 that what iz done iIn accord with rules 1s an operatlon,

The trick will be to obtain ths rules that fix
the operations which fix the numbers, :

The emersence of the hirher viewpoint ia the
performance of this tricke It consists in an Insight thet 1)
arises upon the operations performed according to the o0ld
rules and 2) 1ls exyressed in the formulation of the new rules.

Let me explaine. TFrom the imave of a cart-wheel
we proceeded by insight to the daRintimm definition of The circle.
But, while the cart-vheel was imarined, the circle consists of
points and lines neither of which can be imanined. Between the
cart-whedl and the cirele there is an approximation but only an
aporoxXimation, Wow, the transitlon from arithmctie to elementary
algebra is the same sort of things For an Imge of the cart-wheel
one substitutes the image of what may be noned “"dolng arithmetic”;
it is a large, dynamic, virbual lmage that includes writing down,
adding, multiplying, subtracting, dividing numbers in sccord
with the precepts of the homoeneous expansion. Not all of this
Image will be present at once, but any part of it can be present
and, vhen omne is on the alert, any part that happens to be
relevant will pop into viewe In this Jarge ard virtual image,
Ghen, tlere 13 to be grasyed a new set of ramles governing ope: atlons.
The new rules will not be exactly the sme as the old rules.
They will be more symetrical., They will be more exact, They
will be more meneral, In brief, they will differ from the old
much as the 3xEE hishly exact and symmetrical eircle differs
from the cart-wheel,

. ) e B
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What are the new rules? In high school the rules
for fractions were generalized; rules for simns were introduced;
rules for equations and for indices were worked out. Their
effect was to redefine the notions of addition, multiplication,
powers, subtractlon, division, and roobs; and the effect of tie
redefinitions of the operations was that numbers were renerated,
not merely by addition, but by any of the opsrations.

£ Clddiub .
36 Ine recder fomilier with ~roup tieory will e aware
that the definitlon of operations by rules and of numbers or, more
goenerally, symbols by operations is a procedure that penetrates
deeply Into the nature of mathemntics. But there ls a further
aspect to the matter, and it has to do with the derelopment—of
mvihencted  gradual development by which one advances through
intermedinte stages from elementary to hisher mathematics.
The logical snalyst can leap from the positive intesers to group
theory, but one cannot learn mathematics in that simple fashion.
On the conirary, one has to nperform, over and over, the same type
of transition as occurs in advencing from srithmetic to elementary
algebra, :

At each stape of the process there exlsta a set
of rules that govern operations which result in numbers., To
oach stape there corresponds a symboliec imeme of doing arlthmetle,
doing algebra, doing caleulus, In each successive imape thers
13 the potentiallty of srasping by insisht a hi-her set of rules
that will rovern the operations and by them elilcit the numbers or
symbols of the next stage., Only in so far as a man mnkes hls
slow progress up that escalator does he become a technlieally conme-
petent mathematician, ¥Without 1t, he may ecaulre a rough 1idea
of what mathematlcs is about; but he will never be a master,
perfectly aware of the precise meaning and the exact implications
of every symbol and operation.

Ak L, wliadiam «
Sl R The onnlysis also reveals the Importance of an
apt symbolism,

There 18 no doubt that, thoush symbols are signs
¢iiosen by convention, stlll some sxmbaia cholces are highly fruitful
while others are not, It is easy enoush to take the square root
of 1764, It is another matter to take the square root of MDCCLXIYV,
The develoyment of the caleulus is ersily desirsnated In using
Leibniz! gymbol, dy/dx, for the differential coefficlent; Newton's
symbol, on the other hand, can be used only in a few cases and,
what 1s worse, it does not sup-est the tiweorems thot can be
established.

vhy is this s0? It 1s because mathematlcal overations
are not merely the lorlcal expansion of concertual premises,

Inase and aquestion, insirht and concevts, 211 combine., The function
of the symbolism is to sunaly the rnlevant inare, ond the symboll=n

1s apt intmnuch 25 1bs immrn nt Dqt crns 05 well 28 the aynamic
patterns of its mani uletion »un vparedlel to the rules and opsrations
that have been grasped by insirht and formulatsd in concephse

The benefits of this prrallslism are manifold,
In the first place, the symbolism itself tales over a notable
part of the solution of problems, for the symbols, complemented
by hahits that have become automatic dictate what hes to be done,
Thus, a mathematleian will work at a pvoblem up to a point and
then announce that the rest is mere routine. In the second place,
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the symbollsm constitutes a heuristic technique: the mathematiclen
ls not content to seek his unkmowns; he names them; he asslsns
them symbolss he wrives down In equations all thelr properties;
fie knows how many equations he will need; and when he has reached
that number, he ¢on say that the rest Ssamsiimoaine of the
problem ls Just routine, In the third plsce, the symbollism
offers clues, hints, supgestlons, Just as the definitilon of
the ¢ircle was avproached from the clue of tho equality of the
spokes, 80 generally iInslicohts do not come to us in their full
statures we begin from 1ilttle hints, from suspicions, from
possibllities; we try them out; if they lend novhere, ve dropx
them; 1f they promlse success, we onsh them for all they are
worthe Rhma But thls can be dons only if we chance upon the
hinta, the clues, the possibilitisss and the effect of the apt
gynbolism is to reduce, if not entirely eliminate, this element
e h a1 g —ia ” is eid—Rnvenied araiysie QOGN
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of chance, Here, of course, the classical example is analftic
geomstry., To solve a pro~lem by Euclidean methods, one has
to stumble upon the correct construction, To solve a problenm
analytically, one has only to manipulrte the symbols,
In the fourth place, there is the hl-hly sipgnificant notion
of Invarlance, An apt symbolism will mimsxarmathanshiexn
sndov the pattern of a mathematical expression with the totality
of 1fs meaning, ‘Vhether or not one uses the Latin, Greek, or
Hebrew alphabet, 1s a mabtter of no importance, The mathematical
meaning of an expression resides In the distinctlon between
constants and vablables and In the signs oxr collocatlons that
dictate operations of combining, multiplying, summing, differentlatin
intejrating, and so forth, It follows that, as long as the
symbolle pattern & of a methematical exrresslon is unchanged,
1tas mathematical meaning is unchanged, Further, 1t follows
that if a symbolic pattern ls unchanced by any substitubtilons
of a determinate croup, then the mathematical meaning of the
pattern 1s independent of the meaning of the substitutlons.
In the £ifth place, ss hog already been menbtioned, the symbolism
appronriate to any stage of mathomatical development provides
the image in which may be rrasped by insight the rules for the
next atapge.
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Booiden direct insichto, thelr clustoring, and
higher viowpolntn, thore exlsts tho nmllhzt significnnt clnso
of inversco ingichts. Ao direect, 5o nloo lnvergo lnsichts pro-
suppoce o pooltive ovleet tint im yreoconted b7 senco or rorre-
sonted by lmoclontion. Dubl while dlrect lusloht rmcots the spons
tonoous offort of Intollironece to mndorntand, invorse insichb
rogronds L0 o nore oubtle ond criticel attltude thint dintingulshen
difforont degroon opr iovels or liinds of intelllpibility. ‘Mhille
direet inaleht praope the point, or seos the solutlon, or cones
to lnow the reoacon, lnverso inslrht apprehonds thnt in come
foniiion the point ip that thore 1o no polnt, or thnt tho solutlon
1o to dony o solution, or thad the recoon io that the rationnlity
of tho real ndnits distinctions and qualilficatlons. Flmnlly,
while the concoptunl formuintion of direct lnoleht ofilino o
poslitive intelliclinility thowh it nay deny oxpocted oupirical
elononts, the concoptunl formuintlon of an inverse inplrht o.ffimﬁ
enplrical elonontc only to deny an oxpectod lutelllpidvility.

Sinco tho lopt phirnoe 1o crucial, leot uo nttonpt

to0 elaborato it. By Intolllcibllity 1o noant thic content of a

diroct laplght. It 1o the conponont thet 1s abaont from our
Irnovledso whon we do not wndorstand and added to ony Imoulodpe
innomuch oo we are uwndorstanding in the oinmple and stralghtforward
marmer dogseribed in the eorliox scetlonsg of this chnpter. Ilow

ouch an inbelllcidDility ooy be alpecdy roached or it nay be

‘nepely oxpoctod. To deny Intolllglblliity nirecdly rooched 1o not

- the roouit of inverge Inolpht; 1t 1e neroly thio corrcetion of a

provioun diroet Lnnicht, tho aclnowledrenont of 1ts shortcomings,
the rocopnltlon thnt 1t leaves problons ungolved. Dut to dony

an ex;;ectod intelllipglbility 1s to run counter to the opontoneous
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anticipations of hunan intellirsonceg 4t is to £ind fondt not with
answorg tut uith qurotions. In a dencnstretive sclence it 1o to
rrova thint o queotion of o riven ﬁypo cannot ho anowored. In an
onpirical sclenee it in to pit forvard o oucconnfnl hypothosis or
throry that agmanp thnt cortaln auostliono nistokenly are supposed
to require on snower. Finally, the occowrronco of nn inverse inoicht
1o not ostoblished by tho «ore rrogenco of _m'cntivo coneortn: thuas,
"not~rod,” "poniilon without maémittzda," -"‘i;on-ocmn'ronce" oxclude
ronpnotively "rod,"m "nopnitnde, ™ 'fec@nco“; it the lotior torms
refor to enpiricel conronents in our lmowledro and not to the
roooibilitios and necooplities, tho wmmlflentions and rolatlong, that
connbtitnte the intelllplbAZity Tmovm in direct inoiprht,

© 1MAle the ronornd rotion of Anverge inoicht is fairldy
slmplo and obvious, I hnve hoon & ot oono palna in prosonting its
chopactorintics bacauso it 1o not too onoy to pot forth 1llupe
trationo to tho ootinfnetlion of Aifforont promps of rondorp. loro=
over, conmmicatlon and Jleeussion talto plaee throuch concepts, mt
all 1nﬂ'1[;ht. 1ion ?m_h&nd the comomml pcong. llonco, whiic thore
is ndwoys the donpor th_r,zt a roadar wlll attond to the concopts
£ rother thnn the undowlying lnaicht, thio dencer ls mmcﬁte& cOnN=-
gldorably vhon “ho point to L groniod by insishd lo norely that
there 4o no point. 7o acko ontters vworee, iavorse inpichte oceur
only in thr contoxt of far larpger developments of hwnnan thought,
A ptntonent of theldr conteont hno €o enll upon the later aystons thot
positlvoly enpleitod thelir noprtlve contrimtions Tho vory success
of meh lnter oyotomo tondo to enronder o routine that elininatos
the moro spontrnooup antleipntions of Intoliiponce and thon, to
ootabilioh n ey fontnuro of on inworso insicht, it noy be noceonnry

to arponl to the ofton anbirmons witnoss of hioctory, In the nidst

of much conploxity At very onclly con happen thnt o ronder's
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spontancons oxpootation of an Intellicidility to be reached
shonld outwoleh more verbal mmcnitidne to tho controry amd,
waen thet hinppons oceurs, Lllwtretliong of inverge inoirht con
boecome very obscure indeod. Accordinriy, while thore is nobhing
Alf{lenlt abont the oxamples %o follow, I hove thowht it vise
to indulpe in an cpostolato of tho obvlong,

Ag o first exomple of inv-orno inoirht we choll take
wviint, thoe anclonts nned incoraenoureile mncnitndos end tho moldorns

call lrratlonnl myitors. In Lobh coseo thore 1o o pooitive obloct

inddentod Ly tho toms, "noppitide,” "mber,®  In both cnoos thore
\ Lo o noyntdvo olonentd 1adlceed by the ejithets, "incomuencurable,”

"ireatl nall." Flonlly, 1n o%h ceoon tho nopation LDonrs on tho
| prontoncons antledpatlons of himan intolllronce. " Incemonournble®
dondeon the ponolblllty of appliying to cortaln noarniiudon oone typo
of monowrenent and Arletotlo viewed thils denlinl oo Lpima focle o
motter of hirh ourprise. Evon more caphntienily "3t lonndt
denice o corroopondense botweon corbtoln nmnbors ond hunan roaoon.

| To indicnto tho rolovant innipht, Lot us aok vhy
a ourd is o ourde Tocontinlly the ausoticn 1o rarallol to the
earifor nuontion, Why Lo o cnxt=thool round? Bul whilo g tho
oyl Loy mgwoz‘ rovonicd an InToRlloAility inonnond in the vhiool,
the present onswor conalots lm ohowlng thint o onpd connot pocoons
tho Intolllpiblliity ono would ozpect 1t to hovo.

“hus, the nemmxe root of w0 lo somo narnltude

gregtor thon unliy and less thiam two., Ono vonid expoet it €0 bo
pone improypor fractlon, coy gp, vhers p ond p ore pooitive

intopors ond, by the ronoval of all comon frctors, [ may clwnyn
bo onde prine to g o loreovorg wore thic oxpootriion eorroct, then
tho dlngonnl and dhe side of a somero would bo resrectively @

timeo ond j tinmos somo comion writ of length. Howevor, oo far

- o ) o
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fron belnp corroct, the oxpectation lcads to a oontradiction, For
10 f2 = n/p, thon 2 = g2/g2. Dut if g io primo to g,
thon gﬂ 10 rrinc to pf 3 nnd in thnt coco m?/ Qﬂ cannot bo
oqual to 2 or, indcod, to any intogers The nrymoent 1o onolly
gonoralinod and so 1t oproars thot o ourd lo o surd boconogo It s
not. tho raticnal frnction tint 1%0*3.—151.311) intellicence anticipaten
T :
it to .

A osecond oxenplo of inverso inoight 1o tho none
countabls multitwde. Thore is o ponitive oblcot, "muititie.”
There 18 o nogntive doterninntion, "nonmee-uniable,” ioreovor,
vhon "eountnbie® is taken mo brondly thnt all intepers, all rntional
nnhere, even nll ronl nlreohbrgnic mmmbors (%) demonotrably oro
contnblo nultituden, whon furthor it can bo chown thnt to renove
& conntablo muiitltude fron 8 nonecountoblo muliitude loovon o non=
gountoble nuititude, one spontanocously antlelp~tos thnd tho nuobors
botveon soro aml wmity oust Le & cominbio muwititude. In fnch,

1*5 cen e chowm thot the infinite deeimnio ore o non=co:ntoblo 3

nultitude, oo that maﬁmwmm@& fractionsg from
S T rool

zoro to unity onunt be n nogligible portion of the gmboru in that

intorval. (1)

(#) Alpebralc nmwabors are tho roots of alrotrnic oquations
with intorral coefficionts. TFor o gonorous oxpocition of the tople
pop and 1ts poradoros soo A. Froenkol, Abghract Sob Thoory,
Anptordnn 1953, pps 43 = 75, For appilicntlons to thehcont:lm:um,
oo pp. 212 £f,. |

For o third oxanple wo tuwrn to onpiriocal sclonce
ond conpdder the surprising pard of Hoewton's £irst lnw of motion,
nooly, thnt o bedy continues in 1t oxioting otate of unmiforn
notion In o strolcht lino unleon thot state 1o changod by

oxtornal fomgl IR S ...
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In this stnatomont and iis contoxt 3t io not too
aiffionlt to discorm the thrwo chinenctoristion of tho formulation
of an lnvevso Insirht. Fop t.hém 1o tho pooitivo objloet: o body
contiueo Lo move at o unlforn rate in o atiraichit lino. Thore is
o noredion: the contlmnaneo of the conotant voloecliy doronds not
on tho agtlon of oxtornnl forco but on tha ahoonce o ouch actiong
for oniy ao loug oo thore 1o no nccoloradion, doos the voloeily
ronaln eonstonty nnd § tho nmoient tho ouwd of tho extornal forces
di1cfors {rom noro, Thore ariscso on nocolerntion. Finnlly, ¢his

nogntion of oxtormni Loree mmp comntor Lo the avontancous nitie

el eblong of hwwen Intolilyoneo, Lor ocpontenoously one thinhs of
wliorm notion not n.nig. obotoe ilko ropt but naﬁg.fc‘amnf;o that
rornlrog on ontorminl conole

Howowor, oo rondora 0oy i-r.iah to rofine on the ismwe.
Thoy wAll aproo thnt tho nocosolty of nn ontornnl cotne hnd boon
stronoed by tho Arlototollon thoory of coiostial noveuents, of
rrojoctilos, nnd of motlon in o vncww. But $hoy will add thnt
the Arlontotolinn viow had boon contradictod ot lonst from tlie
%ime of Jolm Thilopome. On tils contrary vicow projoctilon wero
wpt An notion not by any oxtornol force dut LY somo intormal rine
cdplo onr rowor or proporty or quality or Iﬂt?.)(?l" imnanent oromnd,
Filonlly, thoy will nol vhethrp 1t 2o culio cortain that Howton
Aid net apreal to gome lmnnta powor of ged nattor to ac.f:mm for
the coutimunnes of lnertinl stntos.

otz clearly, Hovtoidlan excopcolio 1o not owre precont
bricinoos. ALY we Inwe o soy S0 thrt inverse inoicht 1o not 13.1119_-
tratod whon oxplonntlon by ontornel foreo is replacod by oxplanation
in tomo of sono imcnent noter op pr-oper"ty. For in thnt capo thore

ip noroly the corractlon of an carlior dlircct inciphit by o latter

diroct lnnicht ond, while thwo orontanoous antleipetlons of hman.




. Pannlly, this morotion s roparded ng doflnltlve for sclonce,

6

Antellironces aro blockad in one Airoctlion, thoy ocxre glven nn

antlet in ancthore.
08411 for peposes of 4lluotrntion 14 oy Do pore #
mionible o Llock this second ontlot withoul rooponing the firet.

|
|
o doubt, vhen an extornal nover or foreo iu‘ﬁonlod, one noy opone !
tanoously thintt thot tuerc muct bo scme innoto quality that pro- i
vidos the real cxplnnntion. Dut whille “ho nocertion of an extornal
mover oy foreo eon e toolod omporinentelldy, tho aspertion of some
inmnte annlity, £ of sone yig nntordre insicn, can hardly be
rerordod oo o netontific ointorwnte If one afllrms thot, vhen

accoloration do zope, then tho culm of the relevant extornal forcen

ie olso gero, ono Epwnfﬁmnticn adalte the owdinory tanto, Dut A
one gonrs on Lo ndabt!m innba anlitlos of netter vonder the action
of externnl forcas nuporflucus, one is very lirely to Wre reminded
that selontlioto 4o not apponl o ocoult councn,.

flow 47 thils raaonpironce lo rogorded ac peremptory,
we arrive ab on oxamnlo of Anvorso mnisflit.q Thore 1o the pooliive
objoct of lnmiry: bodles continnwo in thelr oxloting otaten of
miform notione Thowe Lo the nepntlon: thin continunnco of unliornm

gotion 1o not %0 bo explninod by any apreal o oxternal forcos.

for pseirnee rofuoes o oxirapolate feon mowm lnws to uwlterior
erplanntions in torms of wvaguo o;mnmaa. proportles, mvers,
and thn 14ka, |

A forrth examplo of Inverso Ansicht noy bo derdved
from the tnale rostulate of the Special Theory of Nolntivity. Tho
pootulote itorlf 4c thnt the mathnmatical expronsion of phyoleal
m*!.nciplem and laws 1o invnelont nnder inortiel transformntlons. :
To rernch our 1llnpirotion we hnvoe onldy to cranp the conerote manninc;
of the pootulate vhonevor 1% ‘10 involod by a physiciot ongnged in |
undorotonding ony cot of phyolonl doto.
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For thon tho ponltive obji~ct of fnmdry conolots in
the data innmuch no thay are connilderod 1) as reforrcd to initinl
axon of coordinnton, nmny X, nyt 2) ap reforred to othor axes, nny h J
I't, noving with o conntant volocity rolotiva to tho axos, Ke

The nopntlive elon~nt in 4he concorftion of tho positive 1’
objoct s indiented Ly the word, "fnvardant." Ib monns that the !
tranolornatdan fron one got of amono e anoth r doos not lond to any
nolficatdon Ln the form of the nathenntical oxproopion of tho
npdwopz’int.o. phynicol prinoiplos and invg. Dut vhon the form of tho

nnthoantleal oxprosalon undorgoen no chinnre, thoro 1s no chnango in

tho IntellirinAlity thet 1o crmrosoed nntihenntlenlly, hom thore
1a no change &n tho mteiliglbiiity, thore 1o no chrnpe in the act
of undorgtonding thnt praope tho intellirdibility and expreases it
anthenntlenily, Accordingiy, the conerote noaning of the poctulato
i thnt, thongh there io o &liffeoronco in the spntlio=tonporal
ptondpeint £ron vhilch the data rxo conniderod, otlll thore 1o no
diffgromoe In tho aet of undorstonding the dnta, no differonse in
the ronoral IntellliclDillily rmraopod in tho doto, and no differonco
in thoe form of tho nmothountlenl oxpreosaion of the intellicibility.

Flunily, 4% 1o mdto conmon {or thore to oxiot
Alfforoncos olthrp in dntn or 113' opntlomtonporel stondpolint without
any cerrraponling dliforengo in the rot of undoroctondings But in
moot of ouch canes thero 1o no ocennlon for on inzorag lins%%lt Ky
oince, vhilo the eaplrlend difdfeorence 1o asoipned ntng.:com%%omnm »
stlll no onn expoets that renlly thero must be an intellipible
ccountorport.e Thun, thrro 1. o nolable onpbrical aifforonés betvoon
lnvge nnd moll elrelos, yot no one expects 41fforent definiilons
of 1arpe circlos and of smnll eirelos or dlfferent thooremo 10

oatndlich tho difforent propertics of large and aanil circlos,

Houover, willo sinilor iioances oro vory nuicrous, tho inverimnce
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@W pootulntod by 9pocinl Rolativity Ao not amons thom. For
thnt invaliionco fapling o dractic rovioion of ordinary notions
of spaco nnd of time, ond aprinet oany such rovielon thoe n;one |
tancone antielpetiong of hlwnon intnilironco viforonnly robol. l
onco, to pocaplinlado tho nain polnt, vhen tho

bagke pontnlate of Opocinl Rolotlvidy in inteorproted concrotely
in tormo of 1) tie dmto physiclnts conslder, 2) the iunoichto thoy
onjoy, and 3) the form of tho mathormtical ox roosion of tho

principlos nnd laws ronchod by the Znsiphto, thore arinesc tho

folloving oxplonatory oyllopdomt

fhon there Lo no difforence in o phyoicist'n innﬂ.r;htu._
Shoro shonid B no aifforance in tho form of the nathenatieal
oxrrosnlon of physienl principlos and lawm,

Dud vhon mn inortlal tronsformotion occurs, thoro is no
difforonco in a physiciot's inoirhto,

Therefare, when an Inertisl tronsfornation occurs, thore
ghould bo no MLforonce In the fomm of the nathontienl exyrossion
of phyoleonl prizcliples and inva,

The major premiso pootulntop a corrcorondance botseon the incirhts
of phynldclstn and the form of the nothomnileonl oxyroonlon of
thyoicnl principlen and lousg in othor wordo, it rorniros thot
tao contond of acts of undorotanding bo roflccted falshfully by
tho forn of mnthruntlenl oxpressicns. Tho minor yrenine containg
our invorpo inoiritt 4t donlop o Aifforemco An inoight thrt corrone
ponda o The ddfZorencoe of nn inortlal troncformationy in othor
vords, it aooorte Lor tho vhole of phiysico &ho dofect of intollie
pAbllity 4n conptant velocity Lhnt Harton nooerted for nochanies
M@n hio firot lov of motion. Tho conclusion, $innily, 1o trus if
the promices oo true but, vhile the nojor mwoniso noy be roparded

ab o nore- ncthodoloriceal rule, tho ginor pronlse 1o an sacerdion

) o b;r




TR f e ia e e e e ..

Zlomo | e
of ompirical oelonce and ean be ontablishod only throurh the
ncthod of hypothesis and verification.
In concluolen, lot ue rocnll o polint alroady none {
tioned. An inverso insicht £inTo 1to oxrprossion only in oonie oone l
'comif,rmt. popitive context. Bo the dofoet of Antelllipliblilty in i
“ggggéggtvolocity hao boen formloioed in a whole norlen of dlf{ferent |
contoxtn, In thn contoxt of Elmatle philocorhy Zono's poradores L 4
oed to o denlal of the fnet of motion. In the ooatont of hila

philonorhiy of belns Ardototie pronouncod notlon roal yot rognrdod

At Bn op on incoaploto ontity, on inframcotororinl objocts In tho
cgonteort of nnathonatical nochnmles Hovton aosorted o pringlplo of
inortine In tho context of Clorkelawmmoll's oaurdtl no for the

oloctronnpnetlic £icld Loronts worlod out tho condlitlong undor

wilch tho ennntiong vould roncdn invariand undor incrtinl trange
fornntions, Fitzrorald erplalined Loron‘c.m'iﬂ, puccons by suppoaing

that Bodlen contracted along the Alroction of notion, Pinntoln

found a?mm%f conoral explonction An problcos of oynchyonizatlon

‘ ' ond raloed tho iooue to tho nothiwdolosical lovel of the trang-

| | formntion of proportleos of the nthoiaticnl oxprossion of physionl
prineiples ond laws, Sinnlily fdnkovokd syoicnntized Tinstoin's
poodtion Ly introducling ihe fonzwdinonoionel nanifold, MNo denit,
o | At wonldd Lo o nlotelze So onpposo thot tho come doverse insliht

r wng oparative fron Zeno Lo 9ncednl Telntivity. Bubt througchout

i taore 1o o donlal of intelilflbility to loend motlon and, while

‘i thie oucceoolve eonteoxte Alfior netably in content and In wnlue,
©, ot lcaot they point in the dcmc diroction and they illuntreto
J tho dopondence of invorpo inpicht on comoonmifont (iroct Ansichine
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If inv-roo inuirht'n are relatively rare, they are
far from bolng unlmrortont. ot only do 'tﬁ;my olininoto nistalon
quoﬁ.t.lcnn mt nlso they somn regulnarly to be connoeted with ideno
or principlos or moethodpo or techninuon of alto oxco;tionnl plgni-

fleovice, Trom tio 0dlitloo of tho nrthenantical continmum throngh

. the notionn of corrolotlon nnd 1imit thoro orisco the rilllinnce

of continuons functions ond of the infinitesimn) coleulns, Sintlarly
tho lack of intollirinility 4n comotont veloelty in linted with
seiantific nchiloveononts of the firgt ordor: tie mrivelnle of inertia
nade 1t pooplhlo to concolve dynmnles not o o theory of notlono

bat a0 an onormongly noro compect and moro poveriul theory of
accolarationsy ol tho. Iavarinnce of physical prineiplen and lowg

undor inertlal trangformntilons not only is an oxtromoly neat idea

but alno hng opt rovonlling its fenitfulncoe foxr the past Tifty yearm

To oxplore thls nlpnificance, then, lot up introduce
the notlon of an onpiricnl residue that 1) conslots in positive
enpiricnl dota, 2) 1n t0 o donled any lmmanent intelligibility of
itﬁ owm, and 3) 1o connoctod wh4 with sone compenoatling hichor
intolllpdibility of MblUuy notable inportance. In clorlficotion
of tho Tirot chrpactoriotlic one moy note that, innganch as o vacum
is nerely an aboonce of date, 1t cannot bLe oyt of the onpirical
ropldne. In clrrificntlon of tho gecond 1t 1o to bo ronomborod
that & donlal of immonont intolllpibility 1s not o Qendnl of
exrorlonce or deoeription. Mot only aro olonmnts in the onpirical
reoldno rivon poolilvely but alpo thoy aro pointed owt, corcelived,
nnaed, connldorod, aincusﬁod, and afTirmed or denled. Dub though
thoy are no leso gciven thian color or sound or heat, thouch they
oy bo thonght adbont no loss pecuratoly and talled alout no leos

flwontly, odill thoy ere 2ot objocto of any diroet Linoight ond oo

they onmnot bo oxplnined by transvorse wmveg or lonsitudinnl waves . .
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or moloouler motion or ony othor thooretical conatruct thot might

bo _though_t. oore appooitos Finally, in alar-iﬂcnt.ion of the third
choractoriotic 1t 2o to Lo noted that inverse innicht and tho
enpirical reolduo arc not oxnet gorrolatives. For inverso lneight

woo not ohinroctarizod by a connoetion vith idoss, rrinelples,
mt‘nodu?ftochniquoa of oxco;tionnl olirmdficence, Apaln, the omp!.r!.oal
ropiduo hnp not Loon charnctorized Ly il spontonelty of tho

quontlons for 1lntelllpénee that aro to bo mot by & doninl of
intollipdbility.

This differonco not only makes tho empirical residue
a bronder cntopory than inverse inolicht Imt aloo rendors o dip-
enanion of At moro diiflcult. For a gront pnrt of tho Alfficulty
in dlpcovering the faxriher pooltivo 9, napocts of oxporicnce that
are to ho donled intellipdbility 1o thot no one supposop them to
pooseon intellliplbllity.

Thus, particuler places ond rarticudsr times portain
to tho ompirienl reniduc. Thoy ore vonitive anpoets =L exporlonce.
Enoh diffevrs from ovary other. Dut Decauoe no one ever asks why
one ploace is not anothor or why ono time ip not another, poople are
apt to o puszlod vhen tho rvootl-n is put, to innpine thnt pome=
taine Alfioront from such obvicus foollnhneoss must bo neant, and
to ozporicnce & vnrlety of fictitions—; Alfflculifes efore arriving,
ot the sinpie concluclon thot 1) porticulor piacos nnd perticular
tinoa Alffor ap o motter f faot ond 2) thore io no inonent intole
1pibllity to bo grooped by dlrcot ineight into that foot.

For oxnaplo, ono will hogln by onyling that obviously
tho poodticn, A, Gifferps from tho position, B, boonune of the dle-
tance, AR, tint gk; poparaton them. Dut tole three emiidistent
ponitlone, 4, B, C. Wy ore the distonces, A3, BC, CA, differont?
Ono wonld bo in e, viclous olrele 1f onec doubled back and oxplodned

¢ D N
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tho difforenco of the Alntonces by tho Aifforence of tho positions,
Ono ennnot eny thnt thoe distoncos diffor in ioncih for thoy are
omunl 1n loncths Dut ono ony say that tho Alntnneos A1£Ler becouse
tho diroctlong dllfor? 011131, vy do tho dlrootlona diffor? And
vy are oqunl nnd prrallol dlatancén dlfiorent dlistanges? low,

| “perhinpn, A6 will Do -.m[_:fﬁ thnt wo oro golag too far, thint sono RiEfayp.
dirforonce nuot o acknoviodrod as prinitive, that overythlng connot
bo exploined. Ouidne o0, mb there ip o corollinyry to bn addlod. For
what 10 prinitivo 0 20t the contont of oone prindtive incirht it

thoe content of sono prinltive oxperlonce to wiileh no innisht corrope

; ‘ | panda, Jnm it tho contont of nome rrinitive inn?.pht, thero would

not Do tho conpplenons nboenco of o ¢2onr=honded explonctlion. Dut

boecnuso the Q1llforeorce of prrtlculnr ploces anl the difforence of

particulny times ore rlven mlor to ony auentioning nnd prior to
. any inoipht, boonuoo those piven Alfforoncop cannct he mntched
by any inol g".h-f;ﬁ | thet explaln why plecon AifZrr and timen § diffor,
thoro hap to be Intredueed the cotorory of the empirienl reonidue,.
dovevor, onc nny not smrrencdor yot. For mrt.lcular
piocon nnd prrticular tines enn Do wnited by rofnrenco franecs; the
franog con Do employed to Alctingaish end desirnnto cvory placo and
‘ overy tino; ond ovidontiy ouch conobructlons oxn colnontly intole
o Iipront ond n&mm eminontly intellipiblo. MHotwr, no douit,

roforenco frrien apo obficeto of direcet inolpht, b whnt lo praaped

by thnt lapieht 1o an ordering of Ailfferoncon thet are not oxplained

by the ordor Lut morely prosupponed. 50 4t 1o thot differont

roonetriop croonred Ty All{orent inolichis offor diflerent intollie

L cible ordeors Tor the d1iffarences An plneco op tinme thot all egually .
prosuprone and, anite gorroetly, none attenpt to oxplain,

an. a ThereAo nfrtlior Adpoet \yo-tho mattor. ~Boohuse
M&et’i,.e.rp covtieuloronlnden and perticular Et”‘ﬂ’pom
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A
Bﬁtf%here 1s a further aspect to the matter.

Bscause_ particular places and particular times possess no § 
imme.nenlﬁntelligibility of thelr own, they cannot involve any
modification of the intelligibility of anything else. It 1is 'i
nn?egifferenca in place but something different ;2 the placey |
that glves rise to different observations or different experi- ' i
mental results in different places. Simllarly, it is not mere
difflerence 1n time but something different at that time that

gives riss to dlfferent observations or different experimental
results at different times. Moreover, were that not so0, every
Place and evary time would have its own physics, its own chemistry,’

wh
lts own blelogy; and as a sclence caq‘be worked out instantaneously

at a#mmmm single place, there would be no physics, no chemlstry,
and no biology. Conversely, because particular places and
particular times pertain to the empirical residue, there exists
the powerful technique of sclentific collaboration; sclentists
of every place and every time can pool thelr results in a common
fund and there 1is no discriminatlion apainst any result merely

becaugse of the place or merely because of the time of its orlgin.

Evon more fandnnental $hed than sclontifie colinbore

atlon is ceiontiflc gonorallizmtion. thon chonints hnvo nasterod

nay forpot Lo Lo prntoful thint they do not have Lo diocovor
difforont orploantisng for each of the hydropon atons which, 1t
peoms, mote up abont fifty-five per cent of the r;at.ter of oupr
wmivrrge. DBnt at lonot th§ et thad svch a nyrind of oxplanationa
1s not neoded in vory rolevant t0 our purpose. Svery chemical
elonent ond overy compound differs from every other kind of

alemont or corponnd and all tho diff-rencea have to bo explained.
Evory hydroson ntom aii‘fnra from overy othry hydrocen atom and

no explnnotion is neoded. Cloarly, we hrvo to do vith another




anpoect of the empiricenl raniduo and, no looss clearly, thio anopeot
15 conplod with the nonot powordul of nll snclentiflo techniouen,
conoralization, |
’ Howavor, thiso lgowo hao beon boostoed about by pt;no-

gophors evor oince tho g Plntoninto explainod tho univerenlity of
nathenntiocal and pelentlfic ovlodre by pootuinting etornal ond
Liomatoblo Formo or Ydoas only to find thenoolves ombe.ﬁ*anned by

he foot thot a nincle, oternnl, Imantable One conld bnkdly crowund
the wniveroal otatorent thet ono and one aro two or, wf-nroin, thad
o olugle, otornnl, Inmuinble W Triangle would nct onffice

for thoorans on trinncleo olnmilnp in 2ll respocto. 30 Lhoro arone,

1t seomn, tho vhilosophle ;rablen of noroly nuncrienl differonce
and, conncetod with it, thoro have boon fortmletod ecornltionnl
tiicorion aoed on o dootrinoe o:{" abotyaction. Accordingly, wo oxe
0onntﬁn1nea to ooy conothing on thope loounes and, lont wo apyeosy
1o bo attonyting to dliute wotor, wo ohnll do o as briofly ao
poésihlo.

Tho sonortion, thon, of nerely nuiorical diffrrence

involven two oleaentss On tho thooretleal olde 1t is the bglady -

clnlnm that, vhen any sot ol dantn have hoon ez:pﬁ]’]kmod conplatoly,

another ort of dota olmllor in all roopoots vounld not enll for

a d1fforont oxplanation. On the factunl olde it lo tho elndm that,

. ' oxplalned

whon ony oot of data hos boonﬁnﬁitm:zﬂ comrietoly, only an

exhnnotive tonr of inapecilon could ostahlish that thoro does mot

oxliot anothor sot of data sindlap in all roopocts. |
Tho brolo of the theoretical contention is that,

Juet oo the none not of undorptanding is ropontod whon tho snne

pot of data lo apprdlmndod o socond tine, so also the saie act of

undersianding 1s ropeated when one apirehends a gecond oot of dota

ot 10 oimilar to o first 1n oll reopocts, Thus, the phyolelet
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offors (1fforont oxplonaticns for "rod® and "bluo"; ho offors
disforent oxplonntions Lor Qifforont chndes of "red“; and ho
vonld dlscorn no songo in tho wap propoanl thht, ha ahould tyy to
ind as nany differont oxplanntiona an Lhore aro difforont
inotancoo of oxactly tho soaco shado of oxnctly tho pane oolor,
Tho factunl eontention in moro conplex., 1t io
not an aooortion that there exist difforont goto of data similar
in 211 roopcotes. It 1p not a donlnl of mnimio inntnmeﬂ, 1.04,
of inntancon thint are to be oxplnlned in o nonnor in viiieh no
othor inotanco 4rm the umiverso 1o £0 bo orplainod.e It 1o not
evon o donial thnt ovory individanl in tho undvorse 1s & wnlouvo
inptance, On the contrnry, thoe relevant fnet lloo In tho nature
of the onplanntlons thnat aro applleable to owr mnivorpo. It is
to the offeect that all guch onplanntions nre mado up of penerel
or univoronl olemonts ond thnt, vhile thooo conoral or univeranl
olononts nny be combinod in such o nannor thnd every individunl
i oxplained Ly o diffopront conblination of olomontn, otill such
pineuioe comon
o conbinetion 1o an explonntlon of a comblnotlon oi‘ﬁmtm&
proportios and not an oxplonniion of indlviduality. For if the
InAlvidanlity of the Andividunl wore oxplained, 1t wonld bo
neaningloon to ouprose that como othor individunl mirht Do undorw
otood in oxnctly the ceno fashlon. On the other hand, beecause the
Inddviduniity of the individunl 1o not onploined, it lo only on
oxhanptive tour of inopoctlon tint con gottlo whother or not
thero oxints anothor individunl simiinr in all roprocts, lionce,
ovon i1f thore wore reached o ningle conprohonsive theoory of ovolue
tion that onplainoed nnd oxplained Aifferontly owvery inotance of
1ifc on this planet, otlll in otrlet locde wo should have to
inorect all othnr planets bofore we conld Lo abzointoly cortoln

thot in fact thore ALd not oxiet anothor Llantence of evolutlon
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pslnlinr In all roopocts. |
In tlof, indlividunls diffor, ut tho ultinnte
diiforonce in onr unlvorso 1o a nattor o7 fnect to which thore

corregpande nothing Lo be grastod by dlroot insirht. lloreoveor,

dif{forondo of porticnler placos oand of particulnr tineos, go
polentific genornlization reots on tho s onplrically recldual
difforonco botweon indlvidunlg of the onmo clopse Junt vhnt the
lowent olngo 10, hing 20 b Alocovered hy oclrntific ndvanco in
direct inoicht. Iwon i€ 1% ohounld provo thnd in oome genpo
thore are an nnny cloorop oo Andividunls, otill wo een know ot
onca thnt thnt sonso 15 not thnt the individnnlity of indlividunlo
is wndorptood Lot norely that Rfen® slnpnlcp conbinntlons 61‘
wnivoroel oxplanctory olononts miay bBo pot in corroopondonce with
plorular conblnotions of comnon prepertlos o aspects in onch
indiviaunl, For tho contont scraoped in inoicht con bo cnbodicd
no less in imngdnntion thon in poneei cnd wvhother thore 1s nore
thon ome lnstonco I oenso, oon Lo settled only by on coplirical
tour of Inopoctlior,

Intor wo nshinll dirocet ottention to furthor anpoots
of tho onpirleal rooidue, for thore oxiots o ntatistical nothod
that resto on the oapirleally realdupl charactor of oolncidental
apgrocnton of ovents, ond thoro 1o a dinlecilenal acthod thnt
13 noconnltatod by tho lnek of Intellipibility in man'e Itmﬂ.ntal-_
liront opinlons, clolcon, and eorﬂuct. Jut porhaps onourh hag been
onld for the poneral notlon to bo eloonr, and go wo turn to the
ailled tople of abatrnction,

Promrly, thon, abstraction is not o nattor of
appmhonding o ooxndblo or lnoplnntlve Gootnlds it lonot a

oobtor of caploylng comion namon junt as it 1o not o nntter of

© ) A
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uolng otlier toole; finnlly, it Lo not ovon o nnttor of attending
to one mzont.iém at a time and, neanvhlle, holdlng othar quoations
in nbeyanco. IFroperly, to oabotrnct is to prasp the esoomtinl and
to dlorognrd tho incidontol, to soo vhet 1o oipnificnnt and @;-
sot aolde tho irrolevant, to recopnilze the importnnt es inmportant
and tho negllgible ao nogliglble. lioroovor, when 1t ag nskod vhat
10 espontinl or olraniflcant or lnmportant and wint 1o incldontal,

irrolovant, neclipible, the answor nust be twofold. For abotraction

10 the noloctivity of intelligoenwe, and gg__tem@u intelliponce
a0y bo eomidomé althor in ocome pivon stope of development or
at the torn of dovolopont whon sono oclonce or group of pelences
hoo bean anntorod conzplotolya.

llence, rolotive to any givon inaeicht or cluster of
ineichtn, tho ongentinl, olrnificont, important gonnlots 1) in tho
pot. of aonocts in the dnto neeesanry for thoe ocourrence of tho
innipht or inoichte or 2) in the sot of rolntod concorrts nNoConLory

Loy tho oxprasslon of tho m insicht or inpichts. On the other

~ hand, the Incidental, irrclovant, nogligible conslats 1) in other

concomiiont aopocts of the dnts thnt do not fall under the inoipht
or inoirhts or 2) in tho oot of concapts that corroopomd 4o the
noroly conconiiant aspoctp of thoe dnta. Apain, rolntive to the
full Aovolopment of o oclonee or group of allind sclences, the
osoontial, olpnlflicant, Inportar cozmimtmj\in the appocts of tho
Aata thot are nocennnry for tho ccowrrence of all Annichts in the
appropriato rance or 2) in tho sot of reintod concapto thot exproes
‘nll the inoirhts of tho selenco or sclonces. On the othor hand,
tho ineldentnl, irrolovnnt, nopglicible conﬁinta in tho ompirical
rosldne that, alnco 1t ponsesnes no immanent intollilpidliilty of its

owm, 1o left over withoul ezxplsmntion evon vhon 4 geience or group
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0? scloncos renchos fll dov~lopmont. '
| Finnlly, to conclndo thio chaptor on the Elenente
of Inoicht, lot un indicete briofly whot 2o oopentinl, oirnifioant, |
importnnt 1n its contonts and, on the othor hand, vint 1s incldental, ‘
irrolovant, nopligiblo. Whnt nlone 4o otmpontinl is inpicht into
inpirht, Honce, the ineidontnl includos 1) tho portlonlor insichin
chiooen ao oxanples, 2) the Zormulnticn of t.tméo innichto, and 3)
the innpec ovoled Ly the formulntlion, I follova thot Cor tho
story of Archilmedos the rondor will profitably oubotliute sono lopo
resounting yot noro lelpful experionee of his owm. Instond of the
dofinition of.ttm cirelo Lo can tako ony othor infelligontly popr-
forned net of a~finlon and aplt why the perfornnnce is, not pofo,
not accnrate, not the aoceptod_tominoiogy‘, hut a ercatlve stroko
of inolrht. Inntend of tho trannition ﬁﬁm olonentory arlthnotic
t0 olonontnry nloebra one moy revicw tho prococo from Fuclidonn
to Rionanninn poonotiye Instond of anldnr why ourdo ore suio,
one con aals why troanocondontal nuabors are transcondoental.
Sindlarly, one con ack vhothor tho prinelple of lnortia inplies
thnt llovton's lawo ore ifnvoridnnt under dnexrtiol tronpformations,
vhint Anopirad Lororts £0 puppocoe thint tho cleoctromnenctlie equntions
aaculd e iavnpinnt andor incoptinl tronodioynantions, -vhothor an
Anvorse Lnnicht accombta for the bnole poniulnte of Gonoral
Rolativity, vhethor tho Ailfr~rances of oartlenloap plr,ieca or prytie
cular timen oyo the oano aopret of the enpirical reolduwe as tho

gifforoncan of conpletely similar hydroren atons, For juot nn

in any subloct -ono comos to anoter the essentlinls by vorying the
incidonicls, oo one ronchos faniliaprity with the notlon of dnsight
by modilyins tho 1lluntrrtlonn and dlocovesing for oneself and .'Ln
ono's om torms tho point tant anothop nttenpto to put in tormp
ho happons %6 thenl wh vill convey tho 1don to o M probably

nonesxiotont overago rooder. i
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