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The Dovelomeent of Hathemetise} Ingic

e The devdlopment of I har beer the pursuit of an idesl, wit., &
rigorous hypothatico-gaductive sysvem Thet frox mivime] suppositions
woulc smbraos the whole of Inowr methamesies.

Ze The ider) her beer fprmuisted ms Ar eEXinmetic system or logiocel

Tormelization,

It fistinzuishes terme anfd ropositions, divides both dnte derdvsd
_/0¢ WoT-aariver, conoalives oot-gerived s reletive to system, and names

ived Sarme are definet by primitive.
Jeriver roporitions ere dedussd Srom primitive.
Tiee ol deprivedior must be steted explicitler, and no dardwetioms
Are sGmitted esxosrt ir mecort with steved rules.

1st ¥ and { tenove two IP's, and lsat p be eny propositisn thet cun
be sonstructac ir T,

Tier F anc { are esmuivelent, i primitive of F ars derived in {
auf primiTive of L ave gArivec Iin P

P ip compiese, If aone fur darive Either p or Rp.

¥ it coherant, i¥ one connot dacive both p &nd Fp.

The primitive propocitions of P are Indepsndent if no one omn be
tierived from the others.

The primitive propusitions of P are slepant il they olffer the
gimplest peeis for deriving in the rimlest menner &1l the nropositions
of Pa

Bs Principel lines of endsevore
8 ixiometic set theory: Zermelo - Frestkel - von Tisumann

P  Vhitehsnf~russell, Principie methsmetios; eims to bese whole of

methemetics on logice) erioms; & megrnifiosnt unitery view that remeins ons

of the principel €irections.

Fowever in both Lirst and seoond aditions there is £ non-logioal axiom
of infinity.

In firet sddition there is elso & "theory of tuvpes™ (to evoid paradox
of clast of eclasses thet do not contein thomselvss) end an exion of redu-
cibility (to mele possivle Dedekiné?s dsfinition of resl rumbdber, sxcludsd
by theory of types).

In senond edition the exiom of reducibility is eliminsted and there is

employed & weskened theory of fvpes thet sliminetes syritactiosl but not
semantiocsl paredores.

¢ Hilbert proposed & two-level epproschs
First, & formelired deduction of the vhole of methamaties from methe-

metical exioms; on this level there were to bs admitted infinities of
objects and of cperations.
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Secondly, a notamathemntics that on a striotly finite basis would
investigate logicel properties (especially consistenoy) of the first
mathematical level.

Results: short term, geometry worked out with axioms verified in-
tuitively in model that supposes validity of counting numbers; arithmetis
oould be shovn to be consistent only if some axloms vrere omitted or all
veakened, However, as will appear, this has proved most fruitful line of
inquiry.

4 Intuitionistic sohool: Drouwer, Heyting
Insists that LF is only tool, that methematics 1s essentially constructive,
that excluded middle cannot be invoked indiscriminatly. Program involves

lopping of f more of classical mathematiocs than mathematlcians are ready to
sacrifice,

8 Gonseth; review Dialectica

Tends to conceive exiomatic ldeal just an outdated Buoclidean avatar;
insists on development, intersotion betwesn maths and cultural movements;
relativist in tone.

L Bourbakd group: Hilbert's first level; rctemnthomatics is a separate
department of no particular interest to mathematician; weak point that
rigid axiomatic structure neither accounts for past development of maths
nor opens way to developments of future.

4., Godelien linmitations.

Jean Ladriers, Les limitations internes des formalismes, Louvain
(Neuwelaerts) and Paris (Gauthier-Villars) 1957. Fp. 702

There have been demonstrated a series of theorems setting limitations
to the possibility of reaching the ideml of the rigorously deductive mathema=
tienl system. The general orm of the argument in such cases is approxi-
mately as follows:

i o

An LF is & symbolic technique capeble of representing & manifold of
eductive sequences.

Consider an LFL and an L¥Fli, which symbolically are identiocal or suf-
ficiently pearallel, but differ inasmuch as LFL is interpreted logioally
while LFil is interpreted mathematioally.

f=F,

be How in methematics there exist non-enumereble sets, 1.e., eggregates
That do not admit a one-to-one correspondence with the positive integers,
and so cennot be onumerated (counted).

Hence, to suppose that such & set is enumerable (e.g. the set of in-
finite decimals) results in & contradiction, and this contradiction cen
be demonstrated.

¢ with sufficent ingenuity it is possille to make the LFL sufficiently
parallel to the LFil so that the proof of non-snumerability in LFII is
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is metched by & proof of logical impossibility in LFL.
In other words, the proof that the proposition "K" has been enumerated"
is contradictory is paralleled by a proof that the proposition "K" is a

theorem, or "K" is a soluble problem, or "K" is true, or " is definable" is
contradictory.

E Such theorems are extremely complex; they have been worked out in a
variety of menners; they arise when the LFL is suffioiently powerful to
represent the theory of division, resolution into prime factors, and the
unicity of such resolution.

@ Their proximate sipgnificance was the refutation of Hilbert's proposal
to settle the logionl welidity of arithmetioc on a finitist basis.

Godel's demonstration was followed by e demonstration by Gentzen that
arithnetic was non-contradioctory, vhere however the LFL had to employ
transfinite induction.

f The ultimate significance, however, of such Godelian limitations seems
to be the same as of inverse insight; of« irrationals, transcondentel
numbers, Galois on fifth degree equations, Iewtoh's first law.

5+ The Transesndence of Godelian Limitations,

e lere avoidanoe: dJe 8. iiyhill (JSL 15(1950) 185-196) avoids such
conaequences by employing & Jogie without guantification and without negation.

b Use of indefinitely large stratifications (analogy)
~  Charoh: “implication" and "quantification" take on different meanings
on different strata

Curry: similar procedure re his basic notion of canonicity,

© Skolem paradox shovs that by different modes of stating one~to-one
correspondence, "enumerable" takes on different meanings.

4 L. Penkin's study of relations betweon LIL and models showiag that LFL
lacks ebsolutely definite meaning.

@ Hao Yangs indefinite series of sub-gystems; at each level new resouroes
of construction and new meaning for enumerable; the consistenry and the
theory of truth for any level, m, demonstrable at level (m» 2}

I Significance: ideal of 1L moving from statio and closed to analogous
'E'nd opeh.
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